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Om usgamenbcmaa

“CnpaBouHoe nocobue Mo BhiClIeld MAaTEMAaTHKE”, MEPBbIi TOM KoTtoporo Bel mep-
KUTE B PyKax, HE SABJISACTCS KHUIOH, COBEPIICHHO HE3HAKOMON POCCHMCKOMY 4YHTATENIO.
IlepBrle TpU TOMA MPEACTABIAIOT COOOM UCIPABIICHHOE ¥ JIOMOJIHEHHOE IIepeU3/laHue By X-
TOMHOTO “CrpaBoyHOr0 I0CcoOMs 10 MaTEMaTHYECKOMY aHanu3y” TEX XK€ aBTOPOB, XOPOWIO
H3BECTHOTO CPEAM CTYAECHTOB 0] OOUXOIHbIM Ha3BaHueM “AHTU-JleMuROBHY” # CTABIIETO
PEIKOCThIO B BY30BCKUX Oubnuorekax. UeTBepThlil ¥ MATHIA TOMAa U3JAlOTCs BIEPBLIE U MO-
CBSILCHBl COOTBETCTBEHHO TEOpUH (bymcupm KOMIUIEKCHOM TepeMeHHON u Teopuu audde-
pEHOUAILHBIX YPaBHEHUH,

TTocobGue mocTpOEHO Ha MaTepualie MUPOKO M3BECTHHIX 3aJa4HUKOB — “COOpHUKA
3324 o MaTeMaTuyeckoMy aHanmu3y” moj pegakuued B.IT. demunosuua, “COopHuka 3anay
no Teopun GyHKIMHA KOMIUIEKCHOH rnepeMenHoit” JI.V1.BOJKOBBICCKOI'O C COABTOPAMH,
“CbopHuKa 3ama4 1o auddepeHiansibM ypasHeHusM” A D .OununmoBa U psiga APYrux.
Bce nsate ToMOB 00beamHEHbl 0OLIEH naeonorued “pemeOHuKa”; B KaxJoW IIaBE conep-
KUTCS HEOOXOAUMBIN TEOPETHUYECKUN MaTepuall, U3TI0KEHBI ¥ IPOUIUIOCTPUPOBAHbI MHOIO-
YUCIICHHBIMU TPUMEPAMH METO/Ibl PEILEHMsT OCHOBHBIX THUIIOB 33744, MPUBEJCHbI yIPaXKHe-
HUSA JUIA CAMOCTOSTENBHOM pabOTEl, OTBETHI HA KOTOPHIE MOMEILICHBI B KOHIIE KHUTH.

B mepBoM ToMe paccMaTpHUBAIOTCs CIEAYIOLME pPa3/eibl Kypca MaTeMaTHYeCKOrO
aHanu3a: BBEACHUE B aHAIU3 (C 3JIEMEHTAMU TEOPUU MHOXECTB, TCOPUEHN NCHCTBATEILHBIX H
KOMIUIEKCHBIX YMCEJI, TEOpUEH# BEKTOPHBIX ¥ METPHUYECKUX MPOCTPAHCTB, Teopueil mpene-
JI0B) — mepBas riasa; quddepeHipanbaoe ucuucneHue QyHKLMA OQHOM HEpeMEHHON —
BTOpas I1aBa (10 CPaBHEHUIO C NPEAbLAYIINM U3IaHUEM crona noGaBiieHsl ABa maparpada,
Kacarolyecs IoCTpoeHus rpadukoB GyHKIMA ¥ 33024 HA MUHEMYM ¥ MaKCUMyM GyHKLIMY);
HEOTIPEACNEHHbI UHTErpall — TPEThs IJ1aBa; ONPENCICHHBIA UHTErpasl (BKJIOYas HHTErpas
Crunteeca, IpWIOKEHUs OTPEACIICHHOTO HHTErpalia K pelleHuIo 3a1a4 TeOMETPUH, MEXaHU-
K4 1 QU3HKH, METOABI TPUOIIKEHHOTO BEIYUCIICHUA ONPEAETICHHEIX HHTETPAJIOB) — YETBEp-
Tas IaaBa. B mpouecce MOArOTOBKE HOBOIO M3JaHUsl OBLUIM HCIPABICHBI 3aMEYCHHBIC OTIC-
YaTKH M IPHIIOXKEHBI 3HAUUTENBHEBIE YCHIHS K TOMY, YTOOE He BHECTH HOBHIX.

B samouenue Ml 61arogapuM Bac, oporoif uutarens, 3a oka3aHHOE HAM JOBEpHUE U
HaJeeMCs, UTO 3Ta KHUra CTaHeT A Bac XopomuM nNOMOLIHHKOM.



I'nasa 1

BBenenue B aHajaus

§1. DIeMeHTH TeOpUU MHOIKECTB

1.1. Jloru4yeckue CHMBOJIBL.

B maremMaTHke 4acTO HEKOTOpHIE CJIOBECHHIE BHIPasKeHUS 3aMEHSAIOT ITOCPEACTBOM CHMBOIOB.
Tax, nanpumep, cMBoJioM YV 3aMeHSAIOT BHIpaskeHHe “IIId IPOM3BOIBHOTO” , UM “gas i06oro”, uam
“kakoro 6bI HM 6HIIO”, a CHMBOJIOM 3 — BHIpaxelue “cymecrsyer”, uau “Hainerca”. Cumpoan V
U I Ha3KIBAIOTCS KGANTNOPAMU. .

3anmucy A = B (umnauxayus) osHauaeT, YTo U3 CNPaBENIHBOCTH BHICKa3hBaHHA A BHITEKaeT
CNpaBeqIMBOCTh BRICKa3biBaHus B. Eciu, kpoMme Toro, na ClpaBeNIMBOCTH BHICKaskBaHus B BH-
TeKaeT CNpaBeIMBOCTh A, To 3anuceiBaem A & B. Ecin A & B, 10 BHICKasniBanue B ssisercs
HEO6XOMUMBIM U JOCTATOMHBIM YCIOBHEM IS TOro, YTO6Hl BHIOJHAIOCH BRICKa3biBaHue A.

Ecinu npenioxkerius A u B cnpaBenquBh ogHoBpeMeHHo, TO 3amuchiBaeM A A B. Ecan xe
CIIpaBeiNBO XOTs OBl OHO M3 NMpejiloskeHnil A uan B, To sanuctisaem A V B.

1.2. Onepanuu HajJ MHOKEeCTBaMM.

MareMaTH4eckoe MOHATHe MMONECTEA IIEMEHTOB MPUHMMAETCH B KaueCTBe MHTYMTHBHOTO.
MHoskecTBo 3ajaeTCs MPaBUJIOM WJIHM MPU3HAKOM, COTJACHO KOTOPOMY ONpefeiseM, NIPHHARIEKUT
/M JaHHBIA 3JIEMEHT MHOXECTBY WIH He MIPHHAJIIEKHUT.

MHuosxecTBo 060o3Haualor cuMBoiioM A = {z}, rie £ — obuiee HaUMEHOBaHME 3]IEMEHTOB MHO-
sxecrBa A. Yacro MuoxecTBo 3amuchBalor B Buae A = {a, b, ¢,...}, THe B durypHrIx crobkax
YKa3aHbl 3JI€MEHTH MHOXKeCTBa A. )

ByneM noisbzoBarbcs 06o3HaMeHUIMMU:

N — MHo)kecTBO Bcex HaTypalbHEIX YMCE;

Z — MHOeCTBO BCEX LEJIBIX YUCE;

) — MHoxecTBO BceX palMOHAJNbHBIX YMCEI;

R -— MHOXeCTBO BCEX NEHCTBUTENBHHIX YHCE;

C — MHOXKECTBO BceX KOMITIEKCHBIX YHCEIL,;

Zp —— MHOXECTBO BCEX HEOTPHU[aTEIbHHIX 1{EJIBIX YHUCENL.

3amuce a € A (MM A D a) 03HavaeT, UTO IEMEHT a IMPUHANIEKHUT MHO-

JKecTBy A. '

3amuce a € A (min A F a) osHadaeT, 4TO BJIEMENT ¢ He NPHHANIEKUT
MHOXKeCTBY A. .

MHoxecTBo B, Bce 31€MEHTHI KOTOPOT 0 MPMHaJJIekaT MHOXKECTBY A, Hashl-
BAETCS NOJMHONECTNEOM MHOXeCTBa A, n TpH »ToM 3amuchBaior B C A (nau
A D B) (puc. 1). Bcerma A C A, Tak kak KaXXAbIi 2JeMEHT MHOXKeCTBa,
€CcTecTBEHHO, npuHamiexxut A. Ilycroe MHoxkecTBo, T. €. MHOXECTBO, He CO-
Aepokaliiee HY OJHOro 3JeMeHTa, oGo3Hauum cumsoiioM &. Jlio6oe MHoXkecTBO
COIEPIKUT IYyCTOE MHOXKECTBO B KAUECTBE CBOETO MOJMHOXECTBA.

Onpepenernne 1. Fcau A C B A B C A, mo A u B naszvisaromes
PaGHbIMU MHOXKECTNEaMU, NPU IMOM 3anucsiearom A = B.

Onpepenenne 2. Fcau A C J, mo MHOKecmeo 3neMERIN0E MHOKECTNEA
J, ne npunadaexauwur A, nasvicaemcs donoanenuem mHoxecmea A x muo-
xecmey J (puc. 2).

Jlononnenue MHoxecTBa A k MHoxecTBy J o6osHayaloT cumsoioM Cg7A
uau npocto CA, eciu M3BECTHO, K KaKOMYy MHOXECTBY 6€peTcs AOMOIHEHHE.
Takxum o6pa3som,

CsA={z:z€J Az ¢gA} Puc. 2
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Ecam A C J, B C J, To HHorxa jlonojiHeHHe MHOXecTBa B K MHOXKECTBY A Ha3BIBAIOT pasnocmbio
MHOoxXecTB A M B u o6osnavator A\B (puc. 3), 1. e.

AAB={z:z€ ANz & B}.

Ilycte A 1 B nogMuoxxecTBa MHoxkecTBa J.
Onpenenenne 3. O6vedunenuem muonecms A u B nasvieaemes muoxecmso (puc. 4)

AUB={z:z€AVzeE B}

Puc. 3

AHanoruuno, ecim Aj, j = 1, n, noJMHoKecTBa MHOXeCTBa J, To MX o6beqUHeHHeM ByHeT
MHOXECTBO

UAj:{r,::cEA1V:c€A2V...V:cEAn}.

=1
Onpenenenne 4. lepeceuenuem nodmmoxecme A u B nasvsaemes muoxecmeso (puc. 5)

AnB{z:z€ Anz € B}.

n
AHaJloTHYHO, CHMBOIOM A; 0603HavaIOT NepeceyeHHe MOIMHOXKeECTB A;, 7 = 1, n, MHoxe-
3 J . R » 'y
=1
crBa J, T. €. MHOXKECTBO

(A ={s:c€AATEANA. .. ATEA).

y=1

Ecan xaxmomy u € M comocTaBieHo HekoTopoe MHOMKECTBO A,, TO roBopaAT, YTO 3ajlaHo

cemeticmeo muowecmes {Au}, p € M. B srom cayuae myuoxectrso |J A, = {z : Bce £ Takue, uto
HEM
z € A, x0T 6B Ui ogHoro it € M} HaswiBaloT obvedunenuem cemeticmea muoxecms {Au}, 1 €
M, a muoxectso | Ay ={r:z € A, Y € M} — nepeceuenuen 3Toro cemeiicTBa.
HEM

Onpenenenne 5. Cummempuuecxots pasnocmero deyxr muowecme A u B naivisaemes mmo-
adcmeo, onpedeasemoe obvedunenuem pasnocmett A\B u B\A (puc. 6).

CHMMeTpHYecKy10 pa3HoCcTh 06o3HavYaloT cuMBolioM A A B.

Onpenenenne 6. [Jea saemenma ¢ u b nasvieawmes ynopadouennoli napoti, ecau yxazaro,
xaxoli u3 smur saeMenInoe nepsuiil, xaxoti smopoti, npu smom ((a, b) = (¢, d)) © (a=cAb=d).

YropaioueHHYIO apy 3JeMeHToB @ U b oGosHavawT cuMBoioM (a, b).

AHanoruyHo onpenensercs ynopsjodeHHas CHCTEMa U3 12 3JIEMEHTOB a1, 42, ..., Gn, KOTOPYIO
0603HaYalOT CUMBOJIOM (a1, G2, ..., Gn). JJIEMEHTH ai, a2, ..., Gp Ha3HIBAIOTCH K0OPOUHATNAMU
ynopadouennot cucmemst (ay, dz, ..., an).

Onpenenenne 7. Cosoxynuocms 6ce60IMONHLIT ynopadouennniz nap (a, b), 20e a € A,
b € B, nasvieaemcs npoussedenuem muoxecme A u B u oboanauaemes cumeoaom A X B,

Amnasornuro, cuMmBoioM Ay X A2 X ... X A, o603Ha4aloT NMpoH3BejleHHe MHoxkecTB A; C J,
J =1, n, T. e. COBOKYNIHOCTb BCEBO3MOKHBIX YNOPAI0UeHHBIX cHcreM (a1, @2, ..., Gn), THE aj €
Ajy13=1,n.
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1.3. Byxaesa axreGpa.

Ilycte A, B u D — npouspoilbHEle MOIMHOXeCTBA MHoskecTBa J. Toria HenocpeacTBEHHO U3

onpejeeHnif oObeIHHEHNS, TEPECEUEHUS H JIOMOJHEHUS BBITEKAIOT CIERYIOUMe MpeXAoKeHH:
1) AUBCJ, AN B C J (3aMkHyToCTb onepaluii o6BeMHenns 1 TMepeceueHus);

2) AUB=BUA, AN B = BN A (KOMMYTaTMBHOCYb oTlepauuii o6LEAMHEHUS U Tlepeceye-
HUA);

3 Au(BuD)y=(AuB)uD, An(Bn D)= (AN B) N D (accoumaTHBHOCT ONepanuit
0GBeIUHEHNS U TlepecedeHus);

4) Au(BnD)= (AU B)N (A U D) (auctpubyTusnocts onepayun o6bLefMHEHUS OTHOCH-
TEJBHO OMepalliy MepeceieHus);

AN(BUD)=(AnN B)U (AN D) (aucTpU6YTHBHOCTb OonMePaiMH NEPECEUEHNUT OTHOCHTENBHO
onepauuyu o6GbEIMHEHU); .

5 AUA=ANA=A;

6) (AUB =B) & (AN B = A);

NAUB=A ANJT=A AN =0, AUT =J;

8) AUCA=J, ANCA=2.

Ecau pang snementos MuosxkectBa 0 = {A, B, C, ...} onpenelenn o6benunenue U 1 fepecede-.
Hue N, [JI1 KOTOPHIX BHINOJIHAIOTCA OTHoWeHHA 1)—8), To Tpoiixa (0, U, N) HasuBaeTca byaescoi
aazebpoti. Takum obGpaszom, ecim o — ceMelicTBo Bcex vacreil MHoxkecTBa J, To (0, U, N) —

GyieBa ajrebpa.
1.4. IIpuHUID ABOHCTBEHHOCTH.
Jlis npoM3BOJIBHEIX MOgMHOXeCTB A U B MHoxecTBa J cipaBeJIMBH PaBEHCTBA
C(AuB)=CANCB, C(AnB)=CAUCB. (1)

CsoiicTBa, samMcaHHble paseHcTBamu (1), HaspiBaloTca npunyunom deoticmeennocmu. Hx
MOKHO NMPOYUTATh CJEYIOIIMM 06pa3oM: J0N0AHEHUE K 00 BEdUNEHUIO MHONECTNE PABHO NEPECEUE-
HUw0 UL Oonoanenuti, @ BONOAHENUE K NEPECEHEHUI MHOKECTIE PaeHO 06bedunenu ux donoanenut.
Bes Tpyaa MpMHILMI JBOHCTBEHHOCTH MEPEHOCHTCH Ha NIPOM3BOJBLHOE YUCIO TIOMHOXKECTB A ; IPK

9TOM 3aITMChIBAIOT
()UAuzﬂCA,‘, CﬂA“ =UCA“. (2

B sToM cayuae cHMBOJ JONMOJHeHUs (‘ MOXXHO MEHSTh MecTaMM €O 3HakoM U miau N, npu 3TOM
3HaKM 9TH NEPEXONAT ONMH B JPYTOH. .

1.5. AnreGpa MHO>KeCTB.

Mycts J — HexoTopoe MHoxecTso, a P(J) — cHcTema BCEX NMOIMHOXKECTB MHOXeECTBa J .

Onpenenernne 1. Henycmoe cemeticmeo R C P(J), samxnymoe omuocumensno onepayuti
06beIUNENUR, NEPECEUEHUS U PAIHOCTIU MHONCECTILE, HAIBIBAEIICR KOALYOM MHONECM G,

Onpene.ne}me 2. Munomecmso F naszvicaemcs edunuyeti cemeticmea MHowecms 3, ecau
F el uVA € X cnpasedauso pasencmeo A N E = A.

Onpenenenne 3. Koavyo muoxecme, codepiauiee 6 xauecnee C60€20 INEMENMA €FURLYY,
Hagvieaemes anzebpoti MHoXx ecms.

Onpenenerne 4. Cemeticmeo muomxecne S C P(J) nasvieaemcs noayxonsyom, ecau ono
codeprkum nycmoe mmoxkecmeo u ecau YA € S u VAL C A cyuecmeyrwom maxue MHOKECMEE
Ag, A3, ceny An € S, ymo

A=A UAU ... UAn,
20e cumeoa U o3nauaem 06vedunente HENePeCEXMOUUTCE MHON ECING.
1. Jloxazars cnipasepauboers oTHomennii 1)—8) nynxra 1.3.

1) o onpenenennio 3, . 1.2,
AUuB={z€J:z€AVz€B}

CllefioBaTeJIbHO, U3 BKIIoUYeHHs © € AU B caenyer xt € J, .. AUBCJ.
AnaistoruuHo, o onpeneienuio 4, m. 1.2,

ANB={zeJ:z € ANz € B},

nosToMy M3 BKilodeHus t € A N B cuepyer Briaouenue AN B C J.



8 [a. 1. BeeeHHe B aHANIU3

2) llockonbky BeICKa3mBaHMe & € AV © € B paBHocuiIbHO BhIckassiBaHuIo £ € BV x € A, To
AUB={zeJ : z€AVz€E€B}={z€J:s€BvreA}=BUA

Bropoe paBeHCTBO HOKa3bIBAE€TCA aHAJIOT MUHO.
3) B cuny cBoMCTB JOrM4ecKoro cMMBola V, HMeeM

AUBUD)={zeJ:z€ Avee(BuD)}={zseJ:z2€AV(zE€BVzED)}=
={recJ:(z€AVzEB)VseD}={zeTJ:x€(AUB)Vvs € D}=(AUB)UD.

BTopoe paBeHCTBO U3 3) JOKa3BIBAETCA aHAIOTUYHO.
4) Umeem

AUu(BnD)={zeJ:z€Avze(BaD)}=
={z€eJ:x€AV(ze€BAzeD))={c€T:(z€AVzEB)A(c€AV e D)} =
={ze€J:(t€AUB)A(z€c AUD)}=(AUB)n(AUD).
BTopoe paBeHCTBO oka3bIBAE€TCA AHAJIOTHYHO.
5)Hycrbz € AUA, Tormaxz € AAz € A, 1. e. £ € AU, TeM CaMBIM, ClIPaBEJIMBO BKIIOMEHHE
AU A C A. O6patHoe BkiloueHre A C A U A HENOCPENCTBEHHO CIEYET M3 ollpeleleHus
o6renuHenus. Us OByx nocieIHUX BKIIOUYEHUI BHITEKaeT PaBeHCTBO A U A = A.
PaBencteo A N A = A pgokasplBaeTcs aHaJOTHYHO.
6) [penmonoxum, uto cipasenauso paseHcTso A N B = A. Torna
(AnB=A)=>(ACANB)= (ACB).
Tlonbsysace Moay4YeHHbIM BKAIOUEHHEM, HAXONUM
AUB={z€J:2€AVeeB)C{zeJ:z€BViecB)=8
A nockomsxky AUB D B, To AU B = B. Takum obpa3som,
(AnB=A)=> (AU B =B). (1)
Ilycrs Temepy A U B = B. Torpa cnpaBenaMssl MMIIHKaIMK
(AuUB=B)=>(AUBC B)= (AC B).
Honbayxcs BkawouenuemM A C B, naxogum
ANB={z€J:s€ANz€EB)D{zeT s € ANz € A} =A.
A nockosbky cnpaBefinso ¥ obpaTHoe BKiioueHue A N B C A, To AN B = A, ciegosaTeibHo,
(AUB=B)= (AN B =A). (2)

s (1) u (2) caenyer (AN B=A) & (AU B = B).

TVEctt z € AU D, 10t € AV z € &. [TocKoIbky MHOXKECTBO & He COAEPKUT HH OJHOro
3feMeHTa, To U3 £ € A U & cienyer z € A, 1. e. AU & C A, YTO COBMECTHO C BKJIIOYEHHEM
AU @2 D A paBHOCHIBHO paBeHCTBY A U & = A.

) Hanee,us 2 CANBC L HENOCPENCTBEHHO ClENyeT PaBeHCTBO AN & = .
ﬂqcxo:xbxyACJ,To AnJ={ze€TJ : z2€ ANz €T} D{s €Tz €ANTE A} =A,
YTO COBMECTHO C BKiIwuenneM A N J C A siaeuer paBencrso A N J = A.
Haxonel(, nernocpencrsetto ua pximovenuit J C AU J C J cuenyer pasercteo AU J = J.
i 8) Coraacho cBojicTsy 1),
AUCACJ. (3)

Ilycrs x € J, Torpa ecin ¢ € A, To vt € AU CA; ecitn ke ¢ ¢ A, To € CA U cHoBa

x € AU CA. Takum o6pazom, us ¢ € J cuegyer x € AU CA, 1. e.

J Cc AUCA. 4)

U3 (3) u (4) caexyer paBeucrso
AUCA=J. (5)
Ins noxasatenscrsa paseHctsa A N CA = @ nokaxeM, yTo MHoxkecTso A N CA He compepKuT
HHM ORHOrO 31eMeHTa. [leifcTBUTENbHO, COTrlacHO paseHcTBY (5), m0GON s1eMeHT MHoXecTBa J
npunagnesxkur A uiu CA. Eciu © € A, To x € CA u, creposarensno, z ¢ AN CA. Ecnu xe z €
CA,10 2 € A (Tax kak ecni 661 £ € A, T0 z &€ CA), 1 cHoBa z € AN CA. TlockoibKy MHOKeCTBO
AN CA He cogepHUT HU OTHOTO 3teMeHTa, TOo 3TO MHOJKeCTBO nycroe, T. . ANCA=92. »
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2. JlokasaTh MPHHIMIT J[BOHCTBEHHOCTH:

C(Au B)=CANCB, ' : 1)

C(AnB)=CAUCB o {2)
(cM. paBencrna (1), m. 1.4). » C o
« Jlokaxem pasencrso (1) (paBencTso (2) nokassiBaercs aHaJlorwmo) ooy

Hycre z € C(A U B), Toraa, coritacio paseHcTBy (5) mpensiiymeit sagauu, © € A U B T. €.
t€ ANz &€ B. Orciona ¢t € CAA z € CB, a ciegosatensho, £ € CANCB. Takum oﬁpaaoM

C(AUB) C CANCB. @

pennonoxum teneps, uto £ € CAN CB. Torna z € CAAz €CB, T.e. s ANz E€B,a
sHaunT, t € AU B u t € C(AU B). Orciona

C{AUB)CCANCB. | (4)
Us Brmouennii (3) u (4) caegyer pasencrso (1). »
3. Jloxasars paBencrBa ‘
AU(ANB)=AN(AUB) = A. T ¢}
« Toab3ysce cpoiictBamu 4) U 5) 3amaun 1, nojyvaeM Nepsoe U3 PABEHCTB (1) o ;‘}" '
AU(AnB)=(AUA)N{AUB)=AN(AUB).

OcTraerca nokasath, 4To AN (AUB)=A. Ecmz € AN(AUB), Toxr € AN EAU BN
clleffoBaTeNIbHO, '

AN(AUB)CA. 2)
Ecinxe t € A, ot € AU B, asnaunt, s € AN(AUB), 1. €. Ceose e E
ACAN(AUB). (3)

W3 sraouennii (2) u (3) ciienyer BTopoe u3 paseHcTs (1). » s

4. JloxasaTh pasencTsa:

a) CCA=A4;6) CJ =2;8) Co=J.

< a) Ecin ¢ € CCA, 1o ¢ ¢ CA, a nosTomMy T € A M cnpaBejauBoO BRIIOUEHME CCA C A
Hao6oport, eciin ¢ € A, To © € CA, a nosromy ¢ € CCA u cnpasenupo Bkmiouenne A C CCA.
U3 nokaszaHHEIX BKJIIOYEHUIT ClleAyeT paBEHCTBO a).

6) Muoxecrso CJ nycroe, Tak kak orpuuanue ¢ € CJ cnpasenauso gag moboro z € .7

B) Ecim ¢ € J, To = € &, a nosTomy ¢ € C& u, creposatensho, J C C2. Iockoarky Bcerna
C@ C J, To 13 MocilefHUX ABYX BKIIOYEHUH CIelyeT PABEHCTBO B). P s

¢

5- HoxasaTb CITpaBeJJIMBOCTh BKJAIOYEHHA
(A\B) C (A\D) N (D\B).

o Hycrs z € (A\B), Torna ¢ € A A ¢ ¢ B. Ecau npu srom z¢D, 10 = € (A\D) M,
caeposatensio, v € (A\D) U (D\B). Ecuu xe z € D, 1o nockoasky z ¢ B, naxonuM, 4To,
¢ € (D\B), a nostomy z € (A\D) U (D\B). Takum obpasoM, Kak nmpu ¢ D, Tax u npu
£ € D ua ycinosus ¢t € (A\B) cienyer ¢ € (A\D) U (D\B), 4To PaBHOCHABHO JOKA3HIBAEMOMY
BKIIIOYEHHIO. P

6. Onpenpenutb Muoxectsa AU B, An B, A\B, B\A, A A B, ecan:

a) A= {z: 0<cr<2} B—{x 1< z<3}, )

6) A={z:2°-3x <0}, B={z:2° -4z +3 >0} :

) A={z:]jz—-1<2}, B={z: |z—1]+|z—2|<3}.

<« Tounbsysce onpenenenussMu o6beTMHEHNS, TepeCeUeHHs, PA3HOCTH ¥ CUMMETpHeCkoMi pas-
HOCTM MHOECTB, HaXOIMM:

a) AUB={z:(0<z<2)Vv(1gzg3)}={z:0<2<3}

ANB={z:(0<z<2)A(1€<eK3)}={2z:1<z<2);

AAB={z:(0<z<2)Az&[,3)}={z:0<z <1}

B\A={r:(1<z<3)Azg, 2} ={r:2<2<3);

AAB={z:(ABY)U(B\A)}={z:(0<z<1)V(2<z L3I}

RO oS

o
P A
Vi W
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6) Mockonbky ¢ —3z < 0 a0 <z < 3,10 A= {z : 0 < z < 3}. Hepasencrso t°—4z+3 > 0
cripaBefHBO Aist —00 < £ K 1 u 3 €z < +o0o. ObosHaunm D = {z:—c0o <z 1}, E={z:3<
z < 400}, torna B = D U E. Ucnonbsys cpoiicTBa olepauMii Haj, MHOKECTBAMM, HaXOMUM:
AUB=AUDUE)=AUDUE={z:(0<z<3)V

V(~oo <z <) V(B Kz <+0)} ={r: -0 <z < +o0};

ANB=ANDUE)=(AND)UANE)={z:(0<z 1)V €} ={z:0<2x< 1}

AB=A\(DUE)y={s: s €AN(z¢DVzgE)}=
={z:(z€ ANz ED)V(z€ANz € E)}=(A\D)U(A\E)={z:1 <z <3}

B\MA=(DUE)\A={zs: (s €DVvzeE)rzgA}=

={z:(re€DAxgAV(zeFrnz g A)}=(D\A)U(E\A) =

={r:(-~o<z<0) V(3T < +0)};

AAB=AA(DUE)y=(AA\(DUD)u (DU E\A) =

y ={z:(1<z<3)V(-00<z£0)V(3Lz<+oo)} =

' ={r:(-c0<z<0)V(l <z < +00)}.

B) BannueM sBHoe Brpakenne N MHoxkectBa A= {z: 2 <2—-1<2} ={z: -1 <z < 3}.
3ateM, pemas HepaBeHcTBo | — 1| + |x — 2| < 3, HaXOJAHUM sBHOe BHIpak€HUe [ MHOXECTBa
B={z:0<z<3}. Torna

AUuB={z:(-1<z<3)V({0<z<3)}={z:-1<z <3}
ANB={z:(-1<z<3)A(0<z<3)}={z:0<z <3}
A\B:{x:(—l<x<3)/\x€]0,3[}:{z:—1<x<0};
B\A={z:(0<z<3)Azg]-1,3}=®o
AAB=A\B)UB\A)=A\B={r:-1<z< O}D

XA
Y.

)
A 4

e e

é x

Prove
7

Puc. 7 Puc. 8

7. Hmeem A = {(,9) : |2 + |yl < 8} (puc. 7), B =
{(z,9) : /2?4 y* < 8} (puc. 8), —{(x y) : max{|z|, |¥|} < 6}

{puc. 9). Hokasare, 4ro A C B
< Ilycrs (z,y) € A, Torna |z| + }y] < 8. Orciona

~

Va2 + 32 <\/x? 4 20allyl + 97 = |2+ |y < 5,

T-e. (Z,y) € B, 4T0, B CBOIO 0Yepenb, BleueT BHINMOJHEHHE HEPa-

BEHCTBa
max{|z|, |y} < /22 + 92 < §,

a ciegosaTellbHo, M BkialodeHue (z,y) € D. Takum ofpasom,
ACBcD » Puc. 10

8 Mycts A={z:2< <4}, B={y:1<y<3}. HUsobpasurs na naockoctu zOy
MHOXKeCTBO Tovuek A X B,

« Hockomvky A x B ={(z,9): (2< <4 A (1 <y <3}, ro Ax B ecrb coBokynHocTs
TOYEK MPAMOYIoJIbHHKA, OT PAHUYEHHOTO NPIMBIMK = = 2, z =4, y = 1, y = 3 (puc. 10). »
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9. Hoxkasars, uTo cemeiictso R, 3aMKHYTO€ OTHOCHUTEJIBHO 06beIMHEHUS H Pa3HOCTH, IBAKETCHA
KOJIBI{OM.

<« llycts A u B — npoussonbHue MHoxkecTBa cemeiictBa R. Iockonsky A N B = A\(A\B),
a ACR, AABC R, 10 AN B C R. CuenoBareibHo, CeMeCTBO R 3aMKHYTO OTHOCHTEIBHO
06BeMHEHN, TIEPECEUEHUA H Pa3HOCTH, T. €. SBJIAETCS KOJBUOM. P

10. Toxkasars, 4To cemeiicTo R = {a, @}, cocrosiee U3 HEMYCTOrO MHOXK€ECTBa @ M IIYCTOTO
MHoxecTBa @, obpasyeT koablo. SIBigercs nu 9To Koiblo alrebpoin?

< Cemelictso R cojtepskHT cBOMMHU 3ileMenTaMu obbenMtende a U & = a U pasHocTH a\@ =’
a, Z\a = &. [lostoMy R 3aMKHYTO OTHOCHTEIBLMO OGLENMHEHMS ¥ Pa3sHOCTH, T. €., COLAACHO
NMpeRBIIYIEMY IPUMEDY, ABISETCS KOJILLUOM. A Tak Kak sJeMeHT a € R cojepuT BCce oCTajibHEE
MHOKeCTBa CeMelicTBa R, To @ — enunuia cemeiictsa. a R — aire6pa. »

11. Oycrs Muoxecrso J = {a, 8, ¥} cocTout na Tpex snementon, a P(J) — cemeiicTro Bcex
HOJMHOXXECTB MHOXecTBa 7.

a) 3amucaTb Bce alre6phl, KoTopble MOXHO MOCTPOMTb M3 3lleMeHToB MuoxectBa P(J), u
yKka3aTb MX €IUHMIbI. ’

6) Omucath BCe Kkoilblia, KOTOPBE MOXHO NMOCTPOMTHL U3 JI€MEHTOB MHoxecTBa P(J).

B) Omucarh Bce NMOMyKouablla, KOTOPHE MOXHO MOCTPOMTH M3 3JIeMEHTOB MHoxectBa P(J) u
KOTOPHIE€ He ABJIAIOTCA KOJIbI[aMH.

< a) Ipocrelimumu anre6pamu ssasorcsa: cemeiicreo {@}, cocTodmee M3 OXHOTO IYCTOro

MHOK€eCTBa; TPH alre6Gput
{{a}, 2.}, {{8}, 2}, {{r}, &},

COCTOAIIMe U3 [BYX 3I€MEHTOB C €MHHI[AMH, COOTBeTcTBeHHo paBHum¥ {a}, {8}, {¥} (cm. npe-
JBIAY ML IpUMep); WecTh anrebp

{{a, 8}, {a}, {8}, 2}, {{a, 7}, {a}, {7}, &},
{8, 7}, {8}, {n}, 2}, {{a, 8}, 2}, {{a, 7}, @}, {{B, 7}, 2},

€IMHULAMH KOTOPbIX COOTBETCTBEHHO sBisioTca MHoxecTBa {a, 8}, {a, v}, {8, v}, {«a, 8},
{a, 7}, {8, ¥} Jlerko BupeTh, UTo MO6OE M3 ITUX CEMENHCTB 3AMKHYTO OTHOCHTENBHO OObEIMHEHNS
M Pa3HOCTH; YETHIPE alre6pul

{7, {e, 8}, {7}, 2}, {T, {a, 7}, {8}, &}, {T, {8, 7}, {a}, 2}, {T, 2},

€JIMHMLEH KOTOPHIX sABlIseTca MHoxecTBo J. HakoHell, o6beANHEHHE BCEX IEPEUYMCIAEHHHIX anre6p

{7, {a, B}, {a, 7}, {8, 7}, {a}, {8}, {1}, &}

TakoKe ABJdeTcsa ajrebpoii ¢ enunuuer J .

6) Bce npuBenenHsie B myHkTe a) aiareGpr, eCTECTBENHO, ABIAIOTCS KoiabuaMu. JIpyrux koxex
HET.

B) Bcesaxoe koubuo ABiasgeTcsa modykoibiuom. [leficTBurensro, M3 yciosua, uto A m Ay C A
npuHapiaexar koiuby R, ciepyer, uro

A=A1UA2, roe A, =A\A1 C R.

Kpome Toro, B HameMm ciyuae MOXHO IMOCTPOMUTL NMPHMEPH! MOIYKOIEL, KOTOPHE HE ABIAAIOTCH
koabsuaMu. Hanpumep, ceMeiicTBa

{{a}, {8}, 2}, {{a}, {}, @}, {{8} {7}, &},
{{a, 8}, {7}, 2}, {{a, 7}, {8}, 2}, {{B,7}, {a}, &}

B camoM Jtelle, B ka’kJoM M3 WIECTH CEMeNHCTB MepeceveHHe TIOOGBIX JBYX 3/eMEHTOB CEMeEH-

o o v o *
CTBa NMPMHANJIEXKHT 3TOMY ceMeHcTBY. J[lallee, KaskEbIM HENYCTON 3jIeMEHT CeMEHCTBA MMeEET B
Ka4yecTBE CBOETO MOJMHOXXECTBAa TOJbKO CaMO MHOJXKECTBO, IOTOMY, HallpMMeEp, s CeMeHCTBA

{{B) 7}a {(’l}, Q}’ HMeeM
{8, 7} =A{8,7}um ={8, 7}, {a} ={a}uo={a},

T. e. BTOpOE YCIOBHE ONpefeleHHs TONYKOMblla BHIMOMIHAETCS. llonykonbloM sBisercs o6oe
cemeiicTBo, cofepxamee {a}, {8}, {7}, @, 1o He cosnapatomee ¢ P(J): )

{{a, 8}, {a}, {8}, {7}, 2}, {{e, 7}, {a}, {8}, {v}, @} nr m
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ITokaskeM, HanmpuMep, uro cemeiicteo 5 = {{a, ﬂ}, {a}, {8}, {7}, @} — nonyxousuo. HeiictBu-
TeJABHO, TiepecevyeHie MOGHX IBYX 2J€MEHTOB ceMelicTBa S CHoBa sBnsercs siaeMeHToM S. [laiee,
AJA BCAKOTO dJ€MeHTa S cripaBemiuBo pasnoxenue: {a, f} = {a} U {ﬂ} {a} = {a}, {8} ={5},
{7} = {7} na Hemepecekawoumecs muoxecrBa. Takum o6pasom, ceMelicTBo § — MOMyKOMBLO. P -

12. Mycre Tpu umucaa ¢, b u ¢ ynoBIeTBOpsioT HepaBeHcTBaM & < ¢ < b. Ilokasarts, 4TO

ceMeRcTBOo
S = {[ay b]’ [a’ C]’ [Ca b]: [a) c[) [C, C]7 ]C, b]) @},
COCTOsSIIIEE U3 CETMEHTOB M NMOAYCETMEHTOB, O6Pa30BaHHBIX TOUKAMHM G, b U ¢, ABIAETCH MOILYKOID-
1OM, HO He KOJBbI{OM.
o« [lepeceuenne MOGHIX ABYX 2/1EMEHTOB CEMEHCTBA 5 €CTH IMEMEHT 3TOTO XKe CEMEUCTBA, T. €. 5
3aMKHYTO OTHOCHTEIBHO ONtepaniuu fepecevenus. Qanee, miob6oit 31eMeHT ceMeHCTBa S Aomyckaer
pasnoXkenue Ha HellepecekalolliMecs YacTy, NpuHaanexaliue S. Hanpumep,

[a, b} = [a, c]Jue, b] = [a, c[U[c, c]U]e, b] = [a, c[U[c, B], [a, c]=]a, c[U[c, ] u T. 1
CeMeitcTBO S He ABIAETCA KOABIOM, Tak Kak OHO He 3aMKHYTO OTHOCHTENbHO o6benuHeHus. Ha-
npumep, [a, ¢[U]c, b] He npunagrexur S. »

13. Hoxaszats, 4to
(AN B) x (DA E)=(Ax D)n (B x E). (1)

« Iycrs (z, YEMNB)x(DNE), rorgaz € AN B uy € DN E, uTo paBHOCUIBEHO
ToMy, ut0 2 € AAs € B uye DAy€ E. Anockonsky t € ANy € D, 1o (z,y) € Ax D,
AnanoruyHo, us ¢ € B A y € E cuenyer (z,y) € B x E. Takum obpasom, (z,y) € (A x D) N
(BxE)n

{(ANB)x (DN E)C(Ax D)n (B x E). (2)

TIpennonoxum reneps, uro (z, y) € ((A x D) N (B x E)). Torna (z,y) € (Ax D) A(z, y) €
(B x E) u, cnenoBarensio, t € ANye€D uz€BAye L Orconaz€e AnBuye DnE,
T. e. (z,y) € (AN B) x (D N E)) u cnipaBeauBo BKIIOYEHHE

(AxD)n(BxE)C(AnB)x(DnE). 3)
Ha srmouennit (2) u (3) cuenyer (1). »
YnpaxHBeHus NS CAMOCTOATEILHOM paGoTH

1. lokasaTh paBeHcTBa:
a) Cl A, =(CA,; 6) CNA.=JCA,

u u I u
(cM. paBencrsa (2) m. 1.4), rue p NPUHANIEKUT NPOM3BONLHOMY MHOKECTBY.

2. llycrs A C B u D npoussoisHele MHOXKecTBa. Jl0ka3aTh CpaBedHBOCTS BRIIOHEHHIH:
a) AnDCBnD; 6) AUDCBUD.
3. okasats, wroecntu ACBAACD, 10 ACBND,
4. Jlokasars, yroecin ACDABC D, 10 AUBCD.
5. Jlokasars CHpaBeydMBOCTH PABEHCTB:
a) AAB=(AUB\(ANB); 6) AUB=(AAB)A(ANB); B) AAB=AA(ANDB).

6. Jlokasars, 4TO NS CHMMETPHYECKOH Pa3HOCTH CNPABENIHBO BKIIOUEHUE

AABC({(AAD)YU(BAD)).

7. Jlokasarb clipaBegJIMBOCTH BKIIOUEHHH:

a) (A1 v AQ)\(B] U B2) C (Al\Bl) U (Az\Bz);

6) (CA] U CAQ) A (CBl U CBz) C C((CA1 A CBl) N (CA2 A CB2)),
rne A,, A2, Bi, B, — nooMuoxecTrBa MHOXecTBa J.
"+ 8. HokazaTh uro:

] a) (A1 UAQ) A (Bl U Bz) C (A1 A Bl) U (A2 A Bz)

6) (A N Az) A (B N B;) C (A1 A Bi) N (A2 A By
" 8) (M\A2) A (Bi\B2) C (A1 A Bi)\(4; A By),
rae Al, ‘A2, By, B — nogMHoXXecrBa MHOXecTBa J .

9. Onpeneants MuoxectBa AU B, AN B, A\B, B\A, A A B, ecn:
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a) A={z:-4<z<1}, B={z:0<z<4}; ‘

6) A={z:2° -z —-2>0}, B={z:6c—2?>0);

B)A:{z:silnrz:O},B={z:cos”2—z=0. AR

10. Onpenenurs MmHoxkectBa AU B, AN B, A\B, B\A, A A B, ecan:

a) A={(z, 9):2® +9° <1}, B={(z, 9) : |z + |yl <1};

6) A= {(z, y) : max(|z, |y]) <1}, B = {(z, y) : |zl + |y} < 1};

B) A={(z,y):|z[+ ]yl <2}, B={(z,9): /(z -2 +(y—2)* < 2}; o

) A={(z, y): Ve? +9* <2}, B={(z, y) :max(|z +1], ly+1)) €2}. . o

11. Onpepenurs MHOXecTBO A X B, ecau: 2~

a)A:{z:-—2<x<1},B={y:—3<y<1}; .

6) A={z:0€z<1}, B=DxE, rneD={y:0<y<2}, E={2:0<2z<3};

B) A={z:-—oo<z<+oo}, B ={y:sinny=0};

r) A={z:sinnz =0}, B={y:—o0o <y < +x}.

12. Ilycre MHoXecTBo J COCTOMT M3 YeTHIpex dIeMeHToB o, 3, v ¥ §, a P(J) — cemeih:‘mo
BCeX NMOIMHOXKECTB MHOXKecTBa J , BKJIIOYas M NyCTO€ MHOXECTBO. R

-a) ITocTpoUTE NMpUMepHl aare6p, eANHKILAMH KOTOPHIX BIAIOTCE COOTBETCTBEHHO MMOXKECTBA!

{a}, {a, 8}, {o, 8, 7}, {e, B, 7, 6}

6) IlocTpouTs NMpuMep kOIBHA, KOTOPOE CONEPKUT B KAYECTBE CBOMX 3JIEMEHTOB MMOXKECTBA
{e, B, 7, 6}, {a}, {8}, {7}, {6}. Byner uu v10 x0uBUO anreGpoi? Cs

B) Ilocrpouts npumep noxykonsia (Ho He koJbI(a), copepxkaliero MHoXecTBo {a, #,, 8}

13. Ilokasars, uTO MHOXECTBO BCEX CErMEHTOB, ITONYCETMEHTOB M MHTEPBAIOB Ha YHCIOBOI
NPAMOH ABJAKETCA MOMNYKOILLOM, HO HE KOJBI[OM. '

14, [Toka3aTk, YTO CEMEHCTBO BCEX npoOyfonLHnKOB BHOa

I={(z9):a<z<h c<y<d} .

roe a, b, ¢ 1 d — meiicTBUTENBHEIE YKMCTa, npuYyeM 4 < b, ¢ < d, ABAAETCH MOAYKONBLIUOM, HO He
KOJNBIOM.

15. KakuMu MHOKECTBaMH clieflyeT TONOJIHUTS ceMeilcTBO, paCCMOTpenHOe B 3afiave 14, yTo6kI
OHO NPEBPATHIIOCEH B KOJIBIOT

16. lokasats, uto:

a) (AUB)xD=(AxD)U(BxD); 6) Ax(BUD)=(Ax B)U(AxD).

17. okasars, 4To: .

a) (A\B) x D =(Ax D)\(B x D); 6) Ax(B\D)=(Ax B)\(AxD).

18. Jloxasars, urto

(AUB)x(DUE)=(AxD)U(BxD)U(AxE)U(BxE).

§ 2. dynkuus. OrobparkeHune

B

2.1. ®yuxuusa.

Onpepenenne. Omobpaxenuenm muowxecmea E 6 mmoxecmeo F, uru dynxyueti, onpe-
denennott na E co snavenusmu 6 F, nazvieaemcs npasunro, uau saxon f, xomopuiii xaxdomy
anemenmy £ € E cmasum e coomeememeue onpedenennviti snemenm f(z) € F.

Oaement z € F nassiBaor nezasucumvin nepemenroin, WIH apzymenmon GyHKRIUK f, 31eMEeHT
f(z) € F uaseBalor 3navenuem pynxyuu f, wiu o6pasom; NpH 9ToM dileMeHT = € E masnsaercs
npoobpazom snementa f(r) € F. .

Orobpaxenne {dyHKIIO) 06bIMHO 0603HayaioT 6ykBoit f wiu cumponom f : B — F, ykasuipas
TeM caMHIM, YTo f otobpaskaer mMHoxecTBo E B F. VYnorpeGisercs Takxe ofosuaieHHe T +>
f(z), yxasoiBaioutee, TO aneMeHTY T cooTBercrByer aiaeMeHT f(z). Huorma dbynxumo, ynpﬁlto
3a1aBaTh NOCPENCTBOM PABEHCTBA, B KOTOPOM CORCPIKHTCS 3aKOH COOTBETCTBHA. Hal’Ilequ, uoxmo
TOBOpUTH, UTO “QyHkiuus f onpegeleHa paBeHCTBOM f(z) =+Vr?+1, z € fa b)™. Ec u y
o6lllee HaMEHOBaHHE JJIEMEHTOB MHOxecTBa F, T. e. = {y}, 1o orobpaxkenne fr E —
3aNMCBIBAIOT B BUIE paBeHCTBa y = f(z) ¥ roBopaT, 4TO 310 oroﬁpa)rce}me aanaro gy, ¢
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2.2. O6pa3s ¥ nNpoo6Gpa3s MHOSKeCTBA IPH 3a7aHHOM OTOGpasKeHUH.

Ilycts 3amano orobpaxenue f: F — F v mMHoxectso D C E.

Onpenenenne 1. Muowxwecmeo sremenmos us F, xamduiti us xomopwix seasemcs obpazon
zomsa 6vi 001020 daemenma uz D npu omobpaxenuu f, nasvisaemes obpazom mmoxecmea D u
obosnavaemcs f(D).

OueBuHO,

f(D)={f(z) e F:z € D}.

ycrs Teneps 3amano muoxecrso Y C F.

Onpenenenne 2. Muoxecmeo sremenmos ¢ € E maxur, umo f(xr) € Y, nazvisaemcs
npoobpazom muomecmea Y npu omobpamenuu f u ob6oanavaermcs f- 1(Y)

Acuo, uro

['{Y)={z€E: f(z) €Y}
Ecmmy € F,10o f~'(y) = {z € E: f(z) = y}. Ecnu npu kaxxaom y € F muoxecrso f~(y) cocrour
He Gosiee YeM U3 ONHOro siieMeHTa ¢ € E, To f Ha3BIBACTCH 63GUMHO 00HOIHAUNBIM OMMOOPANEHUEM
E B F. BripoueM, MOKHO ollpefefluTh B3aMMHO OJHO3HaHOe oTo6pakeHue f MHOXKeCTBa E ua F.

Onpenenenne 3. Omobpaxenue f : E — F nasvicaemes:

UNDEXTNUGHBIM (UTU UNDEXYUEl, UAU 6IAUMNO 0IHOINAUNBIK OMOBPAN EHUEM HHONECTEA
E 6 F), ecau (z # z') = (f(z) # f(z')) uru ecau Vy € F ypasnenue f(z) = y umeem ne Goaee
001020 pewrenus; ’

coptexmueHoiM (uru copvexyuel, uau omobpaxeruen muoxecmeéa E na F), ecau
f(E) = F uau ecau Vy € F ypasuenue f(x) =y umeem, no xpaiineli mepe, 00no pewenue;

buexmuentim (uru buexyueli, urU 63aUMHO 00HOIHAUNBIM OMObpaxenuen Muowecmea E
na F'), ecau ono unvexmuseno u cropvexmueno uru ecau Vy € F ypasnenue f(r) =y umeem 0dno
U MOALKO 00HO peterue.

2.3. Cynepnosuuus oro6paskesduit. O6paTrnoe, napaMeTpHyeckoe 1 HeIBHOE
oToGpakenus.

Onpenenenne 1. lIyemv f: E— F, a g: F — G. [locxoavxy f(E) C F, mo omobpaxenue
g xawdomy snemenmy f(z) € f(E) C F omnocum onpederennviti snemenm g(f(x)) € G.

Takum o6pasom, kaxgomy ¢ € E nocpencrsom npabuia g o f NOCTaBieH B COOTBETCTBHE dile-
ment (g o f)(z) = g(f(z)), 9(f(z)) € G. TeM camrim onpegneneno HoBoe oTo6pakeHHe (MM HOBax
byHKIHA), KOTOPOE HA30BEM KoMnozuyuel omobpaxenuti, UK cynepnosuyueti omobpaxenudi, Win
cROMHBIM omobparenuem.

Onpenenenne 2. Ilyemov f: E — F — Guexmusnoe omobpawenue u F = {y}. B cuay
6uexmueuocmu f xamdomy y € F coomsemcmeyem eduncmsennwiii 06pas x, xomopoui o6oauauu.u
uepes 7' (y), u maxoii, umo f(z) =y. Taxum o6pasom, onpedeaeno omo6paxreuue FFLF->E,

xomopoe Hazvisaemcs oOpamuuvim omobpamenurw f, uau o6pammuoti dyuxyued d)ymcuuu f.
Ouenunno, otobpasxenue f oGpartHoe otobpaxenuio f . [lostomy orobpasenus f u f~1
Ha3bIBAIOT 63auUMHO obpamubimu. {11 HHX ClIpaBelIMBEI COOTHOIEHHS

W)=y VYyeF; f(f(z)) =z VzekE.

Omnpenenenne 3. llyemv ¢ : Q@ — X, ¢ : Q@ — Y, npuuem zomsa 61 00n0 uz smuzr omobpa-
aenudt, nanpumep o, 6uexmueno. Toeda cywecmeyem obpammuoe omobpaxenue ™' : X = Q, a
anavum, Yol X Y.

OrnpeneseHHoe TakUM 06pas3oM oToGpaskeHHe HasbiBaeTCs 3aJlaHHEIM MTapaMeTPUHUECKH C IOMO-
wpI0-0TO6paxeHun ¢ : ! — X, ¥ : Q@ — Y, npuieM nepeMeHHoe U3 (! Ha3LIBAETCA NAPAMEMPON.

Omnpenenenne 4. [Mycms na mnoxecmse (G = X X Y onpedeneno omobpaxenue F : G — A,
2pe muomecmeo A codepwum nyaesoti aaemenm. [lpednorodum, umo cyuecmeywom Muoxecmea
E C X, B CY maxue, umo npu xaxdom duxcuposannom £ € E ypasnenue F(z,y) = 0 ume-
em edurncmeenroe pewenue y € B. Tozda na mmoxecmee E momno onpederums omobpaxenue
f + E — B, cmasawee xawxdomy t € E 6 coomeemcmeue mo 3mauenue y € B, xomopoe npu
YKAIGUHOM T R6AREMCA pewenuem ypasnenus F(z, y) = 0.

OTHOCHTEIBHO TAaK ONpejleleHHOrO oToGpaxeHus y = f(z), ¢ € E, y € B, roBopaT1, 410 OHO
3afJaHO HEsA6HO MOCPENCTBOM ypaBuenns F(x, y) = 0.

Omnpenenenne 5. Omobpawenue f : E — F uasvisaenmca npodoaxenuem omobpaixenus
9:D— F,ag — cyxenuem omobpawenus f, ecau E DD u f(z)=g(z) Ve € D.

Cyxenne otobpaskenus f : E — F Ha muoxectBo D C E unorga o603HauaioT cuMBonoM f|p.
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Onpenenenne 6. I'paguxom omobpanenusa f: E — F nazvisaemcs muomecmeo

G={(z, f(z)):z € E, f(z)e F}.
Acho, uto G C E x F.

14. Tycrs oto6paxenne f: R — [—1, 1] 3anano pasencrsom f(z) =sinz.

T P 4 R M (4 A
x) £ ([0, 5])5 9 @0, 22 w0 575 0 57 (3)5 @) 57 (7) w) f7 (
W) S0 0) 570 -110; w7 (o).

2
« [Tonesysch Tabiaieidr TPUTOHOMeTPUHECKHX (DYHKIIUI, HAXOTUM:

a)f(O):sinO:O; ﬁ)f(%):sin%_:%;
B)f(%)=5i1]4=‘/5; T)f(§)=si11§=-‘;—3__
n) Nmeem f( g)

[T

D:

“’1§le=|

)

|I wl

( ) 1, npuueM, eciM apryMeHT cHHyca mpoberaer 3sHaueHus
T T 1|‘
OT —3 [0 3, TO 3HAYeHUS CHHYCa U3MEHHAIOTCA OT —1 mo 4+1. CiaepoBarensHo, f([—;, 3 ) =
{sinz -7 €z< 2} —1, 1]. AHanoruyHo HaxoAMM:
) (-3 3D ={<m ze]-%, 3} =1-11L

®) f ([0, £]) = {sinz:z € [0, ]} = [o, 3];
3) ([0, 2x)) = {sinz : z € [0, 27]} = [-1, 1].
u) Hockonbky sinz =0, ecau z = kw, k € Z, 10

F7Y(0) = {z : sinz = 0}.

k) Eciau sinz = %—, 10 = {(—1)"arcsin % +nr = (—1)"% +nw, n €Z. Hosromy f! (%):
(-1)"% +nr, n €L
Auanorwmo MpenpayleMy HaXOIUM:

n) 7 (_g) = {z psinz = ?} =(-1)"{ +nm n€Z;
M) 7! (g) ={zrsmr=F}=(0"F4om ez

H) CoraacHo onpegenenuso 2, . 2.2,

f_l([*l’ 1)) ={z: f(z) =sinz € [-1, 1]}.

Mokaxem, wro f~!([-1, 1]) = R. B camom nene, nycre z € f~'([-1, 1)) u a = smz Torga f(r) =
o, a € [-1, 1], a nosromy x = ((—1)" arcsin o+ nt), r € R, u, cregosatensuo, - ([ 1, 1)) CR.
Ecnu z € R TO sing € [-1,1] u z € f71{([-1,1]), . e. R C f7!([-1, 1]). Taxum obpasom,

=L )) =

o) U3 paBencrs sinz = +1 nHaxonum MHoXecTBO A = {z T = 1 +nm, n€ Z} 3HaueHHRt T,
xoTopuie He mpuHamaexat £ (] =1, 1]). Tostomy, B cuny npenbmymero nynkra, f1(]~1,1]} =
R\A.

n) Umeem ! ([0, %]) = {z:sinz € [0, %]} Hycrs z € f! ([0, % ) H o = sinz, TOrKA
a € |0, %] n z = (—1)"arcsinz + n71, n € Z.

Ilycrs n = 2k — ¢ukcupoBano, Torga £ = arcsin o + 2kxr, npuieM npu usMenenun « ot 0 go
,i; nepeMeHHOE T UaMeHsercd oT 2k7m mo (2k + 1) T, T.€. T E [2k7r (2k + 1) ]

Oycrs n = 2k +1 — duxcuposaHo, rorga ¢ = —arcsin a+ (2k+ 1), u ecau o usMensercs or 0
1o %, To MepeMeHHoe r uaMensercd ot (2k+1)7 go (Zk + e) T, T.e. T € [(Zk + 6) x, 2k + 1)7r]
Taxum o6pasom,

() e (U (e D) o (U e ).

k€Z
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CripaBepnHBo ¥ 06paTHOE BKITIOYEHHE, TIOCKOILKY NPU T € [2k7r, (2k + ;—) 7r] HIH T € [(2k+ %) ,
2k + 1)7r] 3HaUYeHHe sin T € [0, %] Mostomy

P (o) = (U e G )] o (U [+ 2) ]

15. Jokasars, yroectun f: E — F u AC E, B C E, 10 cnpaBeIMBO paBeHCTBO
f(AU B) = f(A) U f(B). )
« Coraacxo onpeneneHuio 1, m. 2.2, umeem
F(AUB)={f(z):z € AU B}.
Hycrs f(z) € f(AUB), torma c € (AUB), 1.e. 1€ AV € B. Hoectnmz € AV € B, 10
f(z) € f(A) V f(z) € f(B) u f(x) € (f(A) U f(B)). 3TuM goka3aHO BKIIOYEHHE
F(Au B) C (f(A) U f(B)) (2)

Hycrs f(z) € (f(A) U f(B)), torga f(x) € f(A)V f(x) € f(B), otkynla t € AV € B, 1. e.

z € (AU B), a nostomy f(z) € f(AUB) u
(f(A) v f(B)) C f(AU B). @)
U3 (2) n (3) nenocpencrpento cnenyer (1). »

16. Hokasars, uto ecin f: E — F u AC F, B C F, To cnpape1THBH paBeHCTBa:

a) fT(ANB)=fT(A) nfTI(B); 6) FTH(A\B) = fTHANST(B);

B) ST (AUB) =77 (A)ufT(B).

<« a) Oycts 2 € f~'(A N B), torna f(z) € (AN B), 1. e. f(z) € AN f(z) € B. Ho torna
z € f7Y(A) Az € f71(B), a cnenosarensto, ¢ € (f~'(A) N f7'(B)). Takum obpa3zoM, gokaszaHo
BKJIOYEHKe

FTHAnB) C(F7(A) n fTH(BY).

JIns moxasatenscrBa o6paTHOro BKMOMEHUs npennosoxuM, uro ¢ € (f71(A) N f~(B)). To-
rna z € f7Y(A) A ¢ € f~Y(B); orciona f(z) € A A f(z) € B, a nostomy f(zr) € (AN B) u
z € f~'(A N B). CnenosatensHo,

(A nfHB)) C £ (AN B).

s KOXa3aHHEIX BK.IIOMEHHiL clleflyeT paBeHCTBO a).
6) Hycrs ¢ € f~!(A\B), torna f(z) € (A\B), 1. e. f(z) € A A f(z) ¢ B. Ho 1orga
z € fY(A) Az ¢ f~1(B), a caenoparensuo, = € (f~ (A)\f~(B)). Takum obpasom,
F7HAB) C (FTHANTH(B)). ‘
Ecnu z € (f 7' (AN\fFY(B)), 0 ¢ € f~'(A) Az & f~Y(B). Orciona f(z) € A A f(z) € B,
1. e. 'f(z) € (A\B). Ho torna z € f~'(A\B), 4ro mokassBaeT CpaBelTHBOCTD BKIIOMEHHUS
(FTHANFTH(B)) € F71(A\B),
06paTHOro foKa3aHHOMy Bhimte. V3 9THX BKIIOYEHHMH clenyeT paBeHCTBO 6).
B) Ecu ¢ € f7'(A U B), 1o f(z) € (A U B). Orcona f(z) € AV f(r) € B, a torga
zef M A)ve G‘f"l(B), 1. e. € (f}(A) U f~Y(B)). Taxum obpasom,
FTHAUB) C (57 (A) U FTH(B)).
Ecau xe npemmonoxurs, uto ¢ € (f~'(A) U f71(B)), o z € f~(A) vz € fTY(B) u
f(z)€ AV f(z) € B wiu f(z) € (AU B), orxyna z € f'(A U B). Cnepopatenso,
(AU FTHB) CfT(AUB),
YTO BMecCTe € O6PAaTHHIM BKIIOUEHHEM PABHOCHILHO B). P

17. Tycrs' f : E — F, P — cemeiictBo nopMuoxects Muoxkectba F, Q' — cemelicrso
nogMHoxecTs MHOXecTBa F. O6o3Hauum

f(P)={f(A)eQ:A€P}, f'@Q={f'(B)eP:BeQ}).
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Hokasats, 4ro: a) ecaum Q — kouabiuo, To f~ (Q) — Takxke Koasuo; 6) ecim P — KOJBLO, TO
f(P) He 0643aTeNbHO ABILETCH KOMBUOM.

< 2) Tocxomxy @ xomsuo, 10 w3 By € @, Bz € Q cnenyer (B1 U By) € Q, (B1\B2) €Q.
Torpa, cornacHo npegsigyieMy IpUMeDY,

FFUBNU T (B) = fTY (B UB) € FHQ); BN H(B2) = fH(Bi\B2) € f1(Q),

1. e. f7Y{Q) — xoabmo.

6) Nycts E = {a, b, ¢, d}, F ={d', ¥, d'}, f(a) = d', f(b) = f(c) =V, f(d) =
P={{ab c d}, {a, b}, {c, d}, @}

saserca xonslom, onnako f({a, b})\ f({c, d}) = {a’, ¥'}\{¥, d'} = {d'} € f(P) = {{a b, d'},
{a', ¥}, {¥', '}, @}, 1. e. f(P) e sBasercs xouabuom. B

d’. CemefictBo

18. Kaxas uz yxasauunix dynxuuit f : [0, 1] — [0, 3):
a) z— 3sin Z%;

r) zr—>12(z—;-)2;

6) = tg%; B) z +— 3%; ' ;
n)z»—»S——(z—-l—)Q; e) 2z +2|-3

4

HHBEKTHBHA, cIOpbekTuBHa uiaK GuexkrupHa? [locrpours rpaduxu stux dyHKIHN.

< a) Tax kak [I% NMPOUIBOJIBHOIO y € [0, 3] ypaBHeHKHe y = 3sin "—:— MMEET eUHCTBEHHOE

peuieHue r = %arcsin %, npuHagnexamee cermenty [0, 1}, To dyHkuus z = 3sin ’;—z ABIIgEeTCA
6uexTuBHON (puc. 11).
6) Oycts y € [0, 1]. Torna ypasHenne

Tz C ,

= tg — {1

y=tg - ()

HMeeT eXMHCTBEHHOE DeleHHe T = = = arctg y, npuxajnexamee cermenty [0, 1], ecan y €40, 1].
Ecau xe y €]1, 3], 10 ypaBHeHue (1) He HMeeT pemreHuit, ipuHanrexammx [0, 1]. Crenorarensho,
ypabnenne (1) nns mo6oro y € [0, 3] umeer ne Gonee onnoro pemenus z € [0, 1], a nmosromy
dynkyus ¢ — tg ZX unnexTupHa (puc. 12). '

y y y y y y
3 3F---- 1 3 3p--~- 3F
i
' &3
] "
1} L]
! '
] ]
1k ' 1 '
] )
] [ ]
] )
[] ) .
0 x 0 1 x 0 1 x 0 1 x 0 1 x
Puc. 12 Puc. 13 Puc. 14 Puc. 15

B) Ecan y € [0, 3], To ypaBHenne y = 3° umeer He Gonee onHOro pemeHus z € [0, 1]. ‘Hiweﬂ-'ub,
npu y € [1, 3] pemennem spasercs r = log,y, a npu y € [0, 1] — pewennit ner. Cnenonare.uuo,
r — 3° — unbexuns (puc. 13). '

2
r) s ypaBuenns y = 12 (z— %) , ¥ € [0, 3], nHaxopum z, = %— %\/— = + 5\/:,
npudeM, ecau 0 < y < 3, 1o 06a KDpia; npuuaune;x,a‘lﬁlo 1] ecan y = 0 TO xop}m com‘lanalor

Ty =1z = ::,- n npuHagexar [0, 1] Cnenona’rens}(o Yye [0 3] ypaB

x) Hycrs y €0, 3]. YpaBHe}me y = 3L ( : ~—) UMeeT pellienne Iy = 3'5 < S
£ 3, npuHagaexanlee [ , i], H! peme}me T2 = 7 + \/9-3 , 0K % Kﬁﬁ .n;eexamee
[i, ] Taxum obpasom, ¥V y € [0, 3] cyy;ee’mye:r omm Wau aBa npooﬁpaaa, a noarom bynuwps

ciopbekTHBHa (pHc. 15). {LW.._“ LAY,
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e) lycrs y € [0, 3]. Torna ypaBuenwe y = 2|z +2| — 3 npu y € [1, 3] uMeer eTMHCTBEHHOE pe-
meHHe T = Lg-l-; ecau y € [0, 1], To 310 ypaBHeHHe He HMEeT pEIEHUI, TPHHATIEKAIINX CETMEHTY
[0, 1]. Caenoparensho, = + 2|z + 2| — 3 — unvekuus (puc. 16). »

19. Hana pynxuns f(z)=tgx, 3

2
. ar 5 .
4 [loxaxeM, wro manHas ¢yukums ssasercs Guexumeir f :| =%, 7"[—» R. C »1oi1 HennlO

obosMaunm £ = 27+ 7, =5 < 7 < 7. Torma ¥ y € R ypaBueHue y = tgr NPUHMMAET BHJ
y=tgr, r € ]-—”

T o .
<r < EX HalTH oOpaTHYIO eif.

3 g[ Orciona 7 = arctgy M, NMolb3yich TeM, YT0 T = 27 + T, HaXOOUM
z = 27+ arctg y; npudeM ecan y € R, ro z € %’5

A mockoanky Kaxjgomy ¥ € R cooTBercTByeT eqHHCTBEHHOE 3HaU€HHE T € ]

5
, TT [, T. €. 6HeKTUBHOCTDH (PYHKIMH yCTaHOBJIEHa.
3n

5
2 —2—[, T0 o6parHyIo

dyHK1UMIO f"l ‘R— 37”, -5—21[ olpenenseT COOTBEICTBHE Y > 27 + arctg z, £ € ] 37”, 57” [ »
20. Hanucars sBube BhIpaKeHus (pyHKUMI, 3aaHHEIX TTapaMeTpHYECKHU:
a) r=acost, y=asint, 0 <t 7 6) r =acost, y=asint, r <t < 2n (a>0).

4 a) Hockoneky pyHkuus t +— acost, t € [0, 7], aBaserca 6uekuuei [0, 7] — [~a, a],T0oV z €
[~a, a] ua paBencrBa £ = acost HAXONUM eIMHCTBEHHOe 3HaUeHUe { = arccos =, MpHHajyIexKallee
ceérmenty [0, #]. MogcraBup 9TO 3HaYeHHEe BO BTOPOE PABEHCTBO, MONYUHUM ‘

. T 2 T z2
= asin {arccos — | =ayf/1 —cos? {arccos — | =ay/1— —,
a a a

T.e y=+va? ~12, £ €[—q,ad].
6) O6osnaunum = 4+ 7 = t. Torna, ecau 7 € {0, 7], To t € [x, 27], npu 9TOM MepBOe paBEHCTBO
NPUBOIUTCSA K BHAY T = —aACOST.
Dyuruus 1+ —acos T apiAercs 6ueknueit [0, 7] — [—a, @], nosromy V z € [—a, a] naxonum
= arccos (—2) =7 - arccos® u t = 27 —arccos Z. [lofcTaBuB Hai{ieHHOe 3HaUeHHE ¢ BO BTOPOe
PaBeHCTBO, MOy UUM

y=—va® —-z2, z&l[-a,a)p»
3r 57

21. Hanucats sBHOe BHIpa)KeHMe 11d PyHKLMH f : [ 7 3

] — [47, bx), 3amaHHON HeABHO,
NMOCPENCTBOM PaBEHCTBa

. 3= 5
sint —cosy=0, <z€ [77", —;—] , ¥ €[4n, 5x). (1)
4 Hns moGoro dpukcHpoBaHHOro T € [3?", 52—"] nMeeM sinr = ¢, ¢ € [—1, 1]. Hostomy (1)

PaBHOCHJBHO YPABHEHHIO COS Y = ¢, KOTOPO€ Ha CerMeHTe [47, 57] HMeeT eAMHCTBEHHOE PelleHite.
ITHM MOKAa3aHO CyllecTBOBaHUe hyHKITHU

f: [37”, 5—;—] — [4=, 57).

Jlas 3anmucu aHajOrMHYHOro BEpaskeHHs PyHkuun f npeoGpasyeM paBeHcTBo (1) k BHAY
. . T
sIn T — sin (— - y) = 0.
2
OTtciona
ks ks
rT—s+y T+ —y
2 s 2 cos 2 =
2 2

IlpupaBuss k Hymio Ka’XAbIii MHOXHTE b, HAXOMUM [JBa 3HAMEHHA Y:

0.

y=z—12r-+2n7r, n€Z, @

y=—z+%+2n7r, neZ .. . (3)

3r 57

B cuayuae (2) us ycnosus z € |5, T] caenyer y € [(2n + 1)x, (2n + 2)7] n He NPHHATERHUT

[4, 52]Vn€Z, 1.e. y=2z— % + 2n7 He gBaderTcs 3HaueHUeM DYHKIUK f HU [IpH KakoM n € Z.
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B cayuae (3) u3 ycaoBus z € [ ,:, > ] crepyet y € [(2n — 2)w, (2n — U)x] C [47, 5x] npu n = 3.
[Ipu s1oM 3Hawenuu n u3 (3) HAXOOMM ABHOE BHIpaKeHHe DyHKHKU f

+ 137 c 3r 57
= - B T —_— —
Y Pk 27 9
YnpaskHeHHS I8 CAMOCTOATEIbHON paGoTh

19. Hlycrs oro6paxenne f: R — [—1, 1] 3aMaHO paBe}{CTBOM f(z)=cosz.
Haiknws ) 100 6) ()5 0 7 ()1 0 £(2): 2 1 (L5 2)s o (-3
x) £ ([0 6]) ) 500, 2x); w) £7(0); ) 3w () w s

o o (. £ (-, 7).

20. Jlns oro6paxkenus f: [ , g] — R, 3agaHHOro paBeHCTBAMK

;D

”»R-

a) f(z)=tgz; 6) f(z)=ctgr,

wsi £ ([0, 2]), £([0, 50), ([ 2D a0 1o ([ va]), £ ({2 1 vE)-
21. Hokasars, yroeciu f: E— F, ACFE, BCE, ro: a
a) f(AnB) C(f(A)n f(B)); 6) (f(A\f(B)) C f(A\B).
22. Nyers f: E— F, AC F, BC F. Hoxasars, uto ecin A C B, 1o f~'(A) C f~(B).
23. Jokasats, ytoecnu f: E - Fu ACE, BCF, ro:

a) ACfTU(f(A));  ©) f(fTH(B))=B; ) f(A)nB=fAnfT(B))
r) (f(A)NB=2)w (AN f7Y(B) = 2); 1) (f(4) C B) & (A C f7(B)).
24. Kakas us dpyuxuuit f: [—1, 1] — [0, 1):

a) ¢+ cos ==; 6) £ —z2 41, B) z — |z|;

r) T I n)zr-->i e) z 27!

HHBEKTMBHA, ClIOpbekTUBHa Wik GuekruBHa? [locrpouts rpaduxu.
25. Haiitu GuektuBHOe cyxenue QyHKIUA:

a) f(z)=z2% z€R; 6) f(z) =sinz, z € R; B) f(z)=cosz, z €R; ;
r) f(z)=sin f, z > 0; o) f(z) =10, z € R; e) fle)=2*+z+1, zeR

26. Haitu dyHkuun, obparHele qaHHBIM:

a) f(z)=sinzr, =z¢€ [—5‘2—”, —37”] ; 6) f(z)=sinz, z€ [g', %’L] ;
B) f(z) =cosz, =z €[27,37]; r) f(z)=cosz, z€[-Tm, —67];
H) f(z)_—-tgzy ze]'*'g‘v%l[: e) f(z)=C"gzr zé]_w’ﬂ['

27. HaiiTu sBHOe BHIpa)kKeHHe M PyHKIHHA, 3aJaHHEIX MapaMeTPUYECKH:

2at 2at? 2at 2at?
a)x:m,y=m,0<t<+oo; 6)z=ﬁ,—2,y=l+—t5, -0 <tg0 ((l>0)
28. HaifTu sBHOe BrIpakeHHe MK pynxuuu f : [r, 27] — 32”, - ] 3alaHHON HesBHO

cosz +siny=0, z €[n, 2], yE[z, 2

- 3 ©
29. Haijitu sBHOe BEIpakenue fis ¢yHkuuu f : [r, 27] — [%, —5’5] , 3alaHHOH HeABHO

T 3r

cosz+siny=0, «z€l[n, 27], yE[;,T.
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§ 3. [dedcTBUTENbHBIE YMCJIA

3.1. BunapHuie oTMoutenns ¥ GHHAPHEIE OmepalHH.

Onpepenenne 1. Bunapuwm omuouienuem s muoxecmee E naszvieaemes ecaxoe nodmmo-
wecmeo B u3 npoussedenus E x E.

Onpepnesenne 2. Bunaprnoe omuowenue R HA3LIBAENCE OMHOWEHUEM IKBUBAAEHMHOCT U
6 mnoxecmee E, ecau nodmnomecmso R:

a) pedaexcusno: (a, a) € R Va € E;

6) cummempuuno: ({(a, b) € R) = ((b, a) € R);

B) mpansumueno: {({a,b) € RA (b, c) € R) = ((a, ¢c) € R).

Bumecto (a, b) € R wacro numyr @ ~ b win a = b.

Onpenenenne 3. Bunapnoe omuowenue ) Hasvisaemcs OmHuowenuem nopaodxd 6 MHONE-
cmee E, ecau ono: _

a) pedaexcueno: (a, a) € QA Va € E;

6) mpansumueno: ((a, b) € XA (b, c) € ) = ((a, c) € Q);

B) anmucummempuuno: ((a, b)) € QXA (b, a) €2) = (a =b).

‘TIpu stom roBopsaT, uro orHomeHue €} ynopsmouuBaer E. Bmecto (q, b) € Q wacto muumyr

£b,mmmaCh.

Ec.vm Va, b € E Bcerpa (a, b) € Q nmn (b, a) € Q, 10 ropopar, uro MHoxecTBO E enoane
ynopsaoueuo.

Omnpenenenne 4. Buympenneti bunaproti onepayueti na Mnoxecmee E nasvisaemcs omo-
6paxenve f: EXE - E.

Mycrs 3agansl gBa MHoxectBa £ u F.

Onpenenenne 5. Buewneti bunapnoii onepayueti na mnokecmee E nazwisaemes omobpa-
wenue f: Ex F — E.

Onpepesenne 6. Muoxecmeo E, obaadaruee snympenneti bunapmoti onepavyuets T, naavi-
eaemcs 2pynnoti, ecau:

1) onepayus accoyuamuena: (a Th) Te=a T (b Tc) Va, b, c € E;

2) umeemcs netimparvuoidi snemenm: Je € E maxoe, umo Va € E cnpasedruso pasencmso
aTe=eTa=a; '

3) scaxuti saemenm umeem cummempuunniti: Va € E Ja € E maxoe, yumoa T @ =a T a=e.

Ecau, xpome moeo,

4) onepayus T xoMMymamuena, mo 2PYnna Ha3v6aemcs xommymamuenoti uau abereaoti.

Ecay onepauus T eCTs ClI0XeHUE, TO IPyNIa Ha3bBaeTcs addumuenotl, eciin | €CTh yMHOXKe-
HHe, TO IPYIIa HA3KIBAETCS MYAbMUNAUKANUCHO.

3.2. AKCHOMAE NOJIA NeHCTBUTEIbHEX YHCeT.

Onpenenenne 1. Muowecmso R = {a, b, c, ...} nasvisaemcsa norem Odelicmeumervuvix
(unu eetyecmeennbiz) wucenr, €cau OAR €20 INEMENMOE YCINAHOBAENBI DUNAPHBIE OMHOWENUS U
GunapHbie ONEPAYUU, NOOYUNENNDIE NEPEUUCTENNDIK HUNE AKCUOMAM.

ARCHOME! cJIOReHIs

C.0. B mHoxecrBe R onpeneieHa BHYTPeHHS S GMHapHas onepalis — CIOXKEHHE

RxR—R:(a,b)—a+b

KOTopas KaXKOQif Mape sneMeHTOB a, b € R onHO3HaMHO CTAaBUT B COOTBETCTBIE HEKOTOPHIH 3JT€MeHT
MHoxecTBa R, HasbiBaeMBIil ux cymmoti U 0603HaMaeMbiit cMMBOJIOM a+b. [1pu 9ToM BeimOAHAIOTCA
clepyiole aKCHOMBIL:

C.1. (a+b)+c=a+ (b+ c) (accounaruBnuiii 3akoH).

C.2. B R cymecrByer aneMeHT, Ha3bBaeMEIH nyaesn U 0603HavaeMblit cHMBoJoM 0, Takoif, YTo
Va €R

a+0=a.
>.3. Va € R cymecTByer rakoe uncio (—a) € R, 4To BBIMOIHAETCE PaBEHCTRO
a+(—a) =0
C4. VYa,beR
a+b=>b+a.

Takum o6pazom, MHOxkecTBO R ABliseTcs addumusnoti aberesoti zpynnotii.



§ 3. [IeficTBHTeIBHIEE YHCIA 21

ARrcHOMBI YMHOKEHNA
Y.0. B mHoxecTBe R onpenesneHa BHyTpeHHsAs GuHapHast ollepauis — yMHOMKEHMe

RxR—R:(a, b)—a-b,

B . *y
KOTopas KaXX[Ooil mape sneMeHToB @, b € R ofHO3HaYHO CTAaBHT B COOTBETCTBME HEKOTODHI aifes
MeHT MHOXKecTBa R, HasbIBaeMblit HX npouséedentiem u o6o3HaMaeMblit cuMBonoM ¢ - b. [Ipu'sTom
BHIOJHSIOTCS CIENYIOIHE AKCHOMEI: A
V1. (a-b)-c=a-{(b-c) Va, b, c € R (accounaTuBHBIil 3aKOH).
Y.2. B R cymecrpyer sieMeHT, HasbIBaeMelit edunuyeti M 0GosHavaeMbrit CHMBONIOM 1, Taxon,
410 Ya € R cnipaBennupo paBeHCTBO

a-1=a.

Y.3. Va € R\{0} cymecrpyer onement a~! € R, nassipaemuiit o6pamnsim 4HChy a, TaKoM, UTo

Y4. a-b=b-a Va,beR.

CrefoBaTeIbHO, MHOXECTBO HEHYJEBHIX DJeMEHTOB MHoXecrBa R sapiasercs Myabmun.nmca-
muenoti aberesod epynnoi.

I.1. Onepauus yMHOKEHUS JUCTPUGY THBHA OTHOCHTEIBHO CIOXEHHH, T. €.
a-(b+c)=a-b+a-c Va,bceR.

Muoxecrso {a, b, ¢, ...}, ynobrersopsiomee akcuomam C, Y u [], HazsKBaeTcs YUcAo6viM no-
Aem. DTO Ke MHOXKeCTBO 6e3 akcHoMBl Y.4 Ha3bIBA€TCA MEAOM.

AxrcuoMs: mopagra

I1.0. B muoxecrBe R 3agano orHomenue €, Kotopoe BIOJIHe ynopsgouusaer R:

II.1. @ < a Va € R (pedaexcusrocrs).

.2 (a<bAb<a)= (a=1b) (aHTHCHMMETPHUHOCTS). “

I1.3. (a<bAb<c)=(a<c) (TPaHSUTHBHOCTS). ‘

I1.4. Va, b € R win a < b, nam b < a, niau o u apyroe.

Crenyoume KBe akCUOMH CB#3HIBAIOT OTHOIIEHME TOPAKAa U GMHapHHe onepauun:

MM.1. Ecan a, b, ceR u a <b, Toa+c L b+ec.

M.2. U3 0 < @ u 0K b cnepyer 0 < ab Va, b€ R.

AxcnoMa o BepxHeH rpaHH L

Onpenpenenne 2. Muoxecmeo A C R nasvieaemcs oepantiuenusim ceepry, ecay cywyecmsy-

em anemenm M C R maxod, wmo a < M Ya € A, npu smom wucao M wnasvieaemcs eepamett .

zparblo MHoxecmea A. C T
Onpepenenue 3. Bepanas epane M* muomecmea A nazvieaemcs mounoii eeprueti 2pansvio

muoxecmed A, ecau ecaxas dpyzas eepInan zpans M mnomecmea A ne menvwse wucaa M*..
Tounas BepxHss rpaHs MHOXecTBa A o6o3Hauaercs cHMBOJOM sup A.

B.0. Bcakoe orpannyentoe ceepxy mMHoxectBo A C R HMeeT TOYHYIO BEPXHIOIO I'PaHsb.
3.3. Pacutmpennoe MHOXecTBO NeHiCTBHTEIBHRX UUcel. o

Omnpepenenne. Muoxecmeo R = RU {—o0, +00}, cocmosujee u3z snemenmos muonecmea R
U J8YT CUMBON06 —00 U —+00, HA3LIBAEMCR pacuiupennoti cucmemoti delicmeumeabRbIT ylced;
NPUNEM BBINOAHANMCA CREOYOUIYE YCAOCUSR: !

a) —o0 < a < 400,

a a
a—00=—00, &+ 00 =-+00, Q_ﬁ_ﬂ Va € R;

6) ecau a >0, mo a-(—00) = ~o0, a - (+0) = +o0;

B) ecatt a < 0, mo a - (—0) = 400, a - (+x0) = —o0.

CuMBOI —o0 +00 HaseBaerct mMunyc {(nawc GecKOHEUHOCTHIO.
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3.4. OCHOBHHKe XapaARTEPHCTHKH JEHCTBHTEILHOTO YHCIA.

Bynem ans npocrorsl 06o3Hauats yepes R odnospemenno muoxecmeo 6cex deticmeumenbnoix
qUCEA, YnopRAIOUERNOE NPOCPANCME0 JetCMEUMEALHBIT YUCEa U YnopRJouernoe noie deticmeu-
MEABLHDBIT YUCEA, PAIAUYGR CHBICA 0603HaAUERUR o mexcmy uasoxenus. Hanpumep, ecau 3anucano
z € R, 10 3mecs R — MHoxecTBO meficTBUTENbHBX uncel. Ecau ckasano, yto ¢ < y B R, To mop
R noxuumaem ynopapovyennoe npoctpatcrso. Hakomen, ecaun sanucano £+ y < z B R, 10 R o3na-
“aeT YNOopAgoueHHOe ToJIe TEHCTBUTENLHEIX YMcel. B ciyyae, eciu Mo TeKCTy M3I0KEeHUS He HCEH
cMHCcH o603nauenms, To GyneM nonb3oBarbca Hollee CIOXHBMH 0603HAYEHUIMMU.

Haa neMcTBUTENLHO O YUCIa T BBEEM CIENyIOIMe XapakTePUCTUKN: |¢| — Moiyls &, sgn & —
snak z, £t — nomoxkurearHas uacrb T, £~ — oTpMUaredbHas 4acTh r. OHM BBOJATCS MO NMpa-
BHIAM: .

1 ecmmzr >0
z, ecmz 2 0, ’ !
lz| = sgnz=4 0, ecamz=0,

—z, ecanz <90 -1, ecamz < 0;
y b

+ z, ecamz >0, - 0, ecmuz 2 0,
0, ecmuz £ 0; -r, ecaus < 0.

OueBMaHbE crefyoNMe COOTHOMEHHS MeXly 3TUMHU xapaxTepHcTukamu Vr € R:

z=|z|sgnz, |v|=zsgnz, z=2%-2z7,
lo| =2t +2-, ot=l2ltz - _lol=e (1)
2 2
Hpu pemenu 3agay 4acro IPpUMEHAIOTCH HEpPABECHCTBA&
—lzg| €~z €z <zt sl Jg| 20, z¥ 20, 2720 (2)

BMecre ¢ yxasaHHBIMM XapaKTepUCTHKAMM TOJE3HO TakXke paccMoTpeTk dynxuud R — R :
g+ 2|, z++sgnx, 2 — zt, £ — ¢, rpaduxu xoToprix nsobpaxenn Ha puc. 17—20. Ilepsas u
propast (byHKIUM ABAAIOTCA MYIBTUILIMKATMBHLIMM 0TOGpa’keHUSMH, MOCKOJIBLKY M3 ONPeReIeHUs
ITHX (PYHKIUIL CAENYIOT PaBEHCTBA

|yl = |||y, sgn(zy) = (sgnz)(sgny) V(z €R, y €R).

Kaskgad us yxaszaHHBIX HKUMIH, 32 MCKIIOYeHMeM “sgn”, o6lanmaer cBOMCTBOM: MHOXECTBO
y y s ’

TOYeK, PACNONOKEHHBIX BhIIE €€ IpadUKa, ABAAETCH BBIMYKJIbIM, T. €. €ClM JBe TOUKM Ha IIOCKO-
CTM PacCnofoskeubl BhIlle Tpaduka GyHKUMM, TO M BCe TOUKH OTPE3KA, COCAUHSAIONIETO MX, TaKKe
pacnonokennl phitite. Takue PyHKIMHM Ha3KBaIOTCH 6binyxammt. Ecin dynxuus f onpeneneHa Ha
uHcaoBoi npsMoit R u aBaserca sumykinoi, To Y(z; € R, 22 € R) Brnoansercs HepaBeHCTBO

f(xl—;m) < f(m);rf(rz)_ (3)

OT0 HepaBeHtTBO OYEBHHO: €r0 JeBasd YaCTh €CTh OpAMHATa TOYKM rpaduxa ¢ abcLuccon 1‘:’2 ,
a mpaBasg 4aCTh — OpIMHATA TOUYKU OTPE3Ka C TOM ke abcumccoit, pacnoloskeHHOr o BHIIE rpaduka
(puc. 21). Bunyxanie ¢pynxunn 6ynyt nogpobio usydenn s § 5, ra. 7.

IIpumenus HepapencTro (3) x BHIMyKJIEIM dymxumam z — |z|, £ — =
Ba’XKHLIE€ OLEHKM

*, £ — &7, moayunm

le+yl <zl +lyl, @+t <t +yt, @+y) <" +y, (4)

cnpasenausuie Y(z € R, y € R).

M3 Bcex nepeuNcAeHHEIX XapakTEPUCTUK AENCTBUTENLHOTO YHCIa Hanbolee BaskHoM sBIseTCS
€r'o MOQyIb. Hon OCHOBHBIMH CBOﬁCTBaMH MOAYJadA YUCIa NOHUMAIOT CAeAYIolUe:

1)Vz eR (jz| =0) = (z =0);

2) V(A €R, £ €R) |Az| =|A||=];

) V(z €R, y €R) |z +yl <zl +yl.

. Hocnenmee HepaBeHCTBO HA3LIBAETCH REPABENCMEOM MPEYZOALRUKG, TIOCKOABLKY OHO HMEET I'eo-

MeTpH1eckHii cMbich B ciyHae, korfa ¢ € C, y € C (em. § 4).
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3.5. MeTog MaTeMaTHYeCKOH HHYKI[HH,

Hycre sanuce A(k) osHavaer, 4To BhiCka3nBaHMe A MCTMHMO NpH ykasanwoMm k € N. Cy'rb
METORAa MaTEMaTHYECKOM UHAYKIUU B CAERYIOIEM:

(A(1) A (A(k) = A(k +1) Vk EN)) = (A(n) Vn EN).

y y
I [~ e ——
PN
0] X
0 X
——— —1
Puc. 17 Puc. 18
y M,
)
Y y M v
Lo
R
x,tx,
01 X 0 X 0f xmEmAE X
Puc. 19 Punc. 20 Puc. 21

22. Joxasats, uTo B MHokecTBe R MMeloTcs equHCTBEHHREIE HYIb K €AMHMUILA.

< [Ipeanonoxum, uto B MHoxecTBe R umeerca gsa Hyns 0; u 02. ‘Torma, cornacHo akcHoMaM
C.2 u C.4, umeem

01 =01 4+ 02 =02 4+ 0y = 0.
Ananornuno, eciv 17 n 1, emuuuus 8 R, To, corfacuo ¥.2 u V.4,
L= -la=1 - 11 =12. »

23. Hokasars, uro: a) ypasuenue a + z = b nMeer equncrsentoe pemenue z = —a + b; 6)
ypaBHeHUe ar = b MiMeeT eAUHCTBEHHOE PellieHNe T = a”'b. .

<« a) Yncno —a + b ynosrersopsier ypasHenuio a + £ = b. B camoM pene: a + (—a + b)’ =
(e +(—a))+b=0+b=>. [Ipyrux pemenuii ner. [leiicreurensno, ectu r € R — apyroe peurenne,
TO

—a+b=—-a+b,

—-a+(a+x) =—a+b,

(—a+a)+xr==a+d,

0+ =2=—a+b.
6) Ananorumyno uncio a”'b yROBNeTBOpseT ypasHeHuIo azr = b:
a(@'b)=(a-aNb=1-b=b-1=b.
Eciu r € R — xakoe-nu6o npyroe pemeHue ypapHenus ar = b, To

a”'b=a"'b, a—l(a:r) =a"'h, (a7'a)z=a""b,
l-z=a"'% z=a"'%.»

24. Dnement a € E HaskiBaeTCs pe2yaapibiM oTHOCUTENBHO BHYTPeHHel Gm{apﬂou onepaluuu
T,ectuVz,ye F

@Tz=eTYA(zTa=yTa)=>z=y. :
Hoxaszats, uTo BCaxuit aneMent ¢ € R perynapen oTHOCMTENBLHO CIOKEHHH, a ‘BeAxHil’ Héﬂyne-
BOM 2seMeHT ¢ € R peryaspen oTMOCUTENBHO yMMOXKEHMA. w
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< JloxaskeM, UTO MpoU3BOALHEIM 3eMenT ¢ € R perynsapen oTHoCMTebHO cliokeus. B cvay
KOMMYTATUBHOCTU caoxeus (c+a =c+b) & (a+c =5 +¢). [losroMy pocratouno moka3ars,
410 (c+a=c+b)= (a =b).

Ha ocnoBaluu nmpenpiayliero npuMepa 1 acCOMATHBHOCTH CIOKEHUS HMEEM

a=—c+(c+bd)=(—c+c)+b=0+b=0b
AnanoruyHo nokasniBaercs, uro Ve € R\{0} perynspen orHocurensHo yMHOXeHUS. P

25. O6osnaunm E = {f} — muoxecrso dpyuxumit f : A — A, A C R. Iycrs ua atom
MHOXKECTBE OTIPeRelicHa BHyTpeHH:As OMHapHas onepauus

ExE—E:(f,9)~ fog.

a) llokasaTs, uTo 9Ta Oomepanud accoyUaTUBHA.
6) OnpenenuTs perynsapHbie DTEMEHTH 9TOH ONEPALUH.

< a) [lns pokasaTennscTBa paBeHCTBa
(fog)oh=fo(goh)

HAOCTAaTO4HO NMoKa3aTh, YTo 00pa3nl moforo anemeHTa £ € A cosmnapator. Ilycts z € A, ¢ = h(x),
v =g(u). Umeem

((fog) o k)(z) = (f 0 9)(h(z)) = (f 0 g)(u) = f(g(u)) = f(v),
(g o k)(z) = g(h(z)) = g(u) = »,
caepoBateasHo, (fo (go k))z) = f((go h)(z)) = f(v), T. e. 06pa3bl >TeMEHTOB & COBNANAIOT U
acCOlHaTUBHOCTD JIOKa3aHa.

6) Oro6paskenre f HasoBeM peryasapHbiM cuesa, ecan (fog = foh) = (g = h), u peryaspHbimM
cnipaBa, eciu (go f = ho f} = (9 =h). fcHo, uto orobpaskeHne peryaspHo, eciu OHO peryIspHO
cIeBa M cnpasa.

Ilokaxkxem cHavama,; 4To oToGpaxkenume f perynspHo cieBa TOIJla M TOJBKO TOrfa, KOTKa OHO
HHBEKTUBHO.

" B camom pene, ecin f uwbextusHo u f o g = f ok, To naa moboro z € A
(f(9(2)) = f(h(2))) = (9(z) = h(z)) = (g = k).

Ecau xxe f He mwbexTHBHO, To Ha MHOXeCTBe A CYIIECTBYIOT pasauiHble UYHCIa £ M Y, 0GpasH
KOTOopHX cosmagaiot: f(z) = f(y). BniGepem oroGpaxenus g u h takumu, urobm g(a) = =,
h(a) = y nns nekoroporo a € A. Ilockoneky z # y, To ua f o g = f o h He crenyer paBeHCTBO
g=nh, 1. e. f ne Gyner perynsapHbIM CreBa.

IToxaxxem Teneps, YTo f perynspHo ciipaBa ToI[a M TOJBKO TOTAa, Korjga dpyHkuus f ciopbek-
THBHa.

Ecau f ciopvektusno, to Vr € A cymecrsyer Takoe u € A, uro f(u) = «. Torpa

T (9gof=hof)= (9(z) = h(z)) Vz €A

Ecau xe f He ciopbexTunho, To g0 f = ho f pas Tex orobpasxkenuit ¢ u h, cykeHus KOTOpEIX
copnapaioT Ha MHoxecTBe f(A). Onnaxo oTo6paskeHus g u h MoryT GHITH PasIMUHbL, MOCKOIBKY
MOr'yT NPUHUMATh pasinyHble 3HaveHus Ha MHoxecTBe A\ f(A). )

Taxum o6pasoM, fua Toro YToGH oToGpasketue f Gblao peryrspHo, HeoGXOIMMO M OCTATOYHO,
Y106 OHO 6H1T0 OMEKTUBHLEIM. P

26. Muoxecrso A C R HaseBaeTca ozpanuuennsvim cnusy, eciu Im € R taxoe, uto Va € A
BHITOJIHAETCS HEPABEHCTBO M < @; TPU 3TOM YUCAO M Has3hlBaeTCs Huwmnet 2panvio. HuokHas
rpaHb m® MHoxkecTBa A Ha3mBaeTcs MouHol Nuxneli 2pantio MHOKecTBa A, ecnu Bcakas pyras
HIKHAA TPaHb m MHoXecTBa A He Goabue m”. TouHas HMKHAA Tpanb MHoXecTBa A ofo3Hava-
ercsa cuMmspoioM inf A.

HOK&S&TL, UYTO BCAKOE€ OrpaHHYCHHOE CHMUIY MHOXECTBO A HMEET TOYHYIO HMIXKHIOIO I'pDaHb,
npuuem, inf A = —sap{—A}, rne —A = {—=z}, z € A.

<4 Cornacuo ycaosuio, 3m € R rakoe, uto z > m Vz € A, oTkyna —z £ —m, T. €. MHOXKeCTBO
—A orpanudeno ceepxy. Cornacto akcuome B.0, Isup{—A} = M*. Torna —z < M* Vz € A,

nostomy —M* € z Vz € A, cnegoBarensio, —M* — muxHas rpans Muoxkectsa A. Ecmm N
—- mo6as pyras HM>KHsAs rpaHb MHoxecTBa +A, T0 —N — BepxHss I'paHb MHOXeCTBa —A, a
nostomy —N > M* =sup{—A}, otxyna N £ —M, tak wro —M* = —sup{—A} aBiagercs touxon

UUKHEH TPaHbIO MHOXeCTBa A. »
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27. IloxasaTs TeopeMy ApxuMena: ecau a > 0, a b — npoussoavroe deficmeumensroe YUeao,
mo cywecmeyem maxoe n € Z, umo (n — 1)a £ b, na > b.

< oxaxeMm cHavama, uto Jn € Z Takoe, uto na > b. Ilas moxasareabcrBa npenrlo.'loxcuM
obpathoe, T. e. ka < b Vk € Z. Torpga muoxkecrso {ka} orpaHMUYeHO CBEPXY M, COTIACHO AKCHOME
B.0, umeer Toumyio sepxuioio rpaub sup{ka} = M* < b. Iockoabxy uucio M* — a He gBIAETCA
BepxHell rpaHbio Muoxecrsa {ka}, To 3pe € {ka} Taxoe, uto M* —a < pa £ M*. Orcona
(p+1a > M"*, (p+1) € Z, uro npotusBopeuut onpeneienuio uncaa M*. WcTounnk npornBopevus
B TpennonoxkeHuu, Yto ka < b Vk € Z. CaenopaTennHo, cymlecTByeT uuciao k € Z Takoe, 4rQ
ka > b.

Ananoruyuto fokasnisaercs, yro Im € Z Taxoe, uto ma < b. Cermenr [ma, ka], copepxammii
Touky b, meantcda Toukamu {m + 1)a, (m + 2)a,...,(k —1)a Ha k —m cerMeHTOB; OXHOMY U3 HHMX
NpUHalIexUT Touka b. CnenoBaTensHo, cymectsyer n € Z Takoe, uto (n —1)a < b < na. »

28. MoxaszaTh, 4To Mud MPOMIBOIBHO 3aaHHOI O MOIOXKMTEIEHOIO YHCHA € CYIIeCTBYET TAKOe
HaTypajlbHOE MHCIO T, YTO

— < E. -
n , o

4 [lonaras B Teopeme Apxumena b = %, a = 1, IpUXOJUM K HEPABEHCTBY no - 1 > , no €Z.
1 . 1

A tak xax 7 > 0, 1o ng € N. Torga Vn > no, n € N, cnpaBenauso Hepasencrso n > no > S MM
Lce»
= <e.

29, Mycrs o n # NpoN3BOABLHO 3ajaHHbIe [EHCTBUTENBHEE YUCTa, TpKieM o < f. Ilokaaa'rb,
YTO CYUIECTBYeT PallMoHanbHOE YHCIO 7, 3aKJIOYeHHOE MeXIy Ynuciamu o U f.

<« OGoznaunm h = 3 — . Cornacko npenbinymeMy npumepy, 3n € N rakoe, uro

1 .
1 <h. 1
—<h (1)

ot

CornacHo TeopeMe ApxuMena, cyuectsyer m € Z Takoe, 4TO
m m+ 1
a< ——.
n n

Orciona u u3 HepaseHcTsa (1) monyvaem

m+1 n . :
: =Z—+ <(v+h—a+,3—a—-‘,3 S
<B.»

o m ) )
30. MoxasaTh, uTo MHOMXeECTBO Bcex NpaBUIBHEIX pallMOHAJILHEIX Apobed —, THe m H n —

a <

1
Takum oGpazom, a = m+

HaTypaibHble 4MClIa U 0 < m < m, He UMeeT HauMeHbINETo M HauGonbmero snementos. Haitru
TOUHYIO HUKHIOIO M TOYHYIO BEPXHIOIO TPAHM 3TOT0 MHOXKECTBa.

< Ilycte m n n (0 < m < n) — mo6ble HaTypabHbie Yucaa. Torfa M3 0UeBUHKX HEPABEHCTB

m 2m 2m-—-l>O m 2m<2m+1<1
n 2n 2n ’ n_ 2n 2n
clefyeT, YTo MHOXeCTBO MPaBUALHBIX palMoHaXbHEIX ipofell He UMeeT HAMMEHBINETO H Hanﬁonb-
Iero 3aI€MeHTOB.
ITokaskem, yro mf{;} =0, a sup {;} =1.
Cornacho Teopeme Apxumeja, NJis NIPOU3BONBHO 3amaHHBIX € > 0 u m € N naiigerca Takoe
n € N, n >m, yto n > ? Torpma % < e. Orcloga U U3 HEepaBEHCTBa «';—' > 0 crexyer;
. m o N
uTO mf{:} = 0. AHanoruyHo [iis MpoOM3BOnbHO 3aflaHHbix € > 0 u p € N naiigerca rakoé

(.
HaTypanabHOe YMCIO M, 4TO m > @ Orciona ;:’—m >1-—¢,T. €. NPH © = p + m HUMeeM

m m ‘
- > 1—¢€, a sT0 BMecTe ¢ HepaBEHCTBOM % < 1 osHavaerT, YTO sup { :} =1. » S

31. Tlycre {z + y} ects MHOxecTBO Beex cymm £+ y, Tne = € {z} u y € {y}. I[oxaaar’by
paBeHcTBa:

a) inf{z +y} = inf{z} +inf{y}; 6) sup{z + y} = sup{z} +sup{y}.

4a) Tak xak ua z 2 m, z € {z}, n y > my, y € {y}, caenyeT, UTO T + y .2 m+m1,
(z + y) € {r+y}, To cymecrroBanue inf{z} = m* u inf{y} = m] paeder 3a coboit cymecmonalme

FIEEEN T 1.
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inf{r + y}. ScHo, uto z 4+ y > m"* + m]. [lanee, nas npoussoasHorg e > 0 CcymecTByeT Taxoi
anement (z’ +y') € {z + y}, uro

m'+mi <z’ +y <m* +m] +e,

nockoabky cymiectsyior Taxue =’ € {z} n ¢’ € {y}, uro m* <z’ <m* + 5 nu mi <y’ <mi+3.
CaegopaTelbHo,
inf{z +y} = +y =inf{z} +inf{y}.
PaBencTBo '6) npegnaraeM nokasaTh caMOCTOATENLHO. P

32. Mycrs {zy} ecrs MHoxkecTso BCex MpouaseneHmit ry, e z € {z} u y € {y}, npuuem
z 20, y > 0. [oxasars pasencrsa:

a) inf{zy} = inf{z}inf{y}; 6) sup{zy} =sup{z}sup{y}.

<« [loxaskem pasencTBo ) (paBEHCTBO a) TpeAJaraem JoKasaTh caMocTosTelbHo). Tak kak
mr M ez}, z 20, ny< M,y€ {y}, y 20, crenyer, uro ry < MM, 10 n3
cymecrposaus sup{z} = M* u sup{y} = M{ Boirexaer cymecrsosatue sup{ry}. Na nepanencrs
M*—e1 <z & M*, M —e2 < y € M{ caepyer, uto M*M{ — (e1 M} + e2M"* — e182) <
zy < M*M;{. Mockonbky Bemnumna €1 M{ + e2M* — €16, Moxer GBITH CKOIb yrofHo Maloi, To
sup{zy} = M*M{ = sup{z}sup{y}. »

33. Iycrs X = {%:E n

, n € N. Jlokasars, uto inf X =0, sup X = 1.

2n +1
4 [Iycts € > 0 — nmpoussonbHo 3aganHoe uuciao. Torga U3 HepaBeHCTB
1 n 1 n
0<c——<ce¢ l—e< o+ ——<1,
<2 2n+l< ’ 2+2n+1<

CNpaBeJIMBHIX IIPH BCEX 1L > %, BhiTexaer, yro inf X =0, supX =1. »
34. loxasats nepaseHcrsa:
2) 2= 91> llal = loll; 6) 2+ 21422+ .. +2al > |zl = (o1l + Joal + .. +l2a]).
<« 2) [IpuMenas x cymme (2 — y) + y HepaBeHCTBO TPeyToAbHUKA, TIPHXONHM K HEPaBEHCTBY

‘ ol = (= —9) + 9 < |z — yi + lol,

HU3 KOTOpOro noxyyvaem

lzl =yl < |= -yl (1)
Menssa MectaMu T My, HaXOIMM

[yl ~ el < ly — =] = |z — 9l

Orciona

~lz =yl <=l = lyl. (2)
M3 nepasencrs (1) u (2) cuepyer a).

6) Ilonssysch HepaBeHCTBOM TpPeyTONBHHMKA, MOAYYAEM
[zl=(zr+zi+224+ ... +xn)~(z1+ 22+ ... +20)| £
Llr+r+z2+4+ ... ;}-xn|+|x1+xz+ etz £
Klztzi 422+ ... +zn]+ ]z + )zl + .o +zn),

OTKY/la HETIOCPEACTBEHHO ClIeflyeT HePAaBEHCTBO 6). »

35. Peurnts ypasmenne
lzi+ e -1+ |z —2]|-2,5=0.

< Umeem
—324+0,5=0, ecmmx€]-— o0, 0,
_ —z4+05=0, ecamz €0, 1],
2] |z — 1] + |z —2[ - 25 = +z-1,5=0, ecamz €1, 2,
+3z—55=0, ecmz € [2, +oof.

Orciofa 3akIioYaeM, YTO Ha TpOMeXyTKax | — oo, 0[, {2, +oo[ pemenmit HeT, a Ha mMpoMexyTke
[0, 1[ numeem xopens £ = 0,5 u Ha [1, 2[ — xopens z = 1,5. »
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36- HaMTM CYMMY
bn = alctg + a.Ictg + a-I'Ctg el + oo + a.ICtg 3
2 8 18 211

« [Ipumennm meron maremarmieckou nHayxumu. [lockoasky

i1
1 . 1 1 5ts 2
Si = arctg =, 52 = arctg - + arctg - = arctg —*—+2+ = arctg z,
2 2 8 1—z-¢ 3
2,1
5+ 3
Sz = arctg + arctg — = arctg —32—“51— = arctg ~,
1 1—-2. = 4
3718
TO MOXHO Mpearnoagararts, YTo
n .
Sp = arctg —— . . (1
n = arctg ——, n€e€N o ()
A Tax xax ‘
1 n + 1 s + 1 L :
n : ndl U 2(ntl1)? Yol
S. = arctg —— + arctg ——— = arctg —————~—— arct
i &1 T S P N S 82 N2 e

T ntl 2(n+1)2

414
- = PRE Sk 5
M paBeuctso (1) cnpaBegauBo pu n = 1, To, COI' TaCHO HHAYKUMHU, OHO CNPaBEATIMBO IIPH BCEX B. W=
37. IpumeHsas Meron MaTeMaTHYEeCKOH MHIYKUMH, IOKAa3aTh, YTO NAs Moboro nuypamhmro
Yyciaa n crupaBelJaMBH caeAylouMe paBeHCTBaA:
n(n+1)(2n +1
a)l +224 ... +0n? =—(——)E(———l;
< a) Hpn n = 1 paBeHCTBO CnpaBeqIuBo. Hpennoﬂaraz CNpaBeIJIHBOCTh PABEHCTBA Ilpl n,
TIOKa’KeM CIpaBeIMBOCTh ero u npHu n + 1. JeitctButentHo,

_u{n+D{(2n41)
=

"

6) °+2°+ ... +n®=(1+2+... +n)°.

4224 40t (n+1)

n+1)(n+2 2n+3 -
+(1l+1)2=£‘7 )( 3 )( )"
YTo M Tpe(GoBaloCh JOKa3aTh.

6) I[Ipu n = 1 cupasenauBOCTL paBeHCTBa OYeBUAHA. V3 mpenmonoxeHus cnpanenuunocm ero

npu n caepyer . e s
P42+ 42+ (m+1)° = +24 ...+ +(n+1)*=

=(14+2+4+ ... +n)2+2-1-l—(-n—2il)-

(n+1) -i-(“-i-l)2

YuursiBas paBeHcTBo 1+ 2+ ... +n = ’—1%12, Toayyaem L
P42+ 4284+ m+ 1)’ =042+ ... 42+ (n+1))%

T. €. YTBEPXKJCHHUE cTIpaBeflauBo u mpu n + 1. »
38. Noxasare dpopmyny 6unoma Helorona

(a+b)" = Z Crlla” 7",
m=0

!
n.
rne Cp' =

0! =1.
< [Ipu n = 1 umeem

» s IR  f
T g (Mmcno covetanmii u3 n suemenToB MO M), k! =1-2 ... k, npHyeM noxarans’
mi(n — m)! ) peneuts

1!
m l—m m —
(a+b) = E f = 5 +1'0|b a+b
m=0 } .
Ocraerca TIOKa3aTh, YTO U3 NPEANOJOXKEHUA CTIPABEIUBOCTH YTBEpXKIACHUA J.Uli n caepyer, yro
n+1

(ll +b)n+l = E CrT—{-lan*l‘mbm. [EASRYEIRURETINTE 36 SN 0% (A% L6 31
' m=1 S

[
RN AR IR

I3
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B camom geie,

(a+b)n+1 - (a+b)(a+b)" - (a+b) Z C,T,nan_mbm - Z C’Tan+l—mbm + Z C’Tan—mbm+1 —
m=0 m=0 m=0
n n+l n
¢ = Z C',Ta"+l_mbm + Z C',:"_la"+1_mbm — "t + Z(C’T +C:;n—1)an+1-mbm + prtl
ms==0 m=1 m=1
Hcnonbsys coorHomenus

n! n! _ (n+ 1)' _ m C'o _ bl _ 1
n+ls nt+l — “Yng1 — 5

Cm ym—1= = =
o +Cn m!(n—-m)!+(m—l)!(n+l -m)! mli(n+1-—m)}

OKOHYATECJIBHO UMEEM

n n+1
(a +b)n+1 - an+1_+ Z C:;n+lan+1—mbm + bn+1 — Z T1;n+lan+1-mbm‘ >
m=1 m=0

39. Jloxasars HepaBeHcrBo Bepnymnu
(1+1:1)(1+1:2) (1-}-1:,,) Zltzi+z24 ... +2n,

rne i, 2, ..., Tn — YMUCIA OJHOTLO U TOI'O Ke 3Haka, 60nbmue —1.

« IIpu n = 1, 2 nepasencrso ouesugHo. [lycTs HepaBeHCTBO cnpaBenauMBo npu n. [loxaxem
crpaBeRAMBOCTh ero npu 1 + 1. Umeem (npu =i > —1)

A+z)A422) ... Q4 za)1 4z} 2 A +21 224 oo +2a)(1+2041) =
=1+zi4 24 . +Intrppn+ (@1t z2+ o)t 2114224 o Ta Tt

3necb MCNOAb30BAHO HEpABEHCTBO

(£1 +z24 ... +£n)£n+1 >0,
cnpapegaMBoOe NpM MIOOBIX T OJHOrO 3HaKa. P
40. Iloxasats, uro eciu z > —1, To CIIpaBEAANBO HEPABEHCTBO
(14+z)" 2140z, n>1,
TIpUYeM 3HaK PaBEHCTBA UMEET MeCTo IS npu = = 0.

< TpebGyeMoe HepaBEHCTBO HENMOCPENCTBEHHO CICAYET U3 NMpefbiylllero NpMMepa, eCiIy II0JIo-
SKUTh TaM I} = T2 = ... = ¢, = . Ecan £ = 0, To ¥n > 1 umeem stax paseHcrsa. lloxaxeM,
yro npu n > 1 Mz > —1 moaxyuum crporoe HepapeHcTBo (1 +2)" > 1+ nx. Ilpu n = 2 s10
ouepnato: (14 7)? =142z + 22 > 1 4 2z. [lanee, ecn (1 + )™ > 1 4 nz, To

A+ =(14+2)" A +2)>(Q+nz)1+z)=1+nz+z+nz°>1+(n+1)z. »
41. Moxkasars, uro ecau z; > 0 Vi = 1,n u z122 ... Tp =1, ToO

i+ 24+ ... +Tn 20, (1)

NpH TOM
(t1i+z24+ ... +cn=n)& (z:=1 Vi=1,n).

« [Ins moxasarensCTBa MpUMMEHHMM METo]] MaTeMaTuyeckoil niaykuuu. [Ipu n = 1 HepaBeHcTBO
(1) cnpasegnuBO M NpPH 3TOM MMEET MECTO TOABKO 3HaK paBeHcTBa. Bcau n =2 ¥ z122 = 1, To
0633aTeNbHO OIMH COMHOXMTENb, HanpuMep 71 2> 1, a 72 € 1. Torpa us oueBunHOTO TOKIECTBA

T1+22=2122 + 1+ (21 = 1)(1 — 22) (2)
M yCHOBUA T122 = 1 CHERYIOT HEpaBEHCTBO T1 + T2 > 2 M ycloBue (T3 + 22 =2} & (21 = z2 = 1).
IIpennonoxum Teneps, YTO IS MPOU3BOABHEIX k MOMOKMTEALHEIX MHUCEN L1, T2, - .. , Tk, IPO-

. k
U3BelleHre KOTOPHX paBHO €MHMIIE, CTPaBEIIUBO HEPABEHCTBO z z; > k, npuuem
=1
k
E i =k ¢>(.’L‘,'=l Vl:l,k)

i=1
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Paccmotpum nponspenenue k + 1 MOMOKMTENBHEIX YMCEN T1, L2, ..., Tkt1, IS KOTOPHIX

T1Z2 ... Tkyy = 1.
Ecint He Bce 1; paBHBI efMHMIlEe, TO HAHAYTCA 4uciIa Kak GOmblnue, Tak M MeubiitHe egunnuur, He
orpaHMuMBas oOUIHOCTH, GygeM cuMTaTh, YyTo 71 > 1, 22 < 1. Torma, mo npeanoroxenuso, pas k
TIONOKUTENBHRIX Yuceld (£122), £3, ..., Tx41, TPOUSBEJCHUE KOTOPHIX PaBHO €UHULE, CPaBeIn-
BO HEPAaBEHCTBO '
(r1x2)+ o3+ ... + 241 2k, i (3)

npuyeM

(111}2+I3+ oo F Thp =k) £= (1:11:2 =3 = ... = Tk41 =1). ' (4)
CxnanpiBas ToxIecTBo (2) ¢ HepaBeHcTBoM (3), NoLyuaeM HEPaBEHCTBO

o4zt . Atk 2414+ (o1 =) —z2) 2 k+1
M ycIoBue
(1:1 +ro4+ .. FTppr = k+1 +(Il - 1)(1 —1:2)) (=4 ((1:11:2) =T33 = ... =Tkl = 1),
U3 KOTOPOTO CIEAYeT, YTO
(r14+z2+ ...+ =k+1) & (zi=1Vi=1,k+1). »

42. Tlyers ¢; >0, z; ER, Vi=T1, n, a
n

: T i~ (cpennee rapMonnyeckoe),. .
peniie slbsclls MERUIE et
1 Z2 Tn

Nn = A/T1x2 ... Tn (CPedHee reoMeTpHyECcKOE),
T1+22+ ...+ 2n

In =

&n = (cpennee apudpmernyeckoe).
.oon .
HoxasaTh, YT0 Yn € n < &n UNPH OTOM (Yn =1n =€) & (Z1 =22 = ... = zn). N
< Tlpoussenenme n MOTOXKUTEILHEIX YMCEN , .
It Ea_y '

) %

M  In ) M CP : toE
TMO3TOMY, COIJIacHO TMpeRBIylieMy IpUMepY, X CyMMa

Ty To Tn
— 4+ =4 ...+ — 2= n. . .
Nn n M
z #,
Orcona , < &,. Ilpu aToM 3Hak paBeHCTBa MOCTUraeTcd TOTA M TOJbKO TOTJa, KOTja ;,L = ;?-1 =
n £
x
=E =1, T e xorma £y = T2 = ... =%Tn. ITo Tonsko uTO HOKAa3aHHOMY . ‘
n - .
1 1 1 '
1 mtem oo tE 1
= - bl
N n In
1 1 1 : R
OTKYJAa Yn < Wn M Yn = Wn, €CIH HERL T Tl neecmri == =za b
a n
43. Joxasarsh HepaBeHcTBo Komn—ByHskoBckoro
n 2 n n ’
2 2
Efiyiggfci Eyi, .
i=1 =1 i=1 ) )
rme i, ¥ (i = 1, n) — NMpou3BOAbHEIE lEHCTBUTENbHEE YHCTA. B Kakux cayvasx B yKadaHMOME:

HepaBC€CHCTBE UMEET MECTO 3Hak paBeHCTBa?

n
<« s ouepupnoro HepaBencrBa (7l + y.—)2 > 0 mosyvaeM HeoTpMUATEABHBIH NMPH BCEX
i=1

n n n
3HaMeHusX ¢ KpafpaTHBIL Tpexaen 2 Y 27 +2t Y wiyi + Y y? > 0, nosTomy
i=1 i=1 =1

n 2 n

RN I I Zn:yf <o
i=1 .

N =1 =1
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3Hak paBeHCTBa MMeeT MeCTO TOoLJla M TOoJbKO Torja, xorma it +yi = 0, 1 = 1, n, T. e. xorma
cymlecTByeT Takoe ucio A # 0, uto y; = Az;, t = 1, n, uau xorna sce i, t = 1, n, UIU BCe ¥;,
t =1, n, paBHEl HyTIO. P

Hoxa3zaTh HepaBeHCTBa:

" 1)(2n+1)\"

44, a) n! < (";’1) ,n>1; 6)(n)?< ((_"_'*'_)(G_ﬂ_l) n>1;

13 2n—1 1
B) = — ... < .

2 4 2n V2n +1

< HepaBeHcrBa a) u 6) 1BIfIOTCS CIEACTBMEM HEPABEHCTBA 1, & &n M3 3aflaum 42 npu 2 =k .
u zx = k* (k =1, n) coorBercrBemnHo.

JloxasarenbCTBO HepaBeHCTBa B) MpOBEJEM C MOMOIBIO METOfa MaTeMaTHMYeCKON MHIYKUMH.

IIpn n = 1 nHepaBeHcrBo oueBuaHo. [Ipenmnonarad ero cnpaBefaMBLIM NPU 18, MIOKAXKEM, YTO OHO
cnpasegauso M npu 1 + 1. B camom pene,

l 3 211—1'27z+1< 1 2n+1__ 1 _s/2n+3 2n+1 _
2 4777 on Mm+2 nFtl 2n+2 /m+3 V2nt1 2n+2
1 4n2 4+ 8n +3 1

= < >
V2n+3V 4n2+8n+4 " 2n+3

1
45, l+f \/_+ +ﬁ>\/ﬁ,n>2-

< [Ipu n 2 2 umeem

C ot —= =+/n. »

1 1 1 1
1+ —=+ —+ >n—=
V2 V3 VOO
46. n"t' > (n+1)", n 2 3.
<« IIpu n = 3 nepabeHcTBO ovenupHo. IIpennomaras, uTo HepaBEHCTBO CIPABENINBO MPH 1,
AOKaX€eM CIpaBelIMBOCTL €T0 U NpH n -+ 1, T. €. mokaxem, uto (n + 1)"+2 > (n+ 2)”“, ecau

1 n
> (n+1)".
D2
YMHoxus ofe YacTu TocieqHero HEpaBEHCTBA Ha g—":—n%_—,——, uMeeM

\ 1)2(n+1)
(n + ]) +2 > M__

nnt!
Ho Tax xax ("+:§g+l) = ("2+in+l)n+l > (n+ 2)"*!, 10 Tpe6yemoe nokazano. P
n n
47. siank < Zsinxk 0€es <7, k=1, u.
k=1 k=1 ’
nt1 nt1
< Hpn n =1 HepaBeHCTBO cnpabenauso. [loxaxem, uTo sin E zil| £ E sin T4, MpegnoNO-
JKMB CIIPaBeJJIMBOCTH MCXOJHOTO HEpaBEHCTBa. k=t k=t
B camom pene, ecan 0 € zx < 7w, TO
n+l n n
siank = |sin Zxk COS Tnyy + COS Zxk sin Tp41 | <
k=1 k=1 k=1
7 7
< |sin Z Tk| - |cos Tne1| + |cos Ti|sinrppn <
k=1 k=1
n n n+tl
< siank +5n Tppr < Zsin Tk +SINTpy) = Zsinxk. >
k=1 k=1 k=1

48. 2n)t < 22" ()%, > 1.
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< IIpn n = 2 uepasencrso ouesupHo. Mcxoms M3 cnpaBenaMBOCTU €ro mad n, nonaxeg
cnpaBepaMBOCTE ero nas 1 + 1. B camom nene, " R ICTUR

(2n + 2)! = (2n)! (20 + 1)(20 +2) < 22" (2))?(2n +1)(2n + 2) < e
< 2" (2n +2)* = 22"+2 (n + 1) )2

Yiosrald P

YnpakHeHHs RIA CAaMOCTOATENbHOH paGoTr

30. Ilycts {—z} -— MHOeCTBO 4YMcel, MPOTHBOMOMOXKHEIX Yuciam z € {r}. I_[oxaaau, ure;
a) inf{—z} = —sup{z}; 6) sup{—z} = —inf{z}. : S
31. IIpuMenss MeTOR MaTeMaTUUECKOH MHAYKUMM, AOKa3aTh HEpaBEHCTIBa:

n n +1 .
a)n!>nz,n>2; 6 2n—D!I<n® ' n>1; ») ka<Q%L:—, n,pEN.
1

[

32. a) [Joxa3saTs, uTo mis moGoro BHIMYKJIOIO n-YronbHUKa CIPaBeNIUBO PapeHCTBO Dy =
ﬂ%ﬁ, rae D, — umciao mmaromanaen.

6) Hoxa3aTh, uTo mas 110600 BHILYKJIOTO0 MHOTOT paHHHKA CTpaBefiTHBO COOTHOMEHHE n+Bn-
P, =2, rae B,, — uucmao sepunn, P, — uncro pebep, 1 — YMcIo TpaHeil.

33. JloxazaTh HepaBeHCTBa:

a)|x1+r2+...+xn!<\/n(a:f+x§+...+x?1);
6) (z1 + 72 + . +xn)( +-+. +L)>n2,m>0,i=ﬂ';

B) /3 (e— ) < Zf +\/2%-

i=1
34. Brruucauts cyMMm.

a) 1-1' 42204 ... 4a-nl 6) 1P +24+ ... 0t 8) P 4+2° 4+ ... 40,
35. okasars, uro: N

i E(k+1)...(k+m-1)= m+!n(n+1) . (n+m),

THe M — HaTypaJbHOe YHMCIO.
Ioapaysace 1ok GopMyIOH, BEIYMCIUTH CYMMEL: '
a)1-242-34 ... +n(n+1); 6)1-2:3+2-3:-44+ ... +a(n+1)(n+2);
B)1:2-3-442-3-4-54+ ... +n(n+(n+2)(n+3).
36. Jloxasats, 4To

= 1 1 {1 1
g_:l kAt . (htmy — m (FF T (r¥1)(n+2) ..‘(n+m—l)) ’

TAE 1M — HATYpaJdbHOE YMUCJO.

Hoawsysace 510l dopMyaoH, BRINHCIUTD CACAY OUME CYMMEBL:
1 1 1 .
a)ﬁ+ﬁ+"'+n(n+1)’ 6)123,'|'234'|' Tt St mEe)
1 1 1
B) tear trmas t oo A(nEt1)(nt2)(nt3) ©
37. Pemurs ypaBHeHus:
a) [+l +|z|+]z~1=6;, 6)zlz+2|—|z+1—(z+1)]z]+1=0.

§4. KoMmiaekcHble duciia el

4.1. KomurexcuHe yucaa u neﬁcrnux Hag HHUMH.

Onpenenenme. KoMRAEKCHbIM YUCAOM Z Hasvieaemcs ynopsdovennas napa (z, y) ded
cmeumeabuix yucea T u y. Hpu smom pasencmeo, cymma u npoussedentie ynopROOUENNLIT RGP, .
6. MaAxKe OMONIECTNBACHUE HEXOMOPHIT U3 HUX ¢ OJelUCMBUMEALRLIMY YUCIAMY ONPEILARIOMOR
caedyrwum 06paszom:

1) d6a xomnaexcnuir vucas zy = (z1, y1) 4 22 = (T2, Y2) HA3LIBGIOMCR pasHbixu, ecau Ty =
T2 U Y1 =y2; , WL
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2) cyMmMotli KOMNAEKCHBIT YUCER Z1 U 22 HAIDIBAEMCH KOMNAEKCHOE YUCA0 2z 6uda
z=(z1+ 22, 11 + ¥2);
3) npouseedeHuem KOMNAEKCHBIT YUCER 21 U 22 HA3LIGAEMCS KOMNAEKCHOE YUCRO
z = (z1%22 — N1Y2, T1Y2 + T20);

4) muomecmeo xomnaexcuuvir wucen (z, 0), ¢ € R, omowdecmeasemes ¢ mroxecmeom Oeti-
cmeumenvuuiz yucen R.
Pasrocmb10o KOMIIEKCHBIX YUCENX 21 M 72, HABKIBAETCA KOMITIEKCHOE YMCHO Z TaKOe, YTO Z2+2 =
71 OTKYNa HaXxomuM z = 21 — 22 = (£1 — T2, Y1 ~ ¥2).
HacmHoim KOMILIEKCHBIX YUCEX 21 UM 272 Ha3BIBAETCA KOMIUIEKCHOE YMCIIO Z TakKoe, YTO 22 - 2 =
z1. Orcioga HaXomum
T1T2 +Y1y2 T2Y1 — T1Y2

T a2 ' 22142 .
z3 +9; T+ %
Kommnexchoe uncno (0, 1) o6osnavaercs cumponoMm ¢ = (0, 1). Torma (0, 1)- (0, 1) = (-1, 0),
T. e. 1° = ~1. IlpousBonbHOE KOMITIEKCHOE UMCIO Z MOXKHO 3alUCaTh B BUIE

z=(z,9)=(z, 0)+ (0, y) = (z, 0) + (0, 1)(y, 0) =z + 1y.

OTa 3anmMCh Ha3HBaeTCA anzebpauuecKoti Gopmoti KoMNaekcHoro yucia. KoMIiekcHoe Yucao z =
(z, —y) = £ — 1y HA3EIBAETCA CONPAMEHHDIM TTO OTHOIICHUIO K KOMIIIEKCHOMY YucHy 2 = (Z, ¥)
z 4+ 1y.

4.2. TeoMeTpHYeckas HHTEPNPETAUHA KOMIIJIEKCHOTO YHCIA.

I

Besxoe xommnitekcHoe umcno z = (¢, y) MOXKHO M306pasuTh Kak TOYKy Ha TIOCKOCTH C KO-
opnuHatamu z u y. IlnockocTh, Ha koTOpoit M306pa’kaloTcsi KOMIUIEKCHBIE YMCila, Ha3bIBA€TCS
KoMnaexchoti nrockocmoio, ipu 3toM ock Oz HaswelBaerca deticmeumenvroti, a Oy — muumod.

PaccTosune r ToukM z OT HymxeBON ToukM, T. €. uucho r = /x? 4+ y? = +/zZ, uasplBaem
M0JYyseM KOMIIIEKCHOTO YMCila z M 06o3HaYaeM CUMBOJIOM |z|.
Yucno
arctg -:—, ecnu = > 0,
o arctg £ 4+, ecnm <0,y >0,
arctg £ — , ecin £ <0, y >0,
Zsgny, ecin z =0

Ha3bIBaeM GPZYMEHIOM KOMIIIEKCHOTO YNcHa 2z U oGo3Havyaem cumpoiioM 6 = arg z. [Ipu sagannom

T yTibl, OTAMYaOUMeCST Ha 2n7w, 1 € Z, COOTBETCTBYIOT OIHOMY M TOMY e uucay. B sToMm cayuae

3anuCHBaeM Argz = argz + 2nw, n € Z , ¥ arg z Ha3slBaeM 2AG6HLIM 3HAUEHUEM aPTyMeHTa.
Ynucia r 1 § Ha3HBAIOT NOASPHHIMY KOOPOUHAMAGMY KOMITIEKCHOrO Yucia z. B aTom ciydae

z=(z,y) = (rcosd, rsinf) = r(cosd + i sin §)

Ha3HIBaeTCI MpuzoHoMempuuecxoti Gopmoti KOMNIEKCHOTO YHUCHa.
Ecau z; = (r1cos 81, r1sin 1), 22 = (rzcosfz, rasinb,), To

z122 = (172 cos(61 + 82), r1rz sin(81 + 62)},
;—:— = (% cos(f1 ~ 62), %sin(al - 92)) .

Jins Bo3BeneHNA B CTENEHL KOMILIEKCHOTO yMcina z = (rcosf, rsin §) npuMensem Tak Ha3HBa-
emyio gopmyry Myaspa
z" = (r" cos nb, r" sin nd).

Kopenur n—it crenenn xoMmiekcHoro 4ucia z Haxogum mno dopmyine

W:(Wcosgi}@l, (‘/_r'sing—-i_;?kl),.k=0,n—l. (1)

49, Joxasars, wro:
a)zmta2=Z1+%; 6) iz =721-%; B) (z")=2%", neN

« [ycts z1 = (21, 11), 22 = (22, 32).
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a) Ilo onpeRenennuio conps>keHHOTo YHCIa

21+ 22 = (21 + 22, Y1 +y2) = (01 + 22, —p1 ~92) = (21, -} + (22, ~42) =5 + Z.
6) Umeem Z125 = (z1%2 — Yr¥2, Z132 + zzyl) = (2122 — 192, —T192 — $2y1) = ‘
(z1, ~y1)(z2, —y2) = 71 - 22.
B) 3anwumesm KOMIAEKCHOE YHUCIO Z B TPHTOHOMETPHYECKOi dopme z = (r cos @, rsinb), ToTHA
Z = (rcos(—8), rsin(—0)). loassyscs popmynoit Myaspa, umeem

(2)" = (r" cos(—n8), r" sin(—nh)) = (r™ cos ng, —r" sin n@) = (r™ cos nd, r" sin nf) = (z"). p

50. Bunonuuts yxasanusie onepauuu: L
. ]
2) @= )2+ - (3-20)+T; 6) (140)'; ») (—2‘/54,%) .

« C xOMIIIEKCHBIMH UHCIaMH, 3allHCaHHEIMH B anreGpanyeckoil popmMe, ONEPAIHH CHOKEHHS,
BEIMTaHHA ¥ yMHOKEHMA MOKHO NIPOUSBORUTE Tak XKe, Kak 1 C nencmnrenbnumn 6unomamu. IIpu
3TOM TONB3yeMCH TeM, uro i° = —1, P =1* .= —i, ! =Pi= -’ =1ur .

a) Ameem

2-D)2+)*~B-2)4+T=02-)2+) > +4+2i=

=2+)((2-)2+)+2)= (2+:)(4+1+2) = 14+7,
6) Cornacuo dopmyne 6unoma Hriorona, et

(A4 =14+4i46° 44+ = 14+4i-6-4i+1=~4.

Vi, i° _ 54\/' 135 eo\/' ef 1 _ ff
B) (T+5) —g—;+ — 7 — ! +64+ ”_Z;T__lj’
51. Haitri yacTHOe KOMIIIEKCHBIX YHMCEN: "
1o 1 3+
3) 7 ©) 1+ ») 1_ V3
2 2

« CDopMyny O HAXOXKACHUA YaCcTHOTO KOMIINEKCHEIX yHCen 2) M 22 3anvllleM B BHAE
Z1 z1 - 22 z1 22

72 z2 - %2 |z2]2
Honbaysiace aroit dhopmyinoit, Haxomum
—i ) 1 1—14 1—14

(SIS

52. TIpencTaputs CrefyOINe KOMILTEKCHbIE YACHa B TPUTIOHOMETPHYECKOMH ¢dopume:
a) —3; 6) —i; B) 1414; 1) —1+iV3.

o Unmeem: IR TR £+ N
a)|—3|=3,8=m —3=3(cosw+isinr); ‘ :
6) | ~il=1,0=-Z, —i=cos(—2) +isin (—Z); CoT

) [1+il =v2 0 =7, 1+i=vZ(cos  +isin ); , .
P)|—1+i\/3_»|=2,9="3—,~—1+h/_—2(cos-—+zsm2—3’l)p ‘
53. Buruncanrs: '

a) (1+iv3)®; 6) (VZ-iv2)";  ») (i‘i‘?)n;

NS
1 +1 41 T
r —_— ; m) (24 2i)°; e) (—V3 -4
) (FES) 0 weswt 9 v
« a) TipencraBum xoMILIeKCHOe YMCTO B TPUTOHOMeTpUYeCKoH hopMe ) : oo

1+is/§=2(cosg—+isin§), - ,)
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3aTeM, npuMeHus popmyay Myaspa, noxyuum

(1+1v3)% =2°° (cos 3—(;1 + isin 3—%1) = 2%,

6) AHaJoruuHo NMpenbIaylieMy HaXOmuM . ,
\/5— i\/§= 2 (cos (-——;’—;—) + 1sin (—g—)) ;
(V2 - iV2)*® = 2%° (cos (—%I) -+ tsin (—2-2—7()) = -2%,
5) Ilpencrapass “ncaurent u sHaMeHaTenb OPOGU B TPHIOHOMETPHYECKOH hopMe, BHMUCITEM
YacCTHOe
=i V2(cos(=F) #isin (;%)) —cos (=) isin (=1).

141 \/f(cos%+isinf-

3aTeM, ucnoansopaB Gopmyny Myaspa, Haxomum

()7 = (o (5) 0 (-5)) " = (oo (- 57) m (- 557)) =

N 141 \/f(cos%+isin%) _L( 7 . _7_71)
\/§—z3 2\/§(cos (—§)+isin (—%)) Ve )

11
f 144 ( 7 77)
(ﬁ—ia) 6%/‘ Tt

1 5w 57 1 (V3=1, .V3+1
=65\/€(cosﬁ+zsm12)=65‘4( 7 +1 73 )
n) (2+42)" = (V8! (cos— + isin Z) = (V&) (COS——— + isin 4—11) = 8%°(2 + 21).

- -5 7
e) (<3 —14) =2 (cos é’ + isin g’r) =2 (ms(“%l)“SiH (_ﬁ))z

54. Haiitn Bce sHauenns KOpHEH: a) \4/T; 6) \/3 —1—1iV/3.

« a) 3anuiueM KoMITAeKCHOE YuciIo 1 B TpUroHoMeTpudeckon gopme
[+] L. -]
1 =cos0” +1sin0”,
3atem no popmyne (1), m. 4.2, Haxonum

2 .. 2
%:cos—%f+zsm—’i£, k=0,1,2 3.

CaenoBaTenbHo,
VY1 =cos0° +1sin0° =1 npu k = 0, %=c0s§+isin§=inpm k=1,
Y1 =cost+isinT=—1rnpu k=2, \‘/—1'=cos§1+isin-31=—i npu k = 3.
p 2 2

6) 3amucas KOMILIeKCHOe Yucio —1 — V3 B TPUTroOHOMeTpUYeckoll opme
—1~iV3=2 (cos (—21) + isin (—glr-)) ,
3 3
3 s =2t 4 ok - =27 4 okx
V=1-1ivV3=v2(cos -2 3 + 1 sin —2 3 , k=0,1,2.
\/—l—z \/_(cos (——) + isin (——)) k=0,

\/—l—z (cos( )+zsm(—)) k=1,
\/jl_:z_ \/_(cos(l—g—)+ sin (19")), k=2. »

HaxoguMm

Orciona
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55. Peurnts ypaBHenue 2 +1=0. R
« Umeem z = /=1. J]a1s BEIMMCHECHMA BCeX 3HaYeHMIH +/—1 npuMeHuM GopMyay (1), n. 4.2,”

2z = v/—1 = cos —7r-22k7r + isin —7r+2k7r7 k=0, 5.

6 i
.. ) 3 :
OTtciona 20 = COS (—g—) + tsin (-—-%) =%—§—%, zl—cos—+zs %: \/T—-"%’
.. . 5 .. 5 1
zz=cosg-+zsm72—r~=z, zszcos%+zsln—g—=—%§—+%,
™ .. T NI 97 .. 9
z;-cos-6—+zsm-6—-—7—§, 25—cos—é—+251 —é———z.b

Ynpaskuenus Ajs caMOCTOATENILHOH paboTH

—_— T o T z_l . Z1 —_— =z —
38. [lokasars, uTo a) z; — 22 = z1 — z2; 6) (22) =3 3B) P(s) = P(2), e z — P(z)
anrebpauveckif MHOTOUYMEH C NeMCTBUTENALHEIMU Koo PUIMeHTaMM.
39. Burmoauurs yxasaHHEIE ortepaumn

a) (1+V/3)%; 6) ZE4 5) ZHY (22 442 20).

T—iy
40. Haittn nenchMTeﬂm{ylo U MHUMYIO YacTH CHENYIOmUX KOMILIEKCHEIX MuCes:

a) (%—zﬁ); 6) ('155‘:21) B) 845)%

41. TloxasaTh, YTO MHOKECTBO KOMILIEKCHBIX YMCel, B KOTOPOM BBeIEeHH! ONlePaluy CIOKEHMI
M yMHO>XeHMUs, obpasyer moine.

42. HaiiTi MonynM U apryMeHTHl CleIyIOHMX KOMIIIEKCHBIX YUCeN:

a) (—4+31)%;6) (1+4)°(1-1v3)"%;8) 1 +cos 7 +isin 7.

HalTu Bce 3HayeHMs CAeyIOLMX KOPHEN:

43. Vi. 44. Y1 +1i. 45. v/—64. 46. V/64.

Haitu xopuu ypapuenmit:

47. 22+ (5 —12)z +5(1 1) = 0. 48, 2% 4 (1 —12)z —i2 = 0.

49. (z 49"+ (z—1)" =0.

50. [Joxasarb, YTO MORYIH KOMILIEKCHOTO YUCHa ABAAETCA abCOMOTHEHIM 3Ha‘{e}meu, T. e. |z}
YIOOB/IEeTBOPSET yCIOBMSAM: ' ’

1) |z|Z0A ([z2|=0¢ 2=0); 2)|z122] =|z1]lz2| Va1, 22 €C;

3) |21 + 22| < |z1| + |22| VZl, z2 €C.

51. lokasaTs, 4TO MONy/b KOMIIKEKCHOIO YMCIa YNOBAETBOPAET HEPABEHCTBY

Hai| = le2f] < Jz1 = 22

§5. BekTopHBIE 1 MeTpUYECKHE IPOCTPAHCTBA -

5.1. BexTopHOoe npocTpaHCcTBO.

Onpepeaenue 1. Bexmopuusm npocmpancmeom nad noes K = {A, p, v, ...} nasviéaemcs
muoxecmeo E = {z,y, z,...}, 6 xomopom onpedenenni:

I. Bruympennss 6unapnaa onepayus E x £ — E : (z,y) — = + y, omrocumensro 1comopoﬁ
muoxecmeo E seasemcs abenesoti 2pynnoti:

Vz+(y+2)=(z+y)+2z 2) t 460 =uz;
3) 24 (—z)=6, HYz+y=y+tz
(smech § — HymeBoOM dAEMENT IPYIITHL). o
II. Brewnssa 6unapras onepayus K x E—E: (A, ) — Az, ydosaemsopawwasn caeaymmu.u
axcuoMam:
5) Az +y) = Az + Ay; 6) (A+p)z=Arz+ u:c;
7) (Ap)z = A(px); 8) 1.z =u=. '
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DeMenTH BekTopHoro MpocTpaHcTBa E HasHIBaloT eexmopasu (MM MOUKAMU), a IEMEHTH
nonsa K — cxarspamu.

Ecnit K=R, 1o F HashBaeTca Jedicimeumentnsim 6eXmopnsim npocmpancmeoM, a eCiu
K= C, 10 E HasHBaeTCi KOMNIEKCHbIM BEXTOPHDIK NPOCTPARCIMEOM.

Onpene.nenne 2. Besaxoe nodmnoxecmeo V eexmopnozo npocmparcmea E, o6ﬂaaammee
BoYMA GURGPHBIMY ONEPaAyURMYU NPOCMParcmead E u S6AS10UEECa 6eXMOPHBIM NPOCIPAHCIIE0M
nad noaesn K, nasvieaemca sexmoprsin nodnpocmpancmeom npocmparcmea E.

B npousBonkMoM BEKTOPHOM NMPOCTPAHCTBE BHITOIHAIOTCS CAENYIOIME CBONCTRA:

1)N=6; 2)0-2=60; 3) (-z=—z

5.2. HopMuposannste BEKTOPHHE NPOCTPARCTBA.

Hounsrue abcontorHoro aHaueHns PacHPOCTPAHIETCS Ha BEKTOPHELE MPOCTPAHCTBA Hal HOPpMHU-
poBavHEIM fniojtem K.
Onpenenenne. Hopmoti 6 sexmoprom npocmpancmee E naszvieaemes omobpaxerue

E-RY:zo|z|, Rt={a€R:0<a<+oc},

ydosaemeoprwuiee cAEIYOUUM GRCUOMAM.
1) (llz]| = 0) = (z = 6);
5 2) Azl = - fiell V€ E;
3) llz+9ll <llzll +lyll Y=z, y€ E (uepapencrso TPEyTONBHUKA).

5.3. Emcmmono NPOCTPAHCTBO.

Omnpenenenue 1. Hycme E — eexmopnoe npocmparcmeo rad nores R. Omobpaxenue
E'xXE - R: ¢(z,y) = (z, y), xomopoe xaxdvim deym saemenman ¢ u y us E cmasum e co-
omeemcmeue FeliCMEUMENLHOE YUCRO, 060IHAUGEMOE CUMBONOM (T, Y), HAILIBAETNCR CKARRPHBIM
npotzeedenuesm, ccauVz, 9y, 2€ E u VA ER sunornsomes cacdyouue axcuomsi:

1) e, 9) = (9, 2);

2) (g +y, z) = (z, 2) + (9. 2);

3) (Az, y) = Xz, y);

4) (z,2) 2 0A ((z, ) = 0) & (z =9).

Onpenenerme 2. Bexmop#roe npocmpancmeo, 6 x0OMopom onpederero CXarsproe npouaeeae-
HUe, HAIDIBAETNCR €6KAUDOEHIM NPOCTIPAHCTNEOK.

5.4. Merpuueckoe MpoCTPAHCTBO.

Onpepenaenue. Muowxecmeo E = {z, y, z, } HAILIBAETMCA MEMPUUECKUM NPOCMPAK-
cmeos, ecau onpedeneno omobpamenue £ x E — RY : (z, y) — p(z, y), xomopoe das awbvix ©
U Y CTAEU 6 COOTNEEMCIMEUE HEOMPUUAMENLHOE deticmeumersroe Yucio p, ydoeaemeopaouiee
CACOYOUUM BKCUOMANM:

1) (p(z,9) =0) = (z = 9);

2) p(z,9)=p(y, ) Vz,y € E (axcuoma cummempuu);

3) a(z,y) S oz, 2)+p(2,4) Yz,y, 2 € E (nepasercmeo mpeyzoavnuxa).

3nememu METPUYECKOTo NMPOCTPAHCTBA Ha3LIBAIOTCH MOYKAMY, & YuCIo p (T, y) HasbIBaercs
paccmosKues MEXIy TOUKAMU T M ¥ MIM Mempuxoti NpOCTPaHCTBa E.

Bceaxkaa yacte F merpuyeckoro npocrpancrpa E, B xoTopoit onpepeneno oTo6pakenue F x F —
Rf » ABILIOIEEC CyXKeHHeM OTOGpaKeHus Ex E — Rt : (z,y) — p(z,y), HasblBaeTca Me-
MPYUECKUM ROONPOCIPGHCIMEOM, & OIIpE/lesieHHask B HeM MeTPHKa — UKIYYUpPOsannoli mempuxod.
MeTpuieckoe TOIMpPoCTPaHCTBO CaMO ABIAETCH METPMUYECKMM IPOCTPAHCTBOM.

5.5. OxpectHocTn.

Onpeneserne 1. Omapoimois (3JaMKHYMBIM) UWADOM C YEHMPOM 6 TROUKE To U PAJUYCOM T
8 mempuveckom npocmpancmee E nasvisaemes muoxecmeo

{ze€E:p(z,z0)<r} ({z€E:p(z,z0)<T}).
OtkpuiThii (3amMkHyTHs1) Wap obosnauaerca S(zo, r) (S(zo, 1)).
AHanoruuHo olpeReNAeTCA OTKPHITHI (3aMKHYTHIN) ap B BEKTOPHOM HOpMMpOBaHHOM npo-
CTpaHCTBe.

Onpenenenne 2. Omxpoimoim (IGHMKHYMBIM) WAPOK C UEHMPOM 6 TROYKE To U PAIUYCOM T
6 6EXMOPHOM HOPMUDOBARHOM NPOCMPaHCIEEe £ HAIbI6AEMCR MHONECTRE0

Ax € E:|[x—xol| <7} ({x€F:|jx—xll £ r}).
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Onpeneaenne 3. Omxkpumuti Wwap ¢ UEHMPOM 6 Mmouxe To ¥ paduycosm § uaabiéheméa 5—
OKPECMHOCM IO MOUKY To.

Ha pelicteurensuoit npamoit R orkpmrun (cooTBeTCTBeHHO 3aMKHYTHI) WIap panuycd 6 ec'rs
nHTepBal |To — 8, To + 6] (cooTBeTCTBeHHO CerMeHT [zo0 — §, zo + 6]). )

56. IMycrs R™ — MHOKeCTBO BCEBO3MOXKHHIX YNOPAROYEHHHIX CHCTEM M ,txeucrp,m;émm
uucen (1, Z2, ..., Tm). IlycTs B MHOXkecTBe R™ ollpenenennl: BHyTpenHasd GMHAPHAL ONMEPIHL
R™ x R™ — R™, xoropas pisi MOGHIX OBYX 3I€MEHTOB X = (T1, ..., Tm) U ¥ = (Y1,+.-iYm)
MHokecTBa R™ CTaBUT B COOTBETCTBME 3iMEeMEHT s

x+y=(:c1+y1,.,, zm""'ym) Ciih

HasblBaeMBIl CyMMolt X ¥ y; BHelIHAs GuHapHas omepaliys R x R™ — R™, xoropax n:u mu&oro
x € R™ u moboro A € R cTaBUT B COOTBETCTBME 3XEMEHT .

Ax = (Azy, ..., ATm),

[

Has3blBaeMEIH npoussedenuem X Ha X.

Ioxasats, uto R™ — BekTOpHOE NMpocTpaHCTBO Haj Monem R. coe o e By
« CHauvana mokaxkeM, YTo MHOXeCTBO R™ sBasercd anmuTHBHOI abeneBoit rpyrmoﬁ neﬁ-'
CTBUTENBHO, JIs TIPOUBBOABHEIX X = (T1, ..., Tm), ¥ = (Y1, ..+, Ym) M Z = (21, .., z.,.) n cmly
aCCOLUATHBHOCTH NENCTBUTENABHBIX YMCEN, UMeEM
. T S Oy
x+(y+z)=(z1+(y1+z1),...,zm+(ym+zm))=

—(($1+y1)+21,- 1($m+ym)+zm)é({x+' L
O6osvayum 6 = 0 = (0,..., 0), Torna Vx € R™ BHINOIHAETCI PaBEHCTBO x+0.= (mwhﬁg
e Tm +0) = (21, ..., xm) = x. Jlas moboro x € R™ MoNOKUM —X = (—B1, vrey tmdit

TOorma X + (—zc) =(z1 — 21, -5 Tm — Tm) = (0, ..., 0) = 0. Haxonel, B cuay KOMMYTaTHBHICTH
CHOXKEHUT HEHCTBUTENLHEIX YHMCel : i«
X+y=(z1491, .., Tm+ym)=(F1+%1, ..., Ym + Zm) = (Y1, -+ +) Ym) + (71, ,zm)=y+x
CuaenosaTenbHO, BCE YeTHIPE aKcMOMBL abeneBoil TPy NMBL BEIITOAHEHEL. Coae
Hanee, us onpenenennit BHenrseil 1 BHyTpeHHeH GMHAPHBIX ONEPal[Hil ¥ CBOHCTB ReHCTBHIERB
MBIX YMCEN HETIOCPEJCTBEHHO ClIeyIOT PaBEHCTBa:
Ax+y)=XMe1+y, .o, TmAym) = Mo+ 11), ooy A(Tm +ym)) = R I 1x1
= (Az1 +Ay1, -y AT +Aym) = ()«:cl, s AZm) Ay, e APm) = o0 0 e sany
=XMz1, s Zm) F AW, L, Ym) = Xk+Xy:’
A+wx=A+p)zy, ..., zm) = (A+ )21, ..., A+ p)zm) = I
= (Az1 4+ #21, .o, ATm + pTm) = (Az1, .-, ATm) + (21, .00, pETm) =
=A(z1, ..., Tm) + u(21, - - a:m) Ax+px,
Ar)x = (Ap)za, ..oy (Ap)em) = (A(p21), .0y Apzm)) = A(pz1, -0y ;u:m) = A(;t )} oy

1-x=(1-21,..., - Zm) = (21, ..., Tm) =X, \ wd

IS MPOM3BOABHEIX X M Y n3 R™ u mio6uix A u p us R. Takum o6pasom, akCHOME, orl}Se:f«‘:.?k:ﬂ)llllléii

BEKTOPHOE NMPOCTPAHCTBO, BHIOAHEHHl, a MoatoMy R™ sABiseTcsd BEKTOPHHIM npocrpanc‘rno’f( ﬁﬁﬁ
ot
nonem R. » o

57. IIycts 9N — MHOXKECTBO BCEBO3MOXKHEIX MPAMOYTOJBHEIX MaTPUL, BHAA L

al k12 vor Gan
A= a21 az2 G3n = (a.,),
Gm1 am2 Gmn

roe ai; €ER, 1 =1, m, j=1,n.
Cymmoit matpuyy A'= (a;;) w B = (b;} nasopem marpuny

ant+bn  a2+b2 ... gt bhin
A+B=| o2a+b1 an+4bz ... dmtbm
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a mpousBefieHueM MaTpull A Ha uucmo A € R — marpuuy

Agir Aerz ... g1,
A = Aa21 Aa22 ... Ad2n
Aam1 ANamz ... Aamn

Tlokasars, yto 9 — BekTOpHOE MPOCTPAHCTBO HaJ Moaem R.
4 Muoxecrso MM matpull A = (ai;) pasmepa m X 1 MOMKHO OTOXKIECTBUTE C IIPOCTPAHCTBOM

R™™ BexTopoB X = (@11, -+, Giny --«y Gmly -+ -, Gmn) TPY TIOMOLIM B3AUMHO OFHO3HAYHOLO COOT-
BercTBUA (aij) < (A11, - ., Glny -+ Aml, « -+, Gmn)- [1pN sTOM Has H106BIX (ai;) € M, (bi;) € M
uAeR

(aij) + (bij) hnd (all + blla cevy G1n bln; ceey @m1 + bml, eeey Gmn + bmn),
A(ay) « (Aa11, ..., Adin, <o\, A, .ty ABmn)
(1. e. mpocrpancreo 9N usomopduo npocrpancrey R™" oTHOCHTERBHO CHOXKEHUS IAEMEHTOB U3

M yMHOXeHUd Ha cxanaphl nona R). Taxum o6pasom, 9 — BekTopHOe NMPOCTPAHCTBO Haj
norem R. » .

58. Mokasats, uro nmpocrpaHcrso R™ mpeBpamaeTcsa B HOPMHUPOBAHHOE BEKTOpHOE NPOCTPaH-
CTBO, €CIM IS MPOU3BOABHOTO X == (Z1, T2, ..., Tm), X € R™, mosoxkum '

Il = Va3 + 22 + ...+ 1)
« Jlna pokasaTenbCTBa JOCTATOMHO HMPOBEPUTDH BEIMOTHEHMe akcMoM 1)—3) myHkTa 5.2.

1) Ouesunso, ||Ix)| > 0 u (||x]| = 0) & (x = 0).
2) s mo6oro x € R™ u VA € R umeem

A = V212 4+ 222 + ... A Pzm)2 = VA2 22 + ... 4 2k = |A] - fIx]|.
3) Moxkaxem, uto mita AO6bIX X = (£1, T2, ..., Tm) U ¥ = (Y1, ¥2,--+» Ym)

lIx -+ yll < Ilxlf + llyll- (2)

3anuceiBas HepaBeHCTBO (2) B KoopiMHaTHON dopme

m m m

Z(z.-+y,-)2 < Zx? + Zy?

=1 =1 =1

# Bo3BoAA 06e wacTu B kBajgpar, Nociae ynpomeHus MolyiaeM HEpaBEHCTBO

®3)

akBUBaleHTHOe HepaBeHCTBy (2). HepaBencrso (3) nasmiaerca nepasencmeom Kowu—DBywnsa-
X06CK020; €ro CpaBeINBOCTb yoKe fokasaHa {(cM. npumep 43). CuemoparensHo, paBeHcrso (1)
3afiaeT Hopmy B R™. »

59. MoxasaTh, uTo BEKTOPHOE MPOCTPAHCTBO I, 3MEMEHTAMM KOTOPOTO SBIAIOTCA MATPMILH
pasMepa m X n, GBiseTcd BEKTOPHBIM HOPMHPOBAHHEIM MPOCTPAHCTBOM, €CIHU O NPOU3BOIBHON
marpunsl A = (aij), 1 =1, m, j = 1, u, nodoxuts

At =32 laisl. (1)

=1 =1

« Brinonuenne nepnoit akcmomnl HopMat odepunHo. Hanee VA ER u V 4 € O umeem

AN =" " Pl =7 " llesl = ST D lawl = AL 14l

=1 =1 =1 =1 =1 3=1
T. €, BTOpad akCMOMa Tak>Xe BBIITOJIHAETCA.
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Ocraercs npoBepUTh BHIONTHeHWe HepaBeHCTBa TpeyroabHuka. llycts A, B € 9t — npoua-
BOJILHO 3allaHHEIE MaTPUIBL pa3Mepa m X 1, Torua -

m n

A+ Bll=Y""lai; +bisl < ZE(I%‘I + b)) = ZZ lais| + ZZ il = 141+ 181

=1 =1 i=1 =1 =1 j=1 i=1 j=1

Takum 06pa3oM, Bce aKCUOMBI HOPMBL BELIONHSIOTCA, a oaTomy paseHcTso (1) samaer uopuy'
B 9, npespauias ero B BEKTOPHOE HOPMUPOBAHHOE POCTPAHCTBO Hag Nogem R. » -

60. Iycrs C MuOXKecTBO BCEBO3MOKHBIX OrpaHMHeHHHIX yukiuit f : [a, b — R. :
ITokazarh, Yro MHOXecTBo C CTAHOBUTCS BEKTOPHBIM HOPMHUPOBaHHBIM NPOCTPaHCTBOM nan
noxem R, ecnu nas nponspoibHoil GyHKIMHU f IONOXKUTE

7= sw 7@ N 6

1~ a,

<t Jlerxo y6enuthcs, uto C ABAAETCT BEKTOPHEIM MPOCTPAHCTBOM Han noneM R, eciu paBeHcTpo

(f+9)(z) =f(&)+9(z), <€la,?]
onpenensier cioxenmne B C, a S _
(Af)(@) = M (=) | v
— yMHOXKeHMe Ha ckaasap nois R.

OcraeTca npoBepUTh, yro fxs uucaa ||f||, onpenenennoro dpopmynoit (1), BENOIHAWOICT Bce
aKCHOMAI METPHKM. 5

1) Hockoasky |f(z)| = 0, To || f|]| = sup |f(z)| > 0; xpome Toro, || f|| = 0 Torna u TOABKOS TOrma,
xorga |f(z)| = 0, 1. e. xorma f : [a, ] — 0, a Taxoe oToGpaskenue ABAIETCA HYAESBEHM IXEMEHTOM
BEKTOPHOro npocrpaucrsa C. '

2) as nponspoasHont pyHkuun f € C u moboro X € R umeem

IAfIl = P I/\f($)|= S M7 (2)] = A P If($)|=l>«|l|f|l- R

3) U3 HepaBeHCTBa TPEYTONBHUKA nnﬂ abCONIOTHOTO 3HAYEHU M CBOMCTB TOYHOM Bepxneu rpa—
HM CileyeT HEPABEHCTBO

[£(2) + g(2)} < f(2) + lg(=)} < P @)+ sup lg(=)l=|Ifll+llgll Y g€l Vze {a, b]i

a,b] z€[a,b]
&4

Hockonsky muoxecrso {|f(z)+g(z)|}, = € [a, b], orpannteno uncnom || f|| + [{gll, To Tounas Bepx-
HAs TPaHb ITOTO MHOKECTBa, KOTopas, corxacHo paBeHcTBy (1), paBHa || f+¢||, Takxke orpanuuena
3TUM e 4YucioMm. ((lemopaTelbHo,

g 1f(2) + g(z)l = |If + gl <A+ lglh, T
x
YTO U 3aBEPLIAET MPOBEPKY aKCHMOM METPMKM. P ‘ *

61. TokasaTs, 4ro mis MPOUIBONBLHOTO BEKTOPHOTO HOPMMPOBAHHOTO npocrpancrna E =
{z, y, z, ...} cripaBen;MBO HEPaBeHCTBO 2hoe

Hizll = llgll | < iz - 9ll- Y
« CornsacHo HepaBeHCTBY TPeyroibHHUKa,

ll=ll = li(z = 9) + 3l < ll= = 9ll + llyll, ‘ L

oTKyna o
llz]l = ligll < lle - gll. - @)
Mensas mecramu =z u y, uMeeMm
loll = llzll < lly =2l = W=Dz =)l = =1 - |lz = gll =z - vl '
nim : ’ : C
=llz =gl < ll=ll - llyll. (3)

Us (2) u (3) nenocpencTrenno caenyer (1). »



40 ~ ' [n. 1. BBepenne B axaxus

62. Noxasars, uto BexTopHOe mpocTpancrBo M (cM. mpuMep 59) CTAHOBMTCS €BKINIOBHIM
TIPOCTPAaHCTBOM, €CHM IS NPOM3BOABHEIX IBYX 3ieMeHTOB A = (ai;) M B = (bi;) noxoxurs

(A, B)=ZZa.‘,‘b.‘,‘.

i=1 j=1

-« Jlas noxasarenncrsa DOCTaTOMHO NpoBepuTh, yTo (A, B), onpepensemoe papencrsom (1),
YAOBIETBOPAET YeTHIPEM aKCHOMaM CKalliPHOLO NMpousBemeHus (cm. M. 5.3). BeimomHenne Tpex
TEPBHIX aKCHOM Henocpencrnenno cnenye'r u3 onpepenenus yucna (A, B):

1) {A, B) = Z Z aijby; = Z Z bijai; = (B, A);

t=1j=1 i=1y=1
2) ana mpousBonbHbix Matpuy, A = (ai;), B = (bij) u C = (ci;) umeem

{(A+ B, C) = ZZ(a;j + bij)ei; = ZZa.’jc.‘j + Z Zbi]‘Cij = (A, C)+ (B, C);

=1 y=1 =1 j=1 i=1 j=1

)nycre VAeM u VAR, rorna

(A, B) = ii)«a;,‘b,‘j = )«zm:i:a.‘jb,‘j = XA, B);

=1 j3=1 1=1 3=1

4) pas moboii maTpuusr A € M HaxoouMm

(A, A) = ZZG?],

i=1 =1

orkyAa caenpyet, uto (A, A) > 0 u (A, A) = 0 Torma M Tomwko ToTAa, KOITa Bce MEMEHTH Ma-
TPHLH A paBHBL HyNIO, T. €. korma A = 8, rge § — HyneBo# 37€MEHT BEKTOPHOT'O NMPOCTPAHCTBA
M. CnemoBarenbHO, BHEIMOAHAIOTCA BCE aKCHOMBL CKaXIPHOTO NMpoU3BeNeHHUs, T. €. paBeHcTBo (1)
3aJfaeT CKANApHOe IPOM3BENeHNe B BEKTOPHOM HpocTpaHcree M, mostomy YN — eBkaAMUAOBO Ipo-
CTPAHCTBO. P

‘ "63 Hoxaaarx,, YTO HOPMHUPOBaHHOE BEKTOPHOe NpocrpaHcTso E = {z, ¥y, z, ...} cTaHoBUTCA
MeTPHYeCKHM, eCaM I MIOGHIX 2AeMEHTOB £ U § u3 E monoxuTs

p(z, y) =z —yll.

« [Tokaxem, uTo BRIMOAHAIOTCA akCHOMBL MeTpuky (cM. 1. 5.4). JlelicTBuTensHO, N3 CBOVCTB
HOPMBHI BEITEKAET, YTO: -

1) p(z, ¥) = ||z — y}| > 0, npuuem p(z, y) = 0 Torma u Tonbko TOrHa, KOIfa £ —y = §, T. e.
T=Y;
2) p(z,y) =llz—gll = I(-D@ -2 =1-1lly — <l = ly - z|| = p (3, 2);

oz y)=llzr-sll=lle—z+z—yll<llz—zl|+llz—yl[=p(z, 2) +p(z,9) V2,9, 2€ E.
CrnefmoBaTensHo, Bce akCMOMBI METPMKH BBLITOIHSIOTCS, nosroMy F — Merpuueckoe npocrpas-
CTBO. b

YnpaxxHeHHs [lId CAaMOCTOATEAbHON paGoTH

‘52, Hoxkasars, uro muoxecrso C{f, g, k, ...} BceBoaMOXKHBIX oTOGpaskeHuii MHoxkecTBa E B
BeKTOpHOe npocrpalcTso F Han nosnem K caMmo sBisercs BeKTOpPHEIM IPOCTPAHCTBOM Hajl TEM Xe
nonem K.

53. Ilokaszars, uTo MHoXKecTBO KOMILAekcHBIX ucen C o6pasyeT BeKTOPHOE IIPOCTPAHCTBO HaR
ToneM ReicTBUTENBHEIX yncen R.
54. Tlokasarb, TO BeKTOpHOe MPOCTPaHcTBo R™ CTAHOBMTCA HOPMUPOBAHHEBIM, eciIU NS NIO-
Goro anemenra X = (1, £2, ..., Tm) HOPMY ||X|| BBemeM OTHUM N3 CHENYIOUMX PaBEHCTB:
a) Xl = |21} + |#2| + ... + |&m| (oxTasnpuueckas Hopma);
6) |Ix|| = 1na<xm|:c.| (KyﬁM‘{eCKaSI Hopma).
=



§ 5. BexTopHHe 1 MeTpHYeCKHe NMPOCTPAHCTBA L ]

55. Kaxue us paBencrs . , g8
EERRTEE IR FTO § 4o 14
a) HxH—Zk Jzkl; 6) |ix|| = Za,:c a>0,i=T, m :
) Il = [2a] +Joal + . +lomosls ) Mol = max il o> 0 ) Il = | max_ foi

3amalOT HOPMy B BEKTODHOM IpocTpaHcTBe R™7

56. [lokasarh, 4TO B BEKTOPHOM IpocTpaHcTBe N, 3eMeHTaMH KOTOPOTo ABIAIOTCH: mmuli
= (ai;) pa3Mepa m X n, HopMy ||A]| MoXkHO BERECTH OTHUM U3 CAETYIONIHUX pane}{cn‘ it Ry

088

a) ||All = 1[2 Z afy; 6) lAll = max Zlaul, 5) [|All = max El“ul: r) IIAII = max. sl

==t o 1 :(n
§7. Tycts 9N 10 Xe, YTo ¥ B NpeRBIAYIEM MpUMePe. YKasaTh, RAKHE U3 PABEHCEB ' w % v
—
a) JlAll=,/3 2" aial, ai; >0 6) [|A]l ="
A
) Al = .—21 Z_:l aijlai;], @i > 0; r) Al = max ailail e >0,
0 14 = max colal, 0 <0 o) 4l = max aulasl, ay >0, m>2

2€igm
3aqal0T HOpPMy B nmpocrpaHcree IN.
58. Hcxona u3 onpeneteHNss METPUKH, NoKa3aTh, 4TO B NIPOCTPaHCTBE R’" PaccTofHHe Me;!c}x)Y

NPOU3BOILHBIMM TOUKaMH T = (L1, T2, .., Tm) U ¥ = (Y1, Y2, ..., Ym) MOKHO ONPENSHNTH OHUM
3 PABEHCTB:

m m

a) p(z, y) = [ (i —9i)% 6) p(z, 9) =3 lzi ~uil;
=1 i=1

™ e

B) p(z, y) = max [z —yil; r) p(z,y) =4/ ailzi ~9i)?, a; >fﬁ‘;" v ‘j

Iigm i=1 E T

e

Vhfi

m
n) p(z,y)= E ailzi — yil, @i > 0; e) p(z,y) = max (a.la:. - y.l), @ > 0. .
i=1 -
LR G
59. HemnocpencreenHoi NpoBepKkoii akcMOM METPHKM MOKa3aTh, YTO B npocrpanme m, 3-!!&
MEHTaMJ}t KOTOPOTo SABMAIOTCS MATPUIBL Pa3Mepa m X n, PACCTOSHUE MeXTY NMPOHSBOIBHEIMM TOY:,
KaMM (MaTpuLaMy)

A=(ai;) un B=(bj) :

MOXXHO BBE€CTHU OJHUM M3 PABEHCTB!:

AR AR ™

m n LRI SRS 103 1)
2) p(A, B)= /3 Y (ai = b 6) p(4, B)= max Ziﬂu—buh

i=1j=1 s

B) p(A, B) = max Z laij = bijl; r) p(A4, B)= max |aij — by i,

1<ign i=1 1€igm fe e ldf

1Kign oty
60. Ilycrs E — meTpuueckoe MpocTpaHcTBo ¢ MeTpukoii p: E x E — RY. AR R
Ilokasars, uro ecnu, kpome roro, E 1 BeKTOpHOE MPOCTPAHCTEO, TO OHO ABASETCA Hopmrlponau-
HBIM ITPOCTPAHCTBOM C HopmMoil |[z]| = p(z, 8), roe © — NMpousBOALHEL, a 6 — nynenou daeMeNTH

npocrpaHcrea E.

61. Mso6pasurh MHOXKECTBO TOUYEK, KOTOPOE SIBISETCA 3aMKHYTHIM (oncpu'ruM) mapom k e

TpuueckoMm mpocTpaHcTse R, eciu MeTpHka p onpeneneHa OHUM U3 CIETYIOUHX panencra Mo
a) p(x,y)= \ﬁzl — )2+ (22 — 12)% 6) p(x, y)=lo1 ~ vl + o2 - yz(? sy ‘;*l‘af‘il;:;a

- gy B
B) p(x, y)=1n<\?<x2lzi—y'-‘; 1-) p(x, y) \/iﬂ_h)_+£ﬂ_.lzL v

n) p(x, y) = izl g ksl &) plx, y)=max{laznl, J—*—lﬂ}
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§6. Ilpemesa mociegoBaTEJbHOCTH

6.1. IousaTHe MOCIEOBATEIBLHOCTH.

Omnpenenenne. [flocacdosameavnocmoio anemenmos mnoxecmea E nazvieaemcs omobpa-
nxenue
N— F:n— x,,

m. € PYHKUUR, Kxomopas Kaxdomny namyparvromy wucay n € N crmasum 6 coomeemcmeue sae-
Menwm T, € F.

Jas sanucu nocnenoBaTenbHOCTH ynoTpebaseM o603HaueHns (Tn), MAM T, T2, ..., T, ..., WIH
Tn = f(n), n € N.
DAEMEHTH T, T2, ..., Tn, ... HABBIBAIOTCI UACHAMU NOCACIO6AMEALROCTIU, & T — OBUUM

YREHOM NLOCAEA08aAMENLHOCTNU. )

Mxuoxecrso E Moxer 66Th pasanunniM, HanpuMep: R, R™, Cla, b], M u 1. 1. Ecin E =R,
TO NMOCREOBATEALHOCTH Ha3bIBaeTcd vducaosod, ecin E = R™, — eexmopnot, eciu E = Cla, b),
— ynuxyuonaavnoti, ecim £ = M, — mampuunoti u T. 1. B xakgom M3 3THX cy4aeB MHOMXECTBO
BCEBO3MOMXHEIX MOCIENOBATENLHOCTEN 06pasyeT BEKTOPHOEe HOPMHPOBaHHOE, a CHeJOBATeNbHO, M
MeTPUYECKOe MPOCTPAHCTBO.

6.2. Cxopfuecs NocCIeA0BATEIBHOCTH M MX CBOHCTBA.

CHauana pacCMOTPUM MHCIOBHIE NOCHEIOBATEILHOCTH.

Onpeneaernne. I[ocaedosamenvnocme (Tn) Oeticmeumenvnsi Yucen HAIvI6AEMCR CTOOA-
wedcr, ecau cyuiecmeyem delicmeumenvioe Yucao a u das npoussoavnozo € > 0 cywecmeyem
HAMYPAALHOE YUCAO M MAKOE, 4MO OAR 6CET N > M CNPABEIAUBO HEPABEHCINEO

!xn - al <e.
IIpu s70M uMCIO 6 Ha3LIBAIOT npedenos nocaedosamenvrocnu (Tn), MTO CHMBOINMECKH 3amH-

CBHIBAIOT

lim £, =a wIv z,—a 1npu n— oo.
n— 00

C noMombIo NOrMYECKUX CHMBOJIOB ONPeNeIeHUE 3aTMWIETCd CAeqyomuM ofpa3oM: yucaoeas
nocaedosamenvrnocms (r,) nazvisaemcs crodsauelica, ecau

JaeRAVe>O0IMEN YR >m = |5, —a] <e.

Ecam nocenoBaTeabHOCTh He SIBISETCS CXOSUIENCS, TO ee Ha3hBAalOT paczodsuedics.
Teopema. Ecau nocaedosamensnocmu (Tn) u (yn) delicmsumenvueir uuced cxodsmcs u

Im z, =a, lim y, =b, mo
n—00 n=—00

lim (zn +yn) =a+b, im z,y. = ab,
T OO =00

Tn a

im — =< (yn#0VneN, b#0).

6.3. IIpnanaxu cymecrBoBauusa npegeina.

1. Ectn yp < tn < 2nVn >no w lim y, = lim 2z, =a, 10 3 lim z, = a.
n-—oo n— oo T OO

2. MonotoHHas M orpaHuueHHas MOCIENOBATEILHOCTD KMEET Npemell.
3. YUxcaoBas nocCrefoBaTedbHOCTL (Trn) MMeeT KOHEMHBIR HPENEN TOTAa U TOJLKO TOTAA, KOTAa

Ve>03meN:Vn>mAVPEND |ppgp—a]| <e
(‘kpuTepm‘i Kouiu).
6.4. Uncno e.

. 1zn v ©
TocaegoBaTensHocTh 1 — (1 + -';) , n € N, uMeeT KOHeM HLIH npeell, Ha3bIBaEMBIii YHCIIOM €:

1 n
lim (l + —) =e=2,718 281 828 459 045 ...

T~ OO n
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6.5. IIpenen B HeCoGCTREHHOM CMBICITE.

Onpeneaenne 1. A-oxpecmnocmow “nouxu +00” (“mouxuy —o0”) HAILIEGEMER MHOE:
cmeo mouex R, ydosaemeopswouur nepasencniey

A<z <400 (—o0<x<—A)

A-oxpecmuocmoio “mouxu 0o” navieaemcs mroxecmeo mouex R, ne npunadaexawux ces-
xenmy [—A, Al

Onpeneaenne 2. Yucaosas nocaedosamenvrocms (Tn) uneem npedea +oo (—oc), uau cmpe-
Mumes x +00 {(—o0), ecau

VA>0ImeN:Va>m=>z,>A
(VA>03ImeN:Vr>m= 2, < —A).

Yucaosas nocaedosameavnocms () umeem npedea 0o, ecau VA >0ImeN:Vn>m=
ltn] > A.

6.6. YacTHuHHe Npefeln. Bepxuui ¥ MMOKHHE Npegen.

Onpenenenue 1. Ecau uwacmuunas nocacdosamenvnocme (Tn,) crodumcs, mo ee npeden
HaIbIGaemMcR yacmuunsim npedeaom nocaedosamensnocmu (Ty).

Onpenenenue 2. Yucaoa € R nasvieaemcs npedeavnoti mouxotli yuca0soti nocaedosaments
nocmu (T}, ecau Mobas ee oKpecmrocmb codepraum BECKOREUNOE YUCRO UAEKOE NOCAECOCHMERS-
Hocmu.,

YactriHBIK Npeiesl NOCNAEN0BATENLHOCTH IBASETCS OHOBPEMEHHO U ee TpeNeTbHONR TOHKOM.

Onpenenenne 3. Hauboavwuii (raumenvuiud) yacmuunsii npedea 4ucaosoi nocaedosamean-
nocmu (£,) Haavieaemcs ee seprnum (HunnuMm) npedesom u 0603HAYAEMCA CUMBOAOM

lim 5, (lim =)
n-— o0 17— OO
Teopema. Jwbas yucnosas nocacdo6ameavRocmsv uMeen eeprruti ¥ HuMnul npedeavt.

6.7. CxoagmHecs MOCICAOBATEILHOCTH B MeTPHYECKOM NPOCTPAHCTBe.

Onpenenenne. [Jocaedosamenvnocms (Tr) sAeMERMOS MEMPULECKO20 npocmpancmen B wa-
3vteaemcs crodsueticr, ecau cyujecmeyrom sremenm a € E u das a106020 € > 0 namypoadsuoe
uucao m maxoe, umo ¥V n > m cnpasediueo nepasencmeo p(Tn, a) < €.

B s1oM onpenenennn HaTYpannLHOE YKCIO M MOXKHO 3aMEHUThH NOJOKHTETLHRM JeHCTBHTEN L~
HEIM MHCIOM (v, TOCKOJILKY M3 HEpaBEHCTBa n > a ciefyer n > [a] =

Ecau B R™ safana nocaefoBaTenbuocTh € MAEHAMU Xn = (Tin, Tan, ..+, Tmn), ® € N, T2
Kas, uTo cymectByer Wm Tin, 1 = I, nt, T0 3Ta MOCHEIOBATENLHOCTh CXONMTCS ¥ CHPABERINBO

T > OO
PaBEHCTBO
lim x, = ( lim z,, hm Ton, ooy M Tymp).
=00 1L OO 7 =00

AHayoruuHo, eciu B 9 3a0aHa NOCAEN0BATENLHOCTD |
(k) (k) (k)
;3,7 8j2 Ain
P R e vieeen |, EEN,
(k) (k) (k)
Omi Om2 Amn
. k —_— —
Taxkag, ¥ro 3 lim aﬁ,q) ,p=1,n, ¢ =1, m, To 3Ta NOCNENOBATEIbHOCTb CXOOUTCS ¥ CHPaBERINBO
koo
paBEHCTBO

lim a(l Y lim a§§) eor lim a(l',?
k—oo k-0 k— o0
hm A= croeerenrin e
k—oo k . k k
lun a( ) lim aﬁ,,g hm alk)
k00 k—o00 k—oo

2n + 1
64. HoxasaTh, YTo nocnefoBaTeNbHOCTD (Tn) = | ——— ) cxomuTcs K HHeIy 2.

4 Umeewm |5, — 2| = |2"+l 2| . On= mo6oro € > 0 3 m € N taxoe, uro = < ¢ |

npumep 28). Torga V n > m cnpaaennnao HEPaBEHCTBO = L < ¢ u, crenosarennyo, lz,. -1 < €,

T.e. lim z,=2.»
=00
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65. Jloxasars, uro:
a) lim ¢" =0 npu |gf < 1; 6) lim ¢" = oo npwu |g| > 1.
= OO n—oQ

4 a) Ecain ¢ = 0, 10 paBencrpo a) oueungno. IlycTs € > 0 — npoussoabHo u 0 < |g| < 1.
Torfa, Noab3ysCL HepaBeHCTBOM Bepuymau, monyunm

= (H(II 1))n>1+"(§1‘1)>"(ﬁ“1)'

n lq| lq]
< ST-1D a-Tan

6) Hycrs Jg| >1 1 A > 0 — npoussoabno. Torga us HepaBeHcTBa

lal” = (1 + (lal = 1))" > 1+ n(lgl = 1) > n(lgl = 1) > A

O1xciona

lgl* = lq <e VYn>

HMAXOAuM, YTO

A
"S>SA VYn> ——.p
lql =1

Haittu ClaeAyIoliKe TIPERETH:
. 1 3. 5 2n -1

n—oo \2 2"
) 1 3 5 2n=—1
<HOJIODKMMbn=5+2—2+§'§+... o

1 1 3 1 5 3 2n~1 2n-3 2n —1
Sn—'2-.9n=—+(-———)+(———")+---+(n - = )— ;ln+l =

2 22 22 23 28 on 2n
1 1 1 1 2n—1
=5+(Gm+ +2"_—T) T T
1 1 21 l-5mr 2n—1
. Sn=141+54 . - =1+ P T
Taxum obpazom,
1 =1 _ -
lim S"= lilll l+ 21'.1—1 _ 2n 1 = lim (1+2— 1 __2‘” l)
N 0O n-—co 1-— -2— Vig n—o0o0 —2 2"
lim 3— i 1 2 lin ——+ lim X 3
T T el T e T T
. 3aech BOCHOAB30BaIHCh TEM, MTO
n n n n 2

—| = = < = <
b (41" pgepe=y gy 22wt

A% TPOM3BOJLHOTO € > 0, ecau n > 1 + %, 1. e. lim 21" =0.»
. T = OO

. 1 1 1
67. Jim (i.—z+m+ +‘——n(n+1))~

4 3ameTHM, UTO

1 1 1 1 1 1 1 1 1
ﬁ*‘fa*“'+;r(n—+ﬁ—(1“§)+(§‘§)+“'*(rn+l)-1‘n+r

Torga

1 1 1 1
v:ll—]ll)o( + 2- +n(n+l)) o n 41 >

68. lim (VZ-V2-V2... 22/5).

n—0o0
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4 8 2" 1—+l+__,+_l_ 1-L 2
4 Tax xax V2-vV2- V32 ... *V/2=22"1 =2 2" = wmpu n>2

() () ()

1 1 n
—l+n( "—1)+ .+(22"—l) >n(22"—1), T.e. 022" —-1< =,

1
T0o 22" — 1 np¥ 7 — 0O U Mpefell NOCAENOBATENLHOCTH PaBeH 2. P
Hoxasath ciaenyiouMe paBeHCTBa:
L2
69. lim = =o.
N OO n!

<« PaBeHcrBo cienyer us nepaBeHcTBa

2" 2 2 2 2 2\ "2 9 /2\"
<7J—f'5'§'--;<2(§) —5(5)

M M3 TOTO, MTO (%)" — 0 nipx n — oo (cM. Hpumep 65). B

k
70. Lm % =0, a>1.

n-—oo @

« [Iycte m — uenoce v m > k. Tornma

e b= ¥a > 1. Ho
0< no_ n — n < 2n

e (G- 14—+ 2801244 =1 n(n—DG-1)
NpH 7 — OC; TOFJa, NPMMEHIA TeopeMy O NpeNeJbHOM nepexoie B NPOU3BEACHUH, odyUYaeM, YTo

n\m
(TF) — 0 nipu n — 00, oTKyna ciaeayer TpeGyeMoe. P
n

71. lim ET =0,

n—oo N.

-0

« PaBeHcTBO HyIIO ipeesia clieflyeT M3 OMEBHIHOTO HEPABEHCTBA

=M'm-~~|—‘ﬂ' la} ___l_al<ﬂi(__'a| )"_m<e,

1 2 m m+41 n m! m+41

an

n!

CNpaBeXAKBOro Nipk moboM € >0 u m+ 1 > |a|, ecin n AocTaToUHO BedMKO. W
72, lim ng” =0, ecant |g| < 1.

n-— 00
« JloxasarennLcTBo CaeqyeT U3 TOTO, YTO

2 >1 (cm. npumep 70). »

[ng”| =

q

73. lim Ya=1.

L ad > <]

<« [Ipn a = 1 pasenctso ouesnaso. Mycte a > 1, torna ¥a > 1 u (cM. npumep 40)
a=(1+(Va-1))">1+n(Ya—-1)>n(Va-1),
oTKyla mojy4aeM, uTo 0 < {/a—1< 2 <emnpun> 2 (e>0), 1.e. {/a— 1 npu n — oco.

n

Ecm 0 <a <1, 10 % > 1 ¥ no JoKa3zaHHOMY % — 1 npu n — oo Ho torma

lim ¥a = lim =1.»

ne—oo nN—=0 n
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74. lim 28" —0 4> 1.

n—oo 7°
n

< Ta!c xak lim W

=0, b > 1 (cM. pemenue npumepa 70), To bl—,, < bin < 1 npu ROCTATOMHO
Tomr OO

n
< <1

GoarumoM n. llodoxum b = a°, rne a > 1, a € > 0 — npousBoarHoe. Torma - v
a a
um 1l < n<a®

lo
Horapmbmnpyx noclennee HepaBeHCTBO, uMeeM 0 < log,n < en, oTkyna 0 O8q 7l

AocraToMHo 6oabilom n. U3 nocaennero HepaBeHCTBA M CIEAYeT YTBEpXKAeHue. P

75. lim ¥Yn=1.

T = OO

< U3 ouesnanoro nepasencrpa

n=(14+(Vn-1)" =1+4n(Vu-1)+

n(n

)("n—l)2+
+...+("n—1)">n(sz——l—)({‘/ﬁ'—l)2

cremyer, uto | ¥Yn — 1| < ,/ < € TIPH NPOU3BOJIBLHOM € > 0 u nipx Bcex n > 14 2&7°, p
76. m —— =0.

« Tlokaxem cHavana, MTo

n! > (ﬁ)n
! VI

IIpumernm MeTon MateMaTuvueckol mHaykuuu. Ilpw n = 1 HepaBeHcTBO cnipaBefnuso. [anee,
€CJIM OHO CHPABEIMBO NpPH 7, TO AIA 1 + 1 uMeeM

(n,+1)!= nl{n+1) > (%)n(n+l) = (";-1)"‘“ . (1 _:L)" > (h;—l)"“.

HOCJIGIXHCG HE€PaBEHCTBO CNpaBEeVIKBO, TaK KaK

n{n—1) 1 +n(n—l)...(n—n+l).

l -
(1+;) —1+ + 2! n2+'” n! n

=1+1+-(1—l)+...+l(1_l) (1_2)_” (l_n—l)<
2! n n! n n n

1 1 1 1
<T+l4 o4+ <l o+ 5 <
Cl+14o4 bt =14 =3
gttt =1t =3

CyllleCTBOBa}{Me ¥ PaABEHCTBO HYJIIO npefesia BHITCKACT U3 HEPpABEHCTBA

1 1
<W<T\/_z)—n—;<
. 3

. 3
© CHpaBeRMMBOro fus awoboro € > 0 npu Bcex n > . b

77. Doxasars, uro nocnenosatensHocTs (2,), THe

xn=(1+l) s
n

MOHOTOHHO BO3pPacTaeT K OTPaHUYeHa CBepXYy, a MOCAeNoBATENILHOCT (Yn ), TAE

1 n41
y"=(1+'—) )

MoK “.OHHO yBHIBaeT U orpaHyveHa cuuzy. ClieoBaTenLHO, OHH HMEIOT OBIUK Tpenes:

3 1 n . 1 n41
lim (1 + —) = lim (1 + —) = e.
n-—o0od n n—oo n



§ 6. Ilpenen moclegoBaTeIbHOCTH , 4T

« CorjacHo HepaBeHCTBY nipuMepa 40, nmeem Tl s
1 n+41 n
Tntl (1+n+1) 1 et 1 n+1
= —=[1- 5 >{1— —— =1,

Tn (14 ;) (n+1) n n+1 n )
Un (1-*-%)n+l 1 n+1 1 n+1 a4 nP-n-1 .
= 1 n 1 n ° = 3 ) < 17 v d

Yn-1 (1 + = (1 + n2—1) -on 1+ n2-1 n nd+nd—n i

i

T. € T /', ayn \,. Janee, tn < yn n0<yn-—xn=(1+%)"% ;—+Onpun—>oo ‘orKyma:
(yn — Tn) — 0 MpH n — o0. BECEE

CnepoBatenbno, m x, = hm Yn =¢€. P
n-— 00

78. Hokasath, uTo

1 n
0<e—(l+—) <E, n € N.
n n

1\" -
Ipu Kaxux 3HaMEHHIX MOKAa3aTENA N BHIPasKeHHe (1 + —) Gyner oTAMUaTLCH OT UHCIa € MEHbINE
n -
yeM Ha 0,0017
1\ n+1
<« CoraacHo npuMepy 77, vMeeM (l + ;)

n n41 1\ » n 1
o<e—(1+l) <(1+1) —(1+—) <(1+1) l<3<3< npu n>3000 >
n n n 1000

> e. Torma

79. lycrs {pn) — nmpousBoabHadA NOCIEROBATETLHOCTE HCET, CTpeMsmasica K +oo, H (q,-.) ——
MPOM3BOJBHAS NOCIEOBATENBHOCTE YHCEN, CTpeMAmaics ¥ —oo. JlokasaTs, uto :

1 Pn 1 qn
lim (1 + —) = lim (1 + —) =e.
n—00 Pn 7 00 In

o Tlycts (nx) ~— NpouaBoNbLHas MOCAENOBATENLHOCTE [ENHIX YHCe, CrpeMAmaicy ¥ 0. ¢ ’Fﬂ- '
TAa U3 HEPABEHCTBa . Lo ik

(+3)" -

R ny 1 ng _ K . . 4
1+5-) —e¢/<enpumng>N(e)re lim {1+~ =e.

ng — 00

Ecau nponasonbHas uucioBas nocaeqoBaTeAbHocTh (pi), Px > 1, cTpeMHTCS K +oo TO cyme- :

CTBYeT TaKas NOCIEeJOBATENBPHOCTh LENHIX unced (ng), MT0 nk < pr < nkg +1 M np — +oo Tax™
KakK JIeBad M npaBasd YaCTu OUEBHIHOTO HEPABEHCTBa

n;+1 5
(1+rﬁﬁ)k 1\ N N T
——————;——<(1+-—) <(1+—) (1+——) ,

Pk Nk

el <e nmpu n> N(e), e >0,

clelyeT, YTo

o e

P
1
CTpeMATCA K €, TO luu (l + —-) =e.
k 0 Pk

Ecaun npoussonbuas nociefoBaTebHOCTE yrcen (qk), —gx > 1, cTpeMuTCH ¥ —00, TO, NOJAAras -
qk = —Q g, Honyvaem ’

1\* 1\~ 1 et 1 L e
1+ — =(1_._) =(1+ ) (1+ )—ae npu k — oco. p
gk (475 ar —1 ar — 1 .

. 1\"
80. Mockoasky lim (1 + _z) = e, MOKa3aTh, YTO
n—»0c0 i

. 1 1 1
lim (l+l+ﬁ+§+"'+ﬁf)=e'

n—oo

BriBectn otcona dopmyny

1 1
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rae 0 < 8, < 1, ¥ BRIMHCAHTH MMCIO € C TOMHOCTBIo Ho 107°
« Tlepexons k npefieny B HepaBpeHCTBe
_ 1\" _ m wn—-1) 1 amr-1)}(n-2) 1
""(l"’n) L TR A 3! wt
n(n—l)...(n-—k+l).i+ n(n—l)...2-l'_l_‘>

toet k! . ni e ¥ n! n"

1 -1 1 1 2 1 1 2 k—1
>1414q (-0 45 (-3) (-5) + -+ (-3) (1‘;);" (-=7)

HpK¥ 7 — 00, NOJY UMM HepaBeHCTBO

11 1
224 g b gyt H =

cnipapeamuBoe npu moGom k. Tak xax B MHoxkecrBe {yir} Her HauGoabUIETO /1€MEHTa, TO NPH
k=n

oy L 1
n = +i+a+---+-m<e,
T. €. 3HaK paBEHCTBa HeBoaMoxkeH. Kpome Toro,
1\ 11 1
xn—(l‘i"’;) <2+§+a+‘--+;§—yn-

Taxum o6pasoM, £, < ¥y, < € u lim 1, =e. Orciona caegyer, uro lim y, =e.

Nlepexons x npeneny B nepaBe;g;Be -
SRS U U,
Ymin = ¥n = m+1)! " (42 (4 m)

< 1 14 1 + 1 n _ 1 n+2 < 1
{(n+1) n+2 (n+22 7)) T (n+) n+1 " n-n!
npH HPUKCHPOBAHHOM 1 M M — OO0, NONY4aeM

;o

0<e—y, < T
n - n!

Oﬁoaﬂaukm 9, -’—f’—", 0 < 6, < 1. Orciona, nony4aeM tpebyeMoe.
ot

Hepa.sencmo 0 <e—yn < 77 <107° cnpabenmuso npu n > 8. Orcona

' | emlbgbatptmba bt g ST

(n)" <nl< (n )"

- nt<el=) .

e 2

« JleBas uacTh HepaBeHCTBA CHpaBel/IuBa Hpu 1 = 1; Mallee, O MHIYKIKK

Lo (n+ l;! ;11!(1z+1) > (%)n(;t+l) - (n:-l)nﬂ (n(;i))ﬁ??" N (n-:l)"“ ,

81. Jloxasats Hepapenctso

n —n—]1 1\ "
Tax xax Hepasenctso (n + 1) (2) (=) > 1 sxeuBanentHo Hepapenctsy (1 + =) < e
(cnpaBeaaHBOCTE NOCHEAHErO CAENYET U3 IpKMepa T7).
-[IpaBas YacTe HepaBeHCTBa CliellyeT U3 Toro, uTo (cM. npuMep 42)

e (130) = ()" e = (5) ke (3)" >

- 82. Joxasats nep‘aBeHcmb‘: : : .

1 1
i a.) —Tl_ <In (1 + ) < —, rge n — mo6oe na'rypanb}{oe qKCHO;
n

6) 1+ a < e®, rme @ — aelicrBuTeabHOE YHUCIHO, OTAHIHOE OT HYJS.



§ 6. Tlpenen MociteoBATENLHOCTH |
a) lorapudmupys nepaseHcrso (cM. mpumep 77)

n n+1
(1) cec (14 1)™,
n n

noayvaem nln (14 2) <lne=1< (n+1)In (1+ 3), orkyna crenyer ngineﬂbrnbfa)f' ey
6) Iokaskem cHavana, yro . !

ﬁ—<ln(1+r)<r,

‘Tae r — moboe paiMOHAJLHOE YHCIO, OTAHYHOE OT Hynd ¥ Goxvuiee —1. Hyc:rb r=
B CHJIy HEPaBEHCTBaA a), NOXyUYaeM

_ _ n+1 n+2 n+m )__
ln(1+r)—ln(l+fn—)—-ln( - F1 nrmo1) =

1 1 :
AVFI DRSS S L
ln(1+n)+n o)t () < e
<1y b1 ml,
n n+4+1 n+m-—1 n !
(l47)> bt b > = NSRS
n r) -|-1 n+2 7 n4m n+m—l+%—l+r’:
OTKYRa cllefyer HepaBeHctso (1) mas r > 0. . i
Ecan xe —1 <11 <0, To, nonarasg —ry =1, 0 <r < 1, umeeM ; et wuas
1 r .Y . c et
=1 ) = — —_ s ! Pl
In14+rm)=In(1-r) lnl—r ln( l—r)’ | ‘
fy —r,T.e - <In(l+m)<n. , s Nl

1+r
Oycrs a — Mpou3BOJLHOE AEHCTBUTENbHOE MMCIO, Golnbliiee —1, OTAMYHOE OT HYJA. Toma
CyUIeCTBYET TaK0o€ pAalfHOHAJBHOEC YHMCJIO T, YTO »
+ —<a<r
2+ . Ll
(Hanpumep, 11060€e pauMOHaTbHOE MHCIO T, COfEpXKaneecs MEXTY neﬁcmnrenbguuu YHCAAMK &

1 Va?+4+«—2). Torna ' ) i
= (TH2 242 YT egy
ln(1+oz)<ln(1+r)._ln( 7 T )_ln(1+2+ )+ln(1+2)< +A‘J&u&)&.

CuaeposarensHo, In(1 + a) <a (a>=1, a#0) u 1+a<e® (> —1 a #0) Ecmna“( -1,7
TO HepaBeHCTBO 1 + a < €® 0uUEeBMIHO, MOITOMY HepaBeHCTBO 1 + a < e® cnpasenamnso Tipu scex

a#0 p
1 . I B Y. if&\&
lim n(an—1>=lna, a>0,

83. loxasats, uro
- 00

rae Ina ects norapudMm uMcia a NpH OCHOBaHMM ¢ = 2,718 . tw
1 DRI RS Y | .
4 U3 HepaBencrBa (l + %)" <e< (1 + nf_ ) HaxoXHM, uto 1 < n (en - 1) < l+” T B ﬁ

i
1, oTKyna

1 !
im n|en—-1)=1. . .
n=—oo o ot e AT

1 In‘a 1 TR A
Tipu a > 1 umeem yy, =n(an --l) —n(e n —l) ——zn(ezn —l)lna r,u;e Zn s:r-;g*--b-l-oq

1 R
npu n — 00. O603HaMMM ary, = (2] (Letast YacTh), Tak UTO apn K Zn < An+1 ¥ a"1+1 << '-&3:;.'
Orclona nony4yaeM HEpaBEHCTBA : i o

1 L
Ina- an(ean+1 - 1) <yn <Ina(on+ l)(can —i‘l), et DR

i A,
—lna(ean+1 ——1) +lna(an+1)(ean+1 - 1) <yn<Iha- an(e% -1) +ina(e“n -
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1
Tak xax nocreXoBaTeILHOCTD (an (e an — 1)) ABJAETCA TMOANOCIENOBATENbHOCTBIO CXONALIENCH

1
MOCAETOBATENLHOCTH (n (e n — 1)) , TO

1 1
lim an(ean —1) = lim n(en —1) =1.

npuueﬂax YTBepxaeHue 1, . 6.3, nonyuaem
4 L
lim y, = lim (lna~an(e°‘n -—l) +lna(e°‘n —-1)) =lha, a> 1.
Ecmxe 0<a<1, 10
1
o \ n <l—bn . .
ST EY = S R SR N GO
, (%);; bn bn

1 1
rneb:;l;>1. A tax xax b7 — 1 u n(b;——l)—dnbnpnn—»oo,'ro

lim yn=—lnb=—ln%=lna, 0<a<lp

T OO

84. Ioabsysice TeopeMoil 0 cynecTBoBaHuK Tpeflela MOHOTOHHON M OrPaHHUYEHHOMN MOCIENo-
BATEABLHOCTH, OKA3aTh CXOMWMOCTE TIOCIENOBATENLHOCTH (T ), T/E

e (142) (+2) o ().

z 1
o Umeem -—fji =1+ 537 > 1, crenoBaTelbHO, NOCIEAOBATENBHOCTE BO3PACTALT.
n
OrpaHM4eHHOCTD CllelyeT U3 HEpaBeHCTB

' 1
1nz,.=1n(1+5) +]n(1+i)+...+ln(l+2—1n—)<
1 1 1 1 1 1 1 1

Taxium oBpa3zom, NOCIENOBATENLHOCTh, COTAACHO YTBepKaeHUIO 2, . 6.3, cxomuTca. P
Hoasayscy xpurepuem Kouiu, gokasarh CXOXMMOCTL CHENYIOUMX NOCIEIOBATEIbHOCTER (zr),
rge:
, sinl  sin2 sin n
‘85373— 2 +7++_2'T’ nEN.
« IIycrs Ve > 0. Torpga

_Isin{n4+1)  sin(n +2) sin(n + p)
IT”+P - 1:", = om+1 ont? + ... 211—+p b
|sin(n + 1)} | |sin(r 4 2)| | sin{n 4 p)|
< ontl + ont2 + - +_—27{-'+p_<
1 1 1 s 1
s _ 2n+l —-
S tegmt o tymto= = <e
3
pH n > —1og, € M BCEX HATYPaNLHHX p. P
Y ’ 1! cos2! cos n!
. 86. . Sy Lose g s i
s 7.3 T -i-n(n—’f-l)’nGN

. <« lna npousBoabHoTo € > 0 K NpU BCEX HATYPalNbHHIX P HMeeM

cos(n 4 1)! cos(n + 2)! cos(n + p)!

.. <
(n+p)n+p+1)|

lzb“’ ‘. Zn| : (n+ l)(n +2)  (n+2)n+3)
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1 1 1
< P = aaewmil
S (n4+1)n+2) +(n+2)(n+3) + (n+p)(n+p+1) *
1 1 1 1 1 1 1 1 . o
= - ~ - = - : @
n-41 n+2+n+2 n+3+ +n+p n+p+1 n+1 'n+p+l<n.-i-1<

\{n>§—1=N(e). >

87. IocnenosatensHocTs (*n) MMeeT OrpaHMYEHHOE H3MEHEHHE, €CIIH CYIEeCTBYeT Tako# Ti-
CIo ¢, 41O N
|12—x1{+|13—x2|+. +|xn—xn_1|<c n €N. ‘ T
JokasaThk, YTO HOCIENOBATENBHOCTH C OTPAHWYEHHEIM W3MEHEHHEM CXOONTCS. N
IloctponTs npMMep CxomAmeics nocneqoBaTeIbHOCTH, He HMelowei orpanm{enﬂoro nameies
HUSL.
4 U3 ycioBus BHTEKaeT, UTo MOCIENOBATENLHOCTD {yn), THE
Yn = |T2 — 1| +|za — 22| + ... +|Tn — Tn_1], - Coround

cxonmrcs (kak OTPaHHMEHHas M MOHOTOHHO Boapactaiomas). [lanee, Tak Kak (yn) — CXORAAIIASCE

nocaenoBaT€IbHOCTL, TO
LTI

ll'n+p bl Inl = Ixn+1 —Tn +Tn-2—~Fn-t+ ... +Tnip — xn+p—1l < o
< Ixn+1 - xnl + Ixn-—2 - xn—ll + ... + Ixn+p - zn+p—l| = Iyn+p‘_ ?n‘f <eg

npu n > N(e) Vp > 0, 1. e. nOCAENOBATEILHOCTL (Tn) CXOANTCS. -
O4eBHIHO, ROCAEAOBATENLHOCTD o

[SEYN RN
1—(-1)" :
Tp = ._.g.___l_.’ n e N, .
2n
CXOIMTCS; OMHAKO OHa He MMEET OTPAHMMEHHOTo W3MeHeHHU A, TaK xak npu mobom A > 0 Hepa!ie}!-

CTBO

2 2 2 L
72 — 21 + |23 = 22| + .o Flo2n — 22| =1+ 342+ F gy 1>1+ + +. J+n
1 1 1 2 3 4 n+l ‘
o (14 3)+n (14 3)+ o4t (14 1) = (33 ___)= 1)> A
>In(141)+In l+2 +In l~+—3 +...4In 1+n In T°5°3 " ln(u+ )>A

CHpaBelWBO Ipu 1 > e — 1. p

88. Hom,aysxa, xpurepueM Komm, moxasarts pacxonnmocn nocnenonaTenbnocreu (xn)

a)xn-—-l-i- + . +%, n €N; 6)x"=1n2+ﬁ+ Tt n €N,
< IIycTh € — npousBoLHOE MKCIO U3 WHTepBana |0, = 7L e
a) ITockoabky . 1
1 1 1 : -
|$n+p —_ Inl = > P > ‘!,5 o

n+l+n+2+”'+n+p n+p’
anpup=n

e

1
Ixn+p —xnl > 5 > €
OAd BCEX 1, TO MOCIHEA0BATEIBLHOCTDH pacxoamrcH.

6) PacxogMMoCTh ROCHEA0BATENLHOCTH CIEAYET M3 TOTO, YTO

LSS PO. R PO S S S |
In(n+1) " In(n+2)" " " lnfrdp)  In(nd+p) ntp 2

[£ntp — Tn| = npu n=p. b

: T

89. Jloxasars, uTo cxogamasnci NOCAENOBATENLHOCTL OCTHTaeT NHGO CBOSIH TOUHON BepXHek
Tpanu, IMBO CBOEH TOMHON HUIXKHeW TpaHH, mubo Tol u apyrou. IlpuBecru mpuMmepn: mocnedonas
TEALHOCTER BCEX TPEX THIOB.

|
<« llycts lim %, == a. Ilpennonoxum, uto zn < a (5, > a) Vn € N, 'Torga cymeCTBye'r HaM-

1 OO
MeHp1IK#K (HauBONbIINKI) 3]IEMEHT NMOCIEN0BATENLHOCTH, KOTOPEIHN GyleT TouHOH HMKHeH (Bepxxen)a
rpaHbio. Ecin NocneqoBaTeNbHOCTL CONEPIKHMT BJIEMEHTH KaK MEHbUIME a, Tak M 66ablIde o HAH
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Hexoropme 9JIEMEHTHI, paBHBI€ a, TO BO BCeX JTUX CAyYadX NOCIECAOBATENIBHOCTH MMEET KaK “HaM-
uensnmn, Tak M Hau6om,m}m 3NEMEHTHI, T. €. MOCTUTraeT CBOUX TO‘—I}{OM }mm}{eu M TOUYHOM BerHeM
rpaneir. - :

Hp}meneM npMMepH MOCHEN0BaTENLHOCTEN BCeX TPeX TUIIOB:

) (@) = (%37), 21 =0=inf{zn}; 2) (zn) = (}), 1 =1=sup{zn};
3) (zn) = ( (=07 ") , 21 =—1=inf{z,}, 72 = = = sup{z.}. »
Haiiti HauGonbmuii YaeH nocneloBaTeNAbHOCTH (Tn), €CHM:

o n2

I3 90. Ty = 5;

4 YcroBumca HaubonbIIUIA HileH MOCHeN0BATEALHOCTH (Z5) 0603HaYaTh CHMBONIOM MaXT,. U3
HepaBENCTBa

’ ﬂ=1(1+l)2<1
Tn 2 n ’

NI

CNpABENINBOro OpM % > 2, BHTEKAET, YTO IOCAENOBATENBHOCTS (L) MOHOTOHHO yGrBaeT. Ilosro-
My HauGONBUIMI YNEeH COEPIKUTCI CPelH BIeMEHTOB T, T2, T3. Haxomum, 4To

9
maxzy, =23 = —. P

8
1000™
91. Ty = - .
: n!
o Tak xax f:i 1'10:(1), TO HmpMd n > 999 mocieloBaTEeAbHOCTh MOHOTOHHO yOHIBaeT, a mpH
n < 999 — Bospacraer. CreloBaTeabHo,
10001000 452
maxzn =2 = ———x249-1077°. »
n 1000 1000! h)

- Jns nocxegoBarensHoCTH (z,) waitrk inf{z,}, sup{zn}, lim z, ¥ lLm z,, ecau:
. ) n—oco n—oo

92. o, = (-1)""! (2 + %)

- P .
< THK KaK BCe BAEMEHTH IOCHENOBATEABHOCTH (ln) cofeprKaTCd B NMOCACNOBATEIABHOCTAX

3
:l:aﬁ..l = 24 2ﬂ_1, Ton = —2 — 57 U T2n < Ton—1, MPUYEM IOCHENIOBATEABHOCTD (Z2n—1) MO-

Horom!o y6biBaeT, a MOCIEIOBATEABHOCTE (127\) BO3pacTaeT, TO

z; =sup{z,} =35, hm Tp= lim z2p-1 =2,
n—od
. z2 =1nf{zn}=-—§, _lgm__zn=nhm Top = —2. P
n—oo —_ 00
nr
93 :c,.—1+ +1COS—2—.

o KueeM Tan—2 < Tan—1 < Tan, NpHUeM (T4,_2) yOHBaeT, a (T4n) BospacTaer. [losromy

inf{z,} = hm Tn = hm Tan—2 = lim (1 - M) =0,

n—00 4n -1

sup{za} = hm Tn = hm Tan = n].LII;o (1 + 1 43_ 1) =2. »

Haum dim z, u Tm zn, ecnu:

ﬂ—FOO T vamb OO
2
27
94. 1, = —— cos 22,
] "T 14 n2 3
4 Tax xax Tsn—2 < Tan—1 < T3n U B TOCHEAOBATEALHOCTH (ZTan—2), (Tan—1) ¥ (T3n) CXORATCA,
., o

—(3n — 2)? 1

im ©» = lim z3n—2 = lim —L——z__

i ’ = n ot 3n~2 nes00 2(1 + (3n _ 2)2) 2)

3n
T zn = lim z3, = lim ——(—)———= S

Tyor 2D n—oo n—oo 1 + (37&)2
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n .
95. z,, = ( l) (=1)" +sin 2T O S TR Tes 2 T T
4 L e SGLHAHSM
4 Brigenas us Bcex 4neHOB NaHHOU MOCHeNoBaTEALHOCTH BOCEMb nonnocnenonarenbxqmﬁm
N RO F AL T N uh{'}h
(1:8""1): . o P s
. . "'V‘I'r\-:\i .
nerko y6eqUMTLC, YTO HaMMEHLWIUH M HaubGoabIMMI YacTUYHEIE npenenm M;Mex)'r qoorne’rctxexno
MONMOCAEIOBaTENFHOCTH : b e (&
1 8n—3 1 1 Bn—6 il o0 U hﬁ :
Tans = (1 b ) -2, zeas= (1 e ) +1.
8n — 3 3 8n—6 SN 3¢}
TTosTOoMy : s ”‘". )
1 8n—3 1 g o sH
lim z, = lim zgn—3 = lim -—(1+-——————) —_—— ] = —e - ==, .
Ames | neoo n—+00 8n —3 \/E '\/E’ '
T 1 8n—6 it B SR P ST ¢4 30 ]
lim zn = lim zgn—6 = lim (1+—-—) +1])=e+1.p - 7 e
n—0c0 n—0o n—00 8n—6 e ol
96. z, = — sin? 2~
o n+1 4

4 UmeeM z4n < Tan—3 < Tan—1 < Tan~2, OTKYHA h

. . 4n—2 ' :
lim zn, = lim z4, =0, &m z,= hm Tan—z = lim —t zl. | WESPPRLA
n—oo n—0o n—oo n—00 4n - 1

. s - 2 S g

HaﬁTu ‘{aCTM‘{}{LIe Tpeaebl:

1 3 1 7 1 2"—1
97. ) , )
2 2 LRy om »
« 113 uneHOB MaHUOM NOCIEIOBATENBMOCTH COCTABUMM nne CXOXAUKHECH nonnocnegom}xew
= n_ . n
inzz—ln-uin=22nl.l/lxnpenenm hmzn._hmz,,—ﬂ lim % lim -;,,—1-=16ym
L= 00 = OO n-—»oo R
YaCTMYHBIMM Npefie]aMM, A : SR

Tax kak Bce Apyrue cxopsuiuecs nonnocnenoBaTenL}{ocru BXOQAT B cocran oTHX nnyx,k T0 ApY-
THMX YaCTM4YHBIX IIpe/leNoB HeT. b i
1 1 1
98. 1, 31+ 3 1+§,
1 1 1 1
ERERE) =y T
n n—1 n n+1l ] ]
« YneHnnl maHHOM NOCIel0BaTeILHOCTH COCTABASIOT CXONSIHECS MOAMOCIEN0BATENFHOCTH Tn =
]; M Thp = l + L—in- (k, n € N), xoTophle MMEIOT COOTBETCTBEHHO Iipeneist 0, % (k € N). b
1 21 2 31 2 3 4
99.

b

'1’ 1 = | 'nlnsﬁ-
RSN

1
+ Fe 'mmﬁfm

+

L
o =
'Ulln-

+

L
=
N

L1
3?

v
e

A

2334445555"' S e et \v:e
4 OuepupHo, BCe paloHaneHble uucha r (0 < r < 1) gBagOTCA t{.uemmmx nam{mh focne-

HoBaTeABHOCTH. IlycTh o — moGoe MelicTBUTeNbHOE YMCIO Takoe, 4To 0 < a'<1: 'rom ﬁpu
OOCTAaTO4YHO GONBUIOM HAaTypalbHOM M HepaBEHCTBO ;

P S
} i

1
a+n+m

crnpaBefaMBo NpH Bcex n € N.

JIns xa’>kmoro HaTYpanAbHOro 4YMCHAa n CPely 4l1eHOB HaHHOH nocnenonarensnmtwmaﬁdsrc:
TaKOoe palfMOHaJdbHO€ YUCIO Trn, YTO

N
a<l T, <a+ . :
n+m . . P s 7;’:»
Orciona cnenyer, uro lim rn = o, T. . @ — YacTHYHEI npefien. AHaJOTHYHO PaccMaTpuBaeTéi

n—o0

cayuai, ecim 0 <a 1. » . -

100. Hocrpours HHMCIOBYIO NIOC/ENIOBATENFHOCTD, MEOIIYIO B KaU€CTBe CBOMX YaCTHHHX
npefeNoB NaHHBIE YUCTa:

ai, az, ..., ap.
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. 1 —

. 4, 0O6o3nauuM Tin = ax + —, k =1, p, n € N, Tax kak nmocnegoBaTeAbHOCTH Tkn CXORATCH
K wucaaMm ax, k € N, To uckomon nocnenonaTem,}{ocn,m MOKeT OBITH, }{anpuMep, nocaenoBaTeib-
HOCTH

: 1 1 1 1 .
a1.-0'-1,a2+1,...,a,,+1,a1+—,az+—,...,a,,+— ., a1+ ,a2+ ...,’ap+;;-,...,

50
COCTaBJIeHHas U3 WIEHOB NOCHENOBAaTENbHOCTEH (Tkn), kK €N. »

101. ITocTpouTE YMCIAOBYIO MOCIEAOBATENBHOCTD, A KOTOPOH BCE “WIEHBI nauHoit mocreno-
BaTENbHOCTH
ay, @2, vy An, ...
ABIAIOTCH ee YaCTHYHBIMY Npefenamu. Kakye eme vactuuHble mpefennt 0643aTeIbHO HMEET faHHad
MOCJIENOBATEABHOCTD?
-« U3 uneHoB nociaenoBaTenbHOCTER T, = dn, Tkn = Gk + nlﬂ (n, k € N) cocraBuM mocneno-
BaTeNBbHOCTH C WIEHAMHU

1 1 1 1 1 1
- az, al+§, az, a1+§, az+§, as, al-l-z, az+z, aa+z, g, ...,

KOTOpast MMeeT CBOMMY YAaCTMYHBLIMHM IpefienaMu: 1) mpefiensl mocaenoBaTeNbHOCTEM (zkn), T. €.
YJIEHB HOCHENOBATENLHOCTH (dn) ¥ 2) YaCTHYHBIE MPEAeNHl IOCHEA0BATEALHOCTH (dr ). P

102. Tocrpouts mocaegoBaTeTEHOCTE:

3) He UMEIOIMYI0 KOHEYHBIX YaCTUYHHIX IIPpEACIOB;

6) MMEeoNLYo eAUHCTBEHHE KOHEYHEBIH YaCTHYHEIA IIpeflel, HO He SBAAIOIYIOCS CXORAeiics;
B) MMeIOIIYI0 6€CKOHEYHOE MHOKECTBO YaCTHYHHIX IPEAENOB;

) MMEIOIYIO B Ka4eCTBE CBOET0 HacTHYHOIO Mpefiena Kaxjoe AeHCTBUTENFHOE YHCIIO.

4 a) Hanmpumep, z, = n.

6) Mycts (zn) — MoCHEROBaTEAbHOCTD, CTPEMSIAICS K KOHEYHOMY NIpefieny @, (¥n) — Gecko-
HevHo GoJXhiast THOCHEe0BAaTENLHOCTD; TOTJla TOCHENO0BATEABHOCTD L1, ¥1, £2, ¥2, -++s%n, Yn, - .-
ABAKETCS pacxofdlleiicd M UMeeT eMUHCTBEHHBIN KOHEYHBIM YaCTUYHELA Ipenes a.

. B} Ilpnmepsr 99 u 100.

r) locrpoum mocnenoBaTenbHOCTS, COfEPKAMYIO BCce pallMOHa/IbHbIE YMCIa :I:p e puqg—
HaTypalbHEle YMCHa:

1-11.‘_1112 23_23 3 1 1_13_2
T2 273 373 372 221 174 77w nlal o oall ,
n—1 n—1 n _n n non o n
oo n "n—-1 n—-1""2" 221 17

Tor daxT, uro moboe MeNCTBUTEIFHOE YUCIO ABAAETCS YaCTHYHHM NpefeloM, f0Ka3bIBaeTCI aHa-
JOTMYHO pelleHHIo npuMepa 99. »

103. [oxasars, uro mocuenoBatensHocTH (Tn) U (Yn) = (zn{‘/ﬁ) MMeIOT OfHU M Te Xe
YaCTUYHBIE TIPEMENH.

.4 Tak xax im ¥n = 1 (cu. mpumep 75), To hm Pr/pn = 1, rie (pn) — mpousBONBHAR

n—0c0
TIOXITOCJI€NOBAaTENBPHOCTh pAla HaTypaJdbHHX YMCE.

Ilycts @ — uwacTuuHmIMi npefen mocaefoBaTeabHOCTH (z,) M Hm z,, = . Torgma, mpumeHss
p n Pn
oo

TeopeMy O MpefeNnbHOM Mepexofie B MPOU3BEACHUH, HaXOIUM
lim y,, = lim zp, P2/pr = lim zp, lim P¢/pn = a,
n—oo n—o0 n—0 n—00

T..€, O — MaCTMYHEI Npefled NMOCAe0BATENLHOCTH (Yn ).
Hycrs Tenepy f — wacTHuHEIT Mpefen nocnenonaTenL}{ocru (yn) m hm Y. = B. Tlockoasky

1
Yn > 0, To onpenenena MONIOCAEAOBATENBHOCTD (T5) = (yn n n), a CIeIOBaTENBLHO, U TIGHIOC -
. L .
ROBATEMLHOCTS (Tqn) = (yqn(qn) 9n ), KOTOpas MMeeT CBOMM TpPefenoM Yuciao 3. »

-104. [lycrs mocmepoBaTenbHocTs (n) cxomurcs, a TOCAENOBATENBHOCTS (yn) PacXOmUTCS.
Yro MOKHO yTBepX[IaTh 0 CXOAMMOCTH IOCIEA0BaTEIbHOCTEN:

8) (Tn+1Yn); 6) (Tnyn)?
-IIpuBectu coorBeTcTByIOmME NpUMepH (A cayyad 6)).
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« a) TocnepoBareasHoCTh (Trn + Yn) pacxopurcd. Ecau GBI OHa CXONMIACE, To CXomHIachy
66l ¥ pasHOCTH TocAeloBaTedbHOCTEH (zn) M (Zn + yn). Ho sT0 HeBO3MOXKHO B cuay 'mm, v ]
(zn — (zn +yn)) = —(yn) a (yn) — pacxopuTcs. Curwg

6) [ocnenoBaTeIbHOCTH MOXKET KaK CXOAMTHCS, TaK U PaCXONUTHCA. Hampumep: -

1) mocaeRoBaTeabHOCTE (Tn) = (-11;) CXOMMTCH, a TOCHENOBATENLHOCT (¥n) = ((—1)™) pacxo—

s

AWTCA, OHAKQ UX TPOM3BENEHUE (ZTnyYn) = (t%£> o6pasyeT CXONAIYIOCK nocnenén‘ér"r‘énbig‘éc‘"l‘s,

T Larf
2) HOCAEefOBATEABHOCTD (Tn) = (ﬁf) cxopuTcd, a (yn) = (L_T?TE) PACXOIUTCS; HX MPOHIBE~
n,.2
neHue (Tnyn) = (%-H%) TOXe pacXofuTICd. P
105. oxasars, uto: . -
a) lim z,+ hm Yo € lim (zn+yn) < lim z, + Lim yn; S i
n—00 n—o n—oo n—oo . . .

6) lim , + hm 1 Yn € lim (zn +yn) € lim z, + lm yn.
n—00 n—o 11— 00 n—oo

IIpuBecTrt npuMep, KOTZla B 9TMX COOTHOWIEHMAX MMEIOT MECTO CTPOrHe HepaBEHCTBa.

Bameuanue. Eciu na mocreRoBaTeNbHOCTH (Ty,) BEIEINTE HEKOTOPYIO HORIOCHENOBATEMLHOCTE (T, )

TO .

lim zp, € _lim =z,

— 00 n—oo . TR L

4 a) [Tockonbky HMXKHHMA Ipefen NoCnelloBaTeAbHOCTH ABISETCS ee TpefeabHOH Toqkoi&\ i‘o

lim (z, + y») = lm (zr, +yr,), lLm z,, = hm 0 Ty,
n—00 n—od n—o

B cuny samevanus, umeem

lim z,+ lim gy, < ].un zr, + im y, = lim zm, + lim y,, < lim 24y, + lim ym
n—co n—00 n—+00 oo

TL— OO n—o n—oo

Hanee, 10CKOABKY (Tm,, +Ym,, ) ABASETCS IOMIIOCAEAOBATEALHOCTHIO CXORALLeH nocneﬂona’fem»-
HocTd (Tr, + Yr, ), TO L
hm (zrn + y"n) = hm (Imrn + ymrn)' oo,

A Tax kKak, KpoMe TOTO, MOCHENOBATEALHOCTD (zm,n) CXOMTCS, TO U nocnenonarenbxoﬂb (y,m 3]
Tak)Ke CXOMUTCA, TaK YTO -
lim Ym,, = lim Ymrp
NnN—=>0

n—00
U IMONYYCHHOE HEPABECHCTBO MOJXKHO II€peEMUCaThL B BUIE

i."ul

bm zn,+ lim yu € lim zp,, + M gm, hm (zmr +Ym,, ) = hm (x,. +yn).‘,, W
L— 00 n— 00

11— 00 n—o0

JleBas 4acTh HEPABEHCTBa a) A0Ka3aHa. YUMTHIBas 5TO M TOT (akT, UTO

lim (—yn) = — lim yn,
n—od

=00

ToITy4aeMm
nlLII;O(In + y'n) —Ji_{nooyn =’}Enm($n + yn) +nh—>m ( yn) ((-Tn + yn) + ( y'n)) Wl&% “ﬂ‘f“?f

Orciona BETeKaeT MpaBas 4acTh HepaBEHCTBa a).
HepapeHcTBO 6) MOKa3EIBA€TCS aHAJOTMYHO.
ITocTpoym npumep, KOTAA B JaHHHX COOTHOIIEHHAX UMEIOT MECTO CTporMe HepaBeHCTBa Hye‘w

n(n+1) " n(n41)
Tn=(=1)"2 sin® 1—;1, Yn=(=1)" 2 cos’ %Zr-, n €N, ’

»

n{n+1) ’
Torga tn +yn =(-1)" 2 u : pAT e p

lim z,=-1, lim g, =1, lim y, = -1, lim y, =1, lim (zn+yn)‘——; -1, hm (z,.+y¢;)§fz1 b
n—oco —00

17— 00 n—0o0 n—00

106. Tycrs 2, 20 u yn 20, n € N. JJoxasars: et
a) him zn- lim y, < ].un (znyn) < lim zn - lim yn; T TRt Bt
n— o

n—oo n—oo n—co
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6) hm Tn: hm y,. hm (z,.y,.) hm Tn* hm L Yn.

’ ﬂpnndtrn npnuep, xorna B 3TUX coon{ome}msx uMexor MecTo CTpOrue HepaBeHCTBa.

« Jloxaxem ciyuait a) (cnyqau 6) MokasbIBaeTCs aHANOTHYHO).
Ecan £, =0, n € N, man lim z, = 0, o cootnomenue a) oueBufHo. OcTaercs paccMorpers

N0

cny'uﬁ XOTH& hm Zn > 0. Torga z, > 0, HauMHadg ¢ HEKOTOPOro HOMEpa.

AT S N

Honbsyscs 3ameqauueM B npuMepe 105 u o6o3HaYeHUIMH

n—r oo

im (zoy,) = lim (zr,9r.), ]Jm Ty, = lim Zpm, ,
n—00 ) n-—oco

N~ 00

#%zn' lim y, € lim z,, - lim g, = im zm, -lim y,, < lim z4n,, - im ym,
- () Tb e OO N~ 00 n—rO00 N0 T — 00

Nocxoasky (zm,,Ym,,) — MORIMOCAENOBATENEHOCTL CXONAILIENHCS NMOCKENOBATENLHOCTH (Zr,Yr, ),
T0
_l_il_ﬂ_($ﬂyn) = ]jm (z"n y"n) = ﬂ]'ing'o(zmrn ymrn )

A Tax xax MOAMOCHENOBATENLHOCTD (zm, } cXOOMTCA K OTAMYUOMY OT UYNd Mpefieny, TO MOANOCHe-
MOBATENBHOCTD (Ym,, ) TakXKe CXOOMTCH, T. €. lim ¥m,, = lim ym,, . CrexoBaTeanHo,
=3 N~ 00

lim z, - lim y.g hm Tmg, - M ym, = im (zm,, Ym,,)=_lim (z.yn).
T2 = OO L= 00 n—od

- 00 fi—~oo

“*“TakiM 06pa3oM, JieBas 4acTh HepaBeucTBa a) Hokasana. Ecmu Jim L yn = 0, TO MpaBast HacTh

HepaBeHCTBa a) ot{enunua, u6o B TakoM ciy4ae lim y, =0, a noaToMy hm (znyn) 0. Iycrs

n—00
1
hm y[\ >0 Torna, COTJIACHO JOKa3aHHOMY M TOMY, 4To lim L" = =em=—, NONY4AEM HepaBeH-
n—00
<FRO, ... ~1 1 1
ST ?— lim (znyn) = — - lim (znyn) < lim (—(z,.y,.)) = lim zn,
m yn n—® oo Yn n—oo0 n—=00 \ Yn B0
s . )

N

ua moporo clieflyeT mpaBaf 4acTh HEPABEHCTBA a).
IIpusenem npumep, Korfa B [aHHEIX COOTHOMIEHUIX UMEIOT MECTO CTPOrHe HepaBeHcTBa. [ycTs

T

A Tn= 24 (=1, ga=2-(=1)"+3(-1)

SRR

n(n+l)

n(n+l)

Toma Zngn =3+ BT (-

diman =1, T za=3, lim y,.=l, limy,,:%,

n-eo o Tt OO n—o0

[+

3 —
m (Tnyn) = 3 im (znyn) = ?- >

n—=oo n—od 2

[ 1“7 Hoxaaa'rs, YTO ecin 11m T, CYL[ECTBYET, TO KakoBa 6b MM 6BLIa MOCIEROBATENLHOCTD
(va)ﬁ nony‘mm :
RIUDIRE Em (2n + yn) = lim z, 4 lLm yn.
7 - OO n=—rod Nn—=o0o
- 4 WmeeM (cm. mpumep 105) :
lm (Zn +yn) 2 lim z,+ 0m yn, Hm (2n+ys) < Im z, 4+ Gm yn.
s OO 1w OO = OO n— 00 n—00 L= OO

Mockoarky lim zn, = lim £, = lim Typ, TO B MPeNEIAYLIMX COOTHOUIEHMIX BO3MOXKEH TOABKO
n - 00 Nn=—00 =00

343K, PABENCTBA. P
108, ; Hoxasats, 4ro ecim mas HekoTopoil mocaenoBaTensMocTH (Z,), KakoBa O Me 6hna
HOCJICROBlTeJILHOCTb (yn), MMeeT MECTO IO MeUbIEH i MEpe OfIHO M3 PAaBEUCIB:
e ()T;Fx'n—(t,. 4yn) = Lm z,+ Om ys wix 6) Lm (2n¥s) = Lm Zn- hm yn, zn 2 0,
¥~ do . neoco n-—o00 n—o00 n—oo n—oo
TO NMOCAEKOBATENBHOCTD (Tn) — CXOMAIAACS.
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< Ilycre ycaosue a) sHIMONHEHO, (yn) — mo6as nocnenonarenbhbcn Hyn = = 9% p’ ! W" w3

YCIOBUS a) clefyeT " L
POVET ¢ B MO BT ;

lm z, + lim (~z,) = ]jm Tn— hm Tn = hm’(mn -—m.)1=7«0 Tt A ):!
n—0o0 nN—00
i : Sl gl dEEERD
orkyAa lim z, = lim z,, 7. e lim z, cymecrsyer. Ilpu BIIOIHEHHH yc:mnusx 6) nmg?neus
n—00 n—oo T— 00 ]" atr . " ,;,-m'
yn = —1. Torpa us 6) smITekaer, 4TO hm —zn) = — hm L T, MM hm Tn = llm Tn ¥ cuom
Ne—-00 00 =3

y6exgaeMcsa B CYIIeCTBOBAaHUHU Ipefena nocnenOBaTenLHOCTM (zn). »

109. Hokasars, uto ecnu z,, > 0 u o

lim z, - lim — =1, B o
T OO n—+c0o Ty T
B R T FIRTO Rt 1) |
TO NMOCHEA0BATENBHOCTE (Tpn) — CXOAAL[AsACH. ' ’ oF
1 ——— . )
4 U3 yciopua mpumepa u roro, yro lim — = ——— puITexaer, uro lim zn = lim #4;
n—oo ¥n Am_ En =00 e Y
n—o00 -
T. e. (Tn) — CXOEAmadACS NOCAENOBATEALHOCTE. P - S A

110. [lokasaTs, 4To ecian MOCIENOBATEIFHOCTD (zn) orpauuveHam © . ¢

im (Tn41 — 2n) =0, P .
n—0o ) -

TO YaCTHYHHIE TPEJIEIHI 5TOH IOCTEA0BATENBHOCTH PACIIOIO0KEHE! BCIOTY 1 TIOTHO Mexc);y ee Wl
¥ BEPXHUM IpENETaMHu:

I=lim z, u L= Im z,, TS R N humqsm

=00 n—0o [
T. e. mioboe yuco u3 oTpeska [!, L) apadercsa 4acTHHHBIM IMpenenoM TaHHOK r[ocnenonarenb‘i&&ﬁ-

« Toxaxem, uro mo6as Touka @, mpuHamjexamas unrepsany JI, L[ sBaserca tucru‘-lm
DpefeIoM MOCIENOBAaTEALHOCTH (Tn), T. €. MOKaXxxeM, UTo mobas e~oxpecn{ocﬂ> TOY:
6eCKOHEYHOE YHCIO 2TEMEHTOB HOCIEN0BaTENbHOCTH (T5). ‘

Ilycrey € > 0 — Takoe MPOU3BONBEHOE (PUKCHPOBAHHOE YUCIO, YTO E—okpecrnocm ‘roiiex 1, an L
He UMeIOT 06myX To4ex. (JoriacHO yCIOBMIO, CyIECTBYET Takoe uucio N (e), trx‘ci At rﬁ‘!ﬁf*’*‘f 2&’
npu n > N(e). , s trmguans 1

Tlockoapky { — wacTH4HBIN Npefied, To B €—OKPECTHOCTU TOUKH [ Haunercs IAEMEHT TpyyC .
MHAEKCOM p; GOABIUNM, YeM N(z-:). ITo ToOii ke mMpUYMHE B £~OKPECTHOCTH TOUKH L cyqnecu_ye‘r
AMEMEHT T4, C MHAECKCOM ¢ GGIbIIMM, YeM p1. A Tak Kak PaCCTOSHME MEXNY COCERHHMM dIeMeH-
TamMy TIpU 1 > N(e) MeHbie 2e, TO CpeAM HaTypaAbHBEIX UMCEN T, XA KOTOpHIX p1 < 8 < [}
CYIIECTBYET XOTS GBI OHO TaKO€ YMCIO T1, YTO BIEMEHT Ty, TPUHAIEKUT s—oxpecmbMM
a.

lanee, cyllecTBYeT 94EMEHT Zp, C MHAEKCOM Pz GOMBIIMM, YeM ql, M TaKoi, MTO ki npm
TeKHUT €-OKPECTHOCTH TOMKH I. ChemoBaTensHO, CpeIM HOMEPOB %, IJA KOTOPHX ¢ < n <. qz,
Hal{leTCA Takoil HOMEP T2, YTQ IJAEMEHT Tr, MPUHANJIEKHUT £- OKpEeCTHOCTH 'ro‘{lcu 8, HPW&!
5TOT TMpolecc Ko GeCKOHewHOCTH, yGexaaeMcsd B CylIeCTBOBaHHM 6eckonetmoro tmcmx JIEMEH
MOCAE0BATEABHOCTH (Z 1, ), NPUHATIEKAMMUX E—OKPECTHOCTH TOYKM a. CnenoBaTenh‘xﬁ,\W‘ﬁﬂ xﬁd)
TelbHAf TOYKA, a TaK KaK ¢ — IPOM3BONLHas To4Yka MHTepBaia |, L[ To Tpe6yemoe y'rnep/:une)me
OoKa3aHa. P

111. Oycrs uncnopas mocmenoraTenbHOCTE (2n) yMOBNETROPAET YCHOBUB 0K TiiH & &in +

. Tn
Zn, m, n € N. [lokasats, uto lim =— cymecryerT. ) o
n—oco N N - o . %

4 Umeem 0Lrn <y +14+ ... 421 =0z, ng—nﬁ<zl, n=23

f'%‘\‘{.)v‘n:]

n

CIEe0BATENBHO, TOCTEN0BATENLHOCTD (En—) orpaHM4eHa ¥ CyLIECTBYET KOHeqHax“Td‘lhaiW
I‘paHL o = inf { ZTn } IIycte € > 0 — mpoussoarioe, TOrga cymecrnye'r* 'mktm Mp*%ﬂlﬁﬁ

o ™ <o +Z RTSE N "‘ﬂiﬁﬂfiﬁi&%’mﬁﬂﬂ
Bczxoe uenoe YHMCIO0 1 MOXKeT OBITH HPENCTaBAEHO B BUJIE n= gmt 7, rne i 'pémm bgifbdf W3
yucem: 0, 1, 2, , m— 1. [lonaras pas Goxsurero enm{ooﬁpaaua zo =0, uM“ee,M B 17 i LY

Tnzzqm+rsxm+zm+ o+ Tm T = ¢Zm + Ty,
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. Zn _ Zgmir §Em ATy Tm o _gm | Zr
n ogm+r - gmr m qm+r ’
‘ z.,
a<—<(a+5) Tt T <at o+ I
n 2/ gm+r n

Hocronsxy 0 < r < m+1, T0 7, orpaHMUeHO U CylecTBYeT Takoe yMciao N(e), uto npu n > N(e)

Zy €
0 =< =
n <2

Afornaagfnﬁ<cv+§+ =a+e npu n > N(e), Tak uTo h1 —n'-‘-=a.>

13%2. Moxasars teopemy Temmmua: nyems 1) Par > 0; 2) ZP"" =1;3) lim P =0
n-—0o

k=1

npu xardom dmxcuposauuo.u k; 4) lim zo = a. Toeda nocacdosamensnocme ¢ yAeHamu tn, =
n— oo

E Purzk czxodumes u lim t, = a.
n—oo
k=1
«¢ M3 ycrosus 4) BEHITeKaeT cyumiecTBoBaHMe Takoro yMcia N = N(e), uro HepaBeHCTBO

3
|Tn—a|<§

BHMOAMsieTCH AN Bcex n > N(e); maiee, U3 3TOro ke yCIOBUSA BHITEKaeT CyLU[ECTBOBaHME TaKOTO
yucaa M > 0, yto

lzn] <M, |zan—a] <2M

nas Bcex n. Hakowey, us ycmosust 3) crefyer cymecTsoBaHuE TakOro 4ucia nmo = fo(e) > N, uro

Pnk<4NM, k=1, N,

DJIs BCEX 1 > no.
-Tloab3ysch sTMMH HepaBeHCTBaM¥ U YCIHOBHSMY 1)—2) TeopeMBl, nonydaeM

iPnkz;,. —— al = En:Pnkzk - En:Pnka = iPnk(zk —a)| £ ipnklfk —-al=
k=1 k=1 k=1 k=1 k=1

= ‘P.n1|1:1>_a'+P112|T2 - a{+ +P‘an-TN_ a‘+PnN+1‘-TN+1 —a|+ +Pnn|1n‘“a{ <
’ € € e €
<N . —— . 2M + Z(P, ...+ P s+ =
x INM +2( nN+1+ + nn)<2+2 [
n
B4 BCEX m > o, T. €. lim tp= lim Y Puzr =a. »
n—oo T = OO k=1
113. a) JoxasaTe uro echm mocHENOBATENBHOCTD {zn) cxopuTCH, TO MOCHENOBATENBHOCTDH
_cpegHuX apupmerndeckux (£n), rae
1
En = ;(1:1 +z24+ ... +zn),

TakxKe cxopMrca ¥ lm &, = lim z,.
n—oco n—00

6) IoxasaTh, 4TO eCiH IOCIENOBATEABLHOCTH (yn) CXonuTCca M Yn > 0 Vn &€ N, To mocaenoBa-
TEAbHOCThL CPEJHUX TaPMOHUYECKUX

| n

. Tn =3 T T
e ;T+;‘;+..+'y7
TaKKe CXORMTCI U lim v, = hm Yn-
L= 00 N
~ B) I[oxaaau,, yr1o ecnx lim yn = 400, TO
n—oo

hm Yn=+40c0 u lim &, = +oo,

n— 00 n—o0o

Ime vn — CpefHee rapMoHHYeCKoe, a n — cpenHee apudMeTHYeCKOe U3 YMCEN Y1, Y2, .. -, Yn-
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4 a) Ecnun nonoxurs Pop = % (k =1,n; n € N), To ana Pnr ¥ zn GYRYT BEINOIHEHH Bee

YCIOBHA npnMepa 112, npudem t, = Z Prrzr = &,. CnegosarensHo, hm bn = km Tn.

k=1 ne n+
6) Hycrs
. A : e
Py = Y k=1,2), Zn=yn :

ettt T _

Torma Bce ycnosus npuMepa 112 6ynyT BBIMOJIHEHH, IpUYeM tn, = Yn. Cnenona’renbxo, lim 7.. =

BonOO ¢ o
Hm yn.
n—o0

. 1 . 1
B) Hoxasxem, uto ecan lim =~ =0, 10 lim -— = 0. A »To sKBMBalXeHTHO ToMY, wro lin; ?jn =
n—o0 IN n—oco n

nesgo .
+0o. Mcnonbays mpumep 112 u moaaras ‘
e
1 —_— 1
Py=— (k=11n), zn=—, -
n Yn \ .
= 1 1 1 =
r[onyqaeM 9T0 tn = Y PopZrk = - # lim — = lim — =0. . .
N=1 Tn n—oco TN n—co Yn A‘_‘_‘ A
YrBepsknenue, uro lim &, = +oo, caegyer U3 HepaBeHcTBa (cM. IpUMep 42) I € & ¥ HB
n— o0
TOro, uro lim v, = +oc. P ’ ) P
n—00

114. Noxasats, 4To ecnu NOCHENOBATENBHOCTD (L5) CXOMMTCA M T >0, T = " F

Im Yz,z2 ... 7, = lim z,.

71— 00 n—0o0 ~
N Skab
« Nmeenm (cMm. npumep 42) . R
n 14+ T2+ ...+
T = T — < Yzi%2 .. Tn < - T = £
atnt

A mockonsky lim y, = lim &, = lim z, (cM. npumep 113), 10 ‘ P

T
n-— 00 n—oo n—oo

lim ¥riz2 ...zn= lim z,. »

n—oo n—oo

115, [oxasars, uyro eciu Yn € N z,, > 0, To

. . Tn TN
lim ¥/, = lim , ‘ e

n—0o0 n—oo Tn-1

npennioNaras, YTo Npenesa, CTOAIMH B MpaBod YaCTH MOCIEIHETO PABEHCTBA, cymeC'rByeT
« Jloka3aTeAbCTBO CAENYET M3 TOTO, YTO SR

: : 2 T3 Tn . Tn ER
lim Yzp,= lim ?/z;-—=.—. = hm

n—00 n—00 ry 2 Tn-1 n—00 Lpel IS PR

(cM. mpumep 114). »

116. lokasats, yto Lm — .
II ’ n—00 \"/n! L S

4 Jamerum, ¥TO

n R VP

i

n . 1 n—1
rae £n = —-. Hockompky lin —=2— = lim (1 + ——) = e, TO Ha OCHOBaHMM mpumepa 115
n n—oo Tn—1 n—oo n-1

nmojiy4aeM TpebyeMmae yTBepsKAcHHE. P
117. Joxasars Teopemy IHiroxsua: ecau

%

a) Ve € Nyny1 > yn; 6) lim yn = +o00; B) cywecmsyem lim I—":—z—ni, mo
= OO

n—o0o Yn — yn_

. Tn . In —Tn-—-1
hIll _— = ].lm —_——

n-o0 Yn n=+00 Yn — Yn-1 . A
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. Tp—Tp
« IIycrs hm -y—"—yL:— = a (a — xoHeuHoe). Torma ecau cumrarp, 4To Y0 =0, To =0 1
n—oo IrTIn—

. — Yp — Tp— Tpn—
P = ﬂ__y_"_l’ k=1,n, Xn= _ﬁ_ILl,
Yn Yn — Yn-1

TO IMOJYYUM BHIIOJHEHWe yCaoBuil Teopemul Temnuua (npumep 112) nas Por U Xn, npudeMm tp =
Zn

Yn
. . . . Zp—%p—
CnepmoBarenpHo, lim Z% = lim ¢, = lim X, = lim 22==r-L — g4
n—oo 47 ne—.0o0 n—oco n—oo Yn"Y¥n-1
. fOFR
Ecan lim =>—2=1 = 400, TO MOBTOPAEM NPHMBEICHHEIE BHILE PACCYKAEHUS IS MOCHENOBa-

n—oo Yn"Yn—1

TeIbHOCTH (%—'—‘-), NpeBapUTENbHO yOEUBIIUCE, YTO Tn4i > Trn, HaUMHas ¢ HeKOTOPOTo np € N,

n

u lim z, = +oco. »

n— O

118. Moxasats, uro ectn p — HaTypaJbHOE YHCJIO, TO:
L4 P, p p P+ ... nf 1

a) Lm 17 4+ 2P 4 +n _ 1 : 6) lim 17 +2Y 4+ n’  n S

" n—oo . nrtl p+1 n—oo npP p+1 2

P P » P

5) lim 1P 4+37+ ... +(2n+1) _ 2 '

n—0o nrt! p+1

« [1ns mokasaTenscrBa npuMeHuM Teopemy lllTonsua (mpumep 117). Hokaskem myHKT G) (nyHk-
TH a) U B) HOKa3hIBAaIOTCS aHaNOTHYHO).

6) Ecxu nonoxuts zn = (p+1)(1° + 2P + ... +0P) — 2Py, = (p +1)n", 10
]_im‘ Tnt1 = Tn = lim (p+1)(n+1)P — (n+1)P+ 4 o?! -
n—00 Yntl — Yn n—o0 (p + 1)((7& + l)p - 'Ilp)

(p+1) (n” +pnPl 4 ﬂ%:l-lnp"z + ... +1)

= lm +
TN+ 1) (nP + pnr—t 4 &2———111;1’"2 + ... 4+1- nP)
~nPtl — (p 4+ 1)nP — Q—';—l)ﬂnp_l — ... =14 Pt

+
(p+1) (nP+pnP‘1 4o+ EE g2 +1-——nP)
Cobepem k03P HUUMEHTH IPH ONMHAKOBHX CTEMEHAX 1. 3aTeM pasfielMM YMCAUTENb M 3HaMeHa-
Texb Ha nP~! ¥ o6ozHauMM Yepes o (;11-) CyMMY BCeX YJICHOB CO CTEHeHAMH He BHUIE —1; moayuum
p(p+1) 1
: In4l —Zn : 2 +o (n) 1
lim ——— = lim ———— < =~ p
n—=00 Ynil — Yn n—co p(p + 1) + o0 (;) 2

1
119. okasars, uTo NocuenoBaTeNLHOCTD (zn), THe
1 1 1
Tpn=14+=-4+=4+...+——lnn,
. 2 3 n
CXORUTCA. Taxum o6pasoM, HMeeT MecTo (PopMyla

1+l+l+“.+l=C+lnn+5n,
2 3 n

e C =0,577216 ... — Tax HasmBaeMas MOCTOSHHasg Jitnepa M e, — 0 npu n — co.
« Tak xak Tpy) — Tn = ﬁf —ln(n+1)+Ilnn = ﬁf —In (1 + -'1;) < 0 (cm. mpumep 82, a)),

TO TOCHENOBATENBHOCTD (xn) MOHOTOHHO yOHBalolllas. KpomMe TOro, oHa orpaHMveHa CHU3Y:
1 1 1 1
Tn =1+§+§+ +;——lnn >In(1+1)+In (1+ -;—>+ln (1+§) +...4+hn (1+ -7;) —Inn =

=ln(2 3 4 n+1 1)=lnn+1> 1 >0
n n+1

MNosromy cymecrByer xoHeynnit npegen C, a Torfa CIpaBefAXBO MPEACTaBIECHHE

1+l+-1-+...+-1--lnn=C+sn,
2 3 n
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e en, — 0 mpu n — co. P ‘ S o i B
1 1 1
 Rai i (1 ).
120. Haitrx nilvl;o n+1+n+2+ +21p
« Ilycrs zn=1+;—+.. . Torma
1 1 '

m-{-m-{- e +2—17;=z2n—zn=ln2n+52n—lnn'—sn =ln2+(az,.—s,.) ’

(cM. npumep 119) u
1
+—1—) =In2. p AR

1111—{1;0(1l+1+n+2+”‘ 2n
121. TocrepoparenshocTs (z,) onpenengeTcs dopMyiamu

Tn—1+Tn-2 (n =34 )

Ty =a, ZTz=0b z,=

2 I DU 1
Hautu lim z,. .
n—00 r
« Vmeem ' ,
z N Tp—1 + Tp-2 - Tp-1 — Tke2 - .
k— Fke] o D TR e | . At g
2 2 ;
[logcraBnss >TH BEIpaXKEHUS B OYEBUIHOE PABEHCTBO R A Ut
e s

o
Tn =214 (T2 =71) + (23 —22) + .., + (Tn — ZTn-1),

<8 v

IOy WMM, HaYHHas CO BTOPOTO CaraeMoro, reomeTquecxylo TIPOrpeccuIo, CyMMa xoropoii pama

2b=a) , b—a (<"
3 T3

a+b—a
2 4

tn=a+(b—a)—
OTKyMa

+ ... +(—1)"2n_2 =a+

2(b—a)  b—a (=1)"\ _ a+2b
3 T3 ez )T T3 %

122. Hycre (zn) — mocienoBaTenbHOCTH YUCEN, ONpefenseMas CIeXyOme tdopMynoit:’

1 1
zg > 0, In+1=—(xn+——), n € Zo.
2 Tp
. . . TRYOL L pd M
Hoxasats, yto lim z, =1. ' '

n—co

) :
4 Tlockonsky zo > 0 u z, + oz 2, TO NOCIEAOBATENbHOCTh (£5,) OTpaHMYEHa CHH3Y WM-

1
criom 1. A u3 HEpaBeHCTBA Tny1 = 5 (Zn+ - ) K Tn, CIPaBEeAUBOTO MK Zn 2 1, BHTeKaer,
+ 2 zn <

4TO JaHHas IoCJAE€0BaTelbHOCTh MOHOTOHHO yOEIBaeT. Cnenona’renbuo, cymec’rByeT KOHQ'-!HH)I

npepen a, npuyeMm ¢ > 1. [lepexons x mpegeny B paBeHcTBe ‘ . BR3B!
| ; ( : )
Tong1 == |Tn+—]),
2 ZTn

HaXOHAUM, qToa=l(a+l—) Otciona ¢ = 1 umi a = 1. HOTaxxaanENzﬂ 1; Toa=1 k"

123. Jlokasats, uTo mociefoBaTeILHOCTH (zn) U (yn), ompenensomuecs cpopmynnm

T +yn . oL
z1=a, Y1=20, ZTnt1=+Tn¥n, Yn41= - N - o
) : Inl B Q

nmeloT obuwiit mpenen u(a, b) = lim z, = Lm yn. (apudpsemuxo-zeomempuuecxoe cpednee THCEE
n—soo n—oo N H

a ub) : :

, : o e f
<« Uz ycaosus npumepa crepyer, uto Yn € Nz, > 0, y, 2 0. I/Icnom,ayx M3BecTHOE uepa.neu-
CTBO

p
Vabga;, a20, b>0,
moay4YaeM . o ’ - Y

Tn +
Ynt1 = —"—2—%1 2 VInYn = Tnt1.

. \m‘::,:rf_a:\;j?
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8 . x
A TaK'KaK Tntl = /Tn¥n = VTE = Tn, Ynt1 = ":y" < Yn, TO, BBUAY TOTO 4YTO Tn K Un <
Y1, Yn 2 Tn 2 T1, NOCIHEOBATEJBHOCTH (Tn) ¥ (Yn), B CHIy yTBepkiehus 2, m. 6.3, umeror
KoHeuHule Tipegenst A u B coorsercrBento. Ilepexons k npeneiay B paBeHCTBe

_ZIn + yYn
Yni1 = 5 \
nonyqaeMm, 4to A = B. O6mee 3HaueHMe 3TUX TpefeloB Ha3HBaeTca cpednum apudmemuxo—

2eomempuuecxum u o6o3Havaercs cuMBosoM u{a, b). »
Haittu npepens:

124 (- 2) (- 2) - (- 5)

4 [Tockonsky

1 k-1)(k+1 —_—
1——k2=—————-—( I)cg ), k=2 n,
TO, 3aNHCHIBas MPOU3BeJeHUT B BUle

y (1__1_) (1 1) ._.(1__1_)=hi.£i.3_'£_ _Q:_l_)("_ﬂl:%‘"“

22 T3 22 32 42 7 n2 n
HAXO[MM, 4TO
. 1 1 ’
im (1-1) (1= ) .
oo \ 22 32

126. 1 (1-3) (-2) - (- ).

3

<4 NUmeem
1 (k=1){k+2) o
1 k;k2+1; = TR k=2, n.
Torma

i (-3) (-1 - (- 5 -

2

104 2.5 3.6 (-1m+2\_ . 1 nt2_
23 3.4 45 7 amdl) ) niwd

W

n—oo 3 n
HallTi npenensl BEKTOPHBIX NOCHEROBaTENbHOCTER (X, ), THe:

126. x, = ((n:z_l)n’ (11,11)")'

4 [Tockonpky xaskgast u3 MoCIefOBaTeILHOCTEM KOOPIUHAT CXOXUTCH, TO, COrIacHo m. 6.7,

lim x, = (lim (Zl—i}-) , bm ( e ) )=(e, e »
n— 00 oo n n—oco \ 1 + 1

127. x _(n+1 n+1 n+1)

» n 2n 7 ma
4 AHanOrM4HO NMpefHAYIEMY TPUMEPY HaXOAMM

lim x, = (lim n+1} lim ”+1, ..., lm n—f—l) = (1, }-, cee -1—) >
n—oo n—oco 1 n—oo 20 n—oo MN 2 m
128. x, = (\"/2+2n, V242, '\'/2+2—n2).

<4 IlokaskeM, 4TO CYecTBYIOT Mpefielnl NOCIEN0BaTelbHOCTEN KasKXOM U3 xoopiauHar. U3
HepaBercTB 2 < V2 + 27 < 2v/2 u roro, uro Lim /2 = 1, ciepyer lim 32+ 2% = 2. [lanee, us
T OO n—0o
HEpPaBeHCTB

1< V2+2m< V3 1< V242 < V3 ~
im V2+2-" =1, Lm 2+4+2-7% =1'.

00 T — OC

HaXOXUM, HYTO
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Hocxonmcy Rpefle s MoCIef0BaTeNbHOCTEN KOOPXMHAT CYIleCTBYIOT, TO CYIeCTBYeT K npenen pex:

TOPHOM NOCIENOBATEIbHOCTH, a MOITOMY - . T
lim x, = (lim Y2¥27, im V242", lim W) {é:‘(z',“], 1)::}"'“'“{“
n-—0o0 n—cx n—00 — 00 .»rﬁ,
129. x,. = (z1n, T2n, -- ., Tmn), TAe :
1 1 1 — [T
in = Ve - = N, L ik
‘ Tin (7l+1+7l+2+ +7l+ln)’ ’l‘ ,n,nE L ’
« OGosnauuM y, =1+ % + ...+ % Wa npumepa 119 caegyer, uro < R
yn=C+Inn+ 7, “ o AM

rae C — mocrosHHast Diaepa, a Yn — 0 npu 1 — oo, Torma \
Tin =Yg — ¥n = C+I((1+9)n) + Y040 = C—Inn — 7o = W(1 + ) + Y640)n — T

Dockombry yn — 0, Y(14i)n ~— 0 TIpH 72 ~— 0, TO

Im zi =In(l141), i=1,m.
e Corhih
CuaegoBaTensuo, o
Tim Xn = (hm Tin, UBm T2y, ..., lim xmn) =2, 3, ..., a(m+1)). >
N— 0O n— 00 N— 00 n—oo

130. Mycrs samana BekTopHA% MOCHEAOBATENLHOCTE (Xn), rme
X, = (:cln, Tang «-«y xmn), T .

€BKJMJO0Ba HQPMa KOTOPOM CTpeMUTCH K 6eCKOHeYHOCTM. A 4
O6s3areLHO I CyLecTBOBalyle XOTS 611 OAHOM MOCIe0BaTe IbHOCTH KOOPAMHATH (Zin), CTPS~ -
Mseucs k 6eckoneuHoctu? PaccMorpers mpumep P
(= (="’ 1+ (=1")n? B

n41 ’ n+1 ’ -

4 Her, ne obs3arensio. B npeprosxeHHOM npuMepe eBKIMIOBa HOpMa

ol = /O O GOt S

(n+1)2 (n+1)? Tan+1
cTpeMHTCS K GeCKOHeHHOCTH NpH 1 — 00. OEHAKO HY 02 M3 NOCIeNOBATENEHOCTER KOOPIUMAT =
1~ (—1)")n? 14 (=1)")n? N Y “
w41 n+1 o - [

He CTPeMUTICS K 6eCKOHevMHOCTH. HeMCTBMTenLHO IUIS TIOCIed0BaTE MbHOCTEN xoopmma’r i

T £1n = 400, km Tip,=0; Lm T, = 400, lim zap=0
12— 0O =00 n—00 =)

H, CIE€IOBATENLHO, 0O He SBIfeTcs MpeledoM HU KA OXHON U3 3TUX MOCKEROBATEABHOCTEH. . IF

131. Haiiru npefen NocleXoBaTeIbHOCTH (An) = (aS;)), i=1,p,j=1;q, rxe

e
1 1 ..
- g - >
n+m+1+n+zn+2+ +n+3n’ ecmt 3 2%
(n) _ 1 .
a;’ = = eciu &t =}, e e
1 1 1 . . ' [
n+jn+1+n+jn+2+"'+n+in’ ecmt v > J. e
« Chavana goxaskeM, YTO KakHas U3 IOCIEHOBATEILHOCTEH 7L aE]), | = ,p, j = 1 q, ,;
cxomures. [lycrs, HanpuMep, j > 1. Torga (cM. mpumep 129) EUM R
o™ = 1 1 1 -
&ij n+in+l+n+in+2+'”+n+jn e
1 1 1 1 1 1 )
=l—4+—+... — ] — — | = Tjn ~ Ti
(n+1+n+2+ +n+]n) (n+1+n+2+ +n+m mo e
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rxe %in — In(1 4+ 1) npu n — oo. Orciona

o = 24n — 2in — W(1+ j) = In(1 + i) = In 212

T npu n — oo.

AHANOTMYHO NPH ¢ > j HAXOAUM, 4TO

(") = Tin — Tjn — In

+l TIpHu ¥ ox
s T — .

1+ P

(n)

Hakownewn, ecau ¢ = j, 10 a,;’ = ?Z — 0 mpu n — 0.

Taxkum o6pa3oM, BCce NOCHENOBATEILHOCTH ( s y )) CXOXATCH, TOITOMY

()3 In g— In %— Ini
q
) (n) In 3 0 In 3 In 3
o A= (lim )= | Wi owmt o mg -
In ;—’ In ;—’ InEZ 0
132. Haiitu
n 1 1
—_ =
. n+1 Val (Vo)
nli.n;o 1&2 n4sin n 4

n 2n

L) Bce snementn MaTrpMUHB ABAKIOTCA CXORXAIMMMHUCA NMOCHEJOBATENBHOCTAMY, NO3TOMY
n

1 1
nt+l Vo Or

nlcl-l-go ]g n n+sin n =

R L

n 2n
lim —% him -v=l lim 7—1
n—00 1 + 1 n—00 n! — 00 2)" < 1 0

= . = 1

lim 2% hm ndsinn 4 0 3
n—oo N Nn—00

YnpaskHeHHST JJIsL CAMOCTOITENBHOM padoTs

Hokasars ciefyionme paBeHCTRA:
s 1142204 et
62. "EOO —————————("H), =1.

n

3 k(k+1) .. (k4m-1)

. k=1 - 1 .
63. nlgl;o prEwwy ...(n+m) = 7 TA€ M — HaTypaibHOe YMCIO.
64. lim ( L -—1——-) =1.
n—00 \/n9+1 Vn 2-}-2 /n24n

. ? 14 P
85. lim 1A27t..4n%

o (nt1)? = P+1 , Te p — HaTypalbHO€ YUCJIO.

1
86. nh_l.l:o LZ: R (k+m+1) = — =, I'lle m — HaTypaIbHOe YUCIO.

Z K(k+1)... (kdm~1)
67: lim k=1 =1. 68. lim (n+1)In(n)—~2in(2!3! ... n!)
n—oo Z": km n—oo n2+n

=1
= z.
69. Ilycts 2o > 0 — mpowussoubHo,

Tnpy = :17 (21:,,+-I%), n € Zo.

Hoxasats, uro lim z, = /a.

TL—> OO
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70. TocaenosarenbHocTs (25) ONpepelnstercs COOTHONEHUAMU Tn41 = PpTn + ¢, p # 0, T1 —
npousBoabHo. lIpM kaxoM yclloBMM ToclegoBaTedbHOCTh (&n) cxogutcsa! Halitu, B caydae ee
CXOMMMOCTH, TIpefent.

)"+§ >e.

1
71. lokasaTe HepaBEHCTBO (l + =
72. ]loxasaTe HepaBeHCTBa

m

m
E mnl-}-k <In (l + _11:) < kE—:l mn-:k—l'

" Lo
73. Haitru lim =%, 0 < A < 1.
n—o n
Ioaw3ysicey TeopeMoy 0 CYIECTBOBAHMY fipefiela MOHOTOHHOM M OTPaHUYeHHOM ITOCHe0BaTelhb-
HOCTH, TOKa3aTh CXONMMOCTH CAeNyIOIHX NocTeoBaTeTLHOCTEN (Ty), The:
1 1 1 _ 1 ) ( 1 ( 1 )
T4 o=ty o e 75 o= (U o) O+ o) - (04 3n)-
C nomompio kputepust Komy ycclegoBaTe Ha CXOEMMOCTL Cleflyiollyie TOCIEIOBaTeIbHOCTH
(zn), rre:
1 1
76. Tn = 2—?2—2-—}-51?—3--{- +lm, 71,—2, 3,
77.171=m+m++m, 71,:2,3,.... .
78. Hycrs a1 2 a» 2 a3 > ... 2 0. [loxasars, 4ro nocirefoBaTensHocTH (Syp) U (0y), IRE

Sn=4a;+4+uz+ ... +an, On=a1+2a2+ ... + 2" azn,

umu obe cxopsarcs, MM 0o0e pacxomsTcs.
79. JlokasaTs, 4To MOCIEJOBAaTeABHOCTL (Syn), THe .

. 1 1 1
Sn = sirs T et Tamee =53
CXOOuTcA NMpu p > 1 u pacxogurcs nipu p £ 1.
80. [Joxasars, to mas mo6oi MOCIETOBATEMILHOCTH (Grn) C MOMOKMTEABHEIMUM YJIEHAMH CIIpa-
Be[INBHI HepaBeHCTBa: !
. a?t 1 1 T . _.__—ﬂ —.__—an' 1
a) lim —J'—-an < lim Yan; 6) lim #a, € lim —i—an .
T— 00 T OO N — 00 T — OO
Hajitn nmpeneds BeKTOPHEIX MOCHEOBATENBHOCTEN (Xn ), I

8L xo = ((1+2)", 0+ 3)", ..., 1+ 1)),
82. Xp = ((1+ :_l)n-f-l’ (1+§17{)n+2’.“’ (1+;$;)n+m) )
83. X, = (‘"<2:+1>, @) ln((m+n1)"+l)).

84. X, = (V3" +27, VB 147, V3T +67).

2 fCI4CL4 . 402 /T - !
85. Xn etttV H/CICL ... Cq ), roe O™ = —2

m!(n—~m)! "’
Hadiru npemessl MaTpHUHBIX MocTegoBarenbhocten (An), rue
86. An = ((1+ i)’") Li=Tp j=T4

k13

(nt+1)2—n? (n42)3—n? (n43)1—n?

87. An = .
(11——1)2——712 (n=2)%~n® (n—S)i—n4
n n n3
1-4" 1
88. A, = n e
1 (1+3)

89. [loxaszaTn, uToO
lim ApB, =lim A, -lim By,

T OO

€CIM Mpefels MaTPUHMHBIX MoC/IeI0BaTEIbHOCTEH CYMECTBYIOT U Bee YiIeHH N0CIe[0BATETbHOCTe
SBASIOTCS MarPULAMM OIHOIO pasMepa.
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90. Ilycts marpuvtbie nociaenoBatedsHOCTH (An) u (Bn), roe An = (aE;‘)), Bn = (bg.’,:)), u
BeKTOpHad HOCIeTOBaTeALHOCTE (Xn), THE Xn = (T1n, Tan, ..., LTgn), CXOMATCA, NPUIEM
lim A, = A, lim B,=B, Im x,=x,
L— 00 n—o0 n—oc
a Matpuuti C = (cij), G = (g;x) uBexkrop y = (41,92, ..., Yg), t =4, p, 3 =1,¢, k=1, 1 —
NOCTOS HHEe,
Hoxasars, uro:

a) lim Ap.B, = AB; 6) lim CB,=CB; B) lim AnG = AG;

n—00 n—00 n—oo
r) lim Apx, = Ax; ) lim Apy = Ay.
n—00 n—oo

§7. Ilpegen pyHRIMHM

7.1. lpepenpHas Touka MHokecTtBa. [Ipefen pyuxuuy B ToUKe,

Onpenpenenue 1. [Tyecms X CR. Yucao o € R nasvisaemces npedeavroti mouxodi mHodce-

emea X, ecau
Ve>03y e X, y#zo: |ly—zo| <e.

U3 onpenenenus caepyer, 4ro mobasd OKPECTHOCTH TOYKM To COHEP/KMT TOUKY U3 MHOXKECTBa
X, ormuuHyo oT Zp. (Jama TouKa To MOXKET MpPUHAJEXaTh, 2 MOKET U He MPUHANIE)KATh MHO-
xecray X.

Onpenesenne 2. Inauenue +00 ecmv npedeavras Mmouxa muoxecmsa X, ecau YM €
RIyeX:y> M.

3navenue —oo ecmo npedeavnair mouxa muoxmecmea X, ecau
VM eRIAye Xy < M.

Onpenesenne 3. Touxa = € X, ne asaswuyaics npedeavnoti mouxot mnokecmea X, nazvi-
saemcs uzonuposannoti mouxoti mMuomecmea X, m. e.

36 >0:8(z, §) N X = {z}.

Omnpenenenne 4. Yucao zo € R Haavieaemes npedenvnoli mouxoti muoxecmea X C R,
€CAU U3 3MOZ0 MHOKECTNEA MOKHO B8bIJEAUMD 10CAEIOBAMENLHOCTIL (Trn) PAIAUYKLIT MOYEK, CTO-
OAUYICH K To.

Onpenenenus 1 u 4 3KkBUBaTeHTHHL.

IIycrs f: X — R u 2o — npegenpHast Touka MHokecTBa X .

Onpepenenne 5 (leiite). Pynxuus f umecem npedenbvnoe 3navenue npu & — To (Uau 6
mouxe To ), ecau cyuecmeyem maxoe yucao A € R, umo dns npoussonsnod nocaedosamensHocmu
(zn) anavenutt x € (Ja, b[\{zo}), cxodawetica x mouxe zo, coomsemcmeywuias nocaedosaniens-
nocmo suauenutl pynxyuu (f(zn)) cxodumea x mouxe A.

Onpenenenne 6 (Kowu) Pywxyust f umeem npeden npu © — To, ecau

SAERAVE>036>0:0< |z —x0] <68=|f(x)— 4] <e.

ITpu srom umcro A HaseiBaeM npedenon (Mnu npedenvHbin 3nauenuem) pyrkunn f B Touke o

U 3anMCHIBaeM
lim f(z)=A unau f(zg) - A npu z — xo.
zT—xp

Omnpenenenus 'eide u Koy sxBUBameHTHEL.

BBefieM MoHsATHEe OJHOCTOPOHHETO Mpejea.

Onpepenenne 7 (Leiine). @Pynxyus f umeem s mouxe xo npeden caesa (cnpasa), ecau
cywiecmeyem maxoe wucao A € R, umo dasn npouseonsroti nocaedosamenvrocmyu (Tn) 3naue-
Huth z, a < op < 2o (w0 < Tn < b), cxodawetica x mouxe To nPu ® — 00, COOMBEMCMEYVWAR
nocaedosamensnocmsd (f(zn)) snavenuti pynxyuu f crodumes x mouxe A.

Omnpenenenne 8 (Komu). @ynxyus f umeem e mouxe xo npeden caesa (cnpasa), ecau

JAERAVe>036>0:0<z0—2<8(0<z—20<8) = |flx)— Al <e.
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Yucno A HasnBaeM npedesom caesa (cnpasa) dynkiuy f B TouKe To M o6o3HaYaEM

flzo —90) (f(zo+0)) wnam hm  f(z) < lim f(x))
Z—+zg =0 z—20+0
dynruus f uMeeT Mpefen B TOUKe To TOTHAa U TONXLKO TOTMa, KOIla B 9TON TOYKE CYUIECTBYIOT
M paBHBIE MexX Ay coboil mpefensl ClleBa U CIpaBa.
Teopema (xpurepuit Komu). Pynxyus f umeem xoneunviti npedes 6 mouxe To moz06 u
moawvxo mozda, xo2da

Ve>036>0:(0< |z —20)| <EA0<|y—x0| <8) = |f(z) = Fl¥)l <.
Ocobyio pons UrpaloT ABa 3aMedaTeNbHEIX TIpefena:

1
1) lim S—I-Iﬁ—l 2) lim(14z)z =e.
z 0

2 =0

Ecan lim f(z)=A, lim g(z)= B, 10
T—=2q T—2q

Jim (f(a)+9(e) = A+ Bi Jim G)o(e) = AB; Jim LB =5 G20, B20)

7.2. OrpaHHYeHHOCTh QYHKIUH.

DPyuxuus f: X — R, X C R, nazusaerca oepanuuentoti na Myomecmee X ecin cyluecrnylor
yucna m u M Takue, YTo m § f(a:) <M,zelX.
Yucno mo = igg({f(x)} Ha3hIBaeTCH MOunotl nudened zpanvio dyuxuun f, a qucao Mo =
x

sup{f(z)} — mounoti sepzneti 2panvio ynkuuu f va mHoxecrBe M. Pasnocrs Mo — mo Hazm-
reX . o,
BaercH xoxebanuesm pynwxyuu f Ha MHOXKecTBe X,

Ecau DyHxuus f i+ X — R umeer xoneuHsit npefgen B Touke ro € X, To OHa OrpaHHUYeHs B
HeKXOTOPOM OKPECTHOCTH 3TOM TOUKU.

7.3. Cumsoant Jlaugay. ODKBHBAJTEHTHEIe DPYHKIIHHE.

Oycrs zo € R,a B={X,Y, Z, ...} — cemelicTBo BCcex MHTepBaJIOB NPOCTPaHCTBA R, KOTOpHE
auGo BCe COREP)KAT TOYKY Lo KakK BHYTPEHHIOIO, IUGO BCE OHM MMEIOT TOYMKY To CBOMM KOHMLIOM
TONBKO JIEBKIM MM TONBKO TIPaBHIM IS BCex MHTepBainoB Muoxecrsa B, Torna VX € BAVYY €
B=»>XnYeB XeBAZCX=Z¢€B.

IIyers F = {f, g, h, ...} — ceMellcTBO YMCIOBHX DYHKUMII, O6XATAIOMMX OTHUM H3 CIERYI0-
IUX CBOMCTB: o

1) maa npoussBodshou dyHkuuu f € F B MHoxkecrBe B cymecrsyer conepxcaumu TOYRY Zo
uHTepBaX X, Ha KoTOpoM OyHxkuUs f OompefelieHa, KpoMe, GHITL MOXKET, CaMOW TOYKH Zo;

2) pus ipousBoabHOK dyHkuuu f € F B MHOKecTBE B cymecTsyer untepBal, HMeIONmuil CBOUM
KOHLOM TOYKY To, Ha KOTOpOoM f omNpepeneHa.

Onpenesnennme 1. Ecau lim f(z) =0, mo dynxyus f nasvieaemes Gecxoreuno uaaol npu
T—=Tg

T — ro; ecau lim f(r) = oo, mo pynxyus f nasweaemcs Becxoneuno Goavwoll npu T - xo.

T—zp

Oupenenenne 2. Ecau das dynxyuti f, g € F, f: X = R, g:Y — R, cywesmsyem
uwmepeaa Z C X NY € B, X € B, Y € B, u maxoe xoneunoe wucio A > 0, umo Vo € Z,
Kpome, 6binib moNEN, CAMOT MOUKU To, 6LINOAHAEMCHA HEPAGEHCMEO

lg(=)] < Alf(=)l, .
mo 3anuctieaem
9="0(f) ;
npu T — To. IIpu smom Pynxyuu f u g Hazvieaem QYHKYUAMU 0dHO20 NOopAdKa npu T~ Xo.

Fcmu Ve > 03Z ¢ X NY € B takoe, wro V& € Z KpoMe, GHTL MOXeT, CaMON TOMKM Tg,
BBINOJIHSETCS. HepaBeHCTBO
lo(z)| < elf(z)l;

TO 3allMChIBaeM

g=o(f)
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npH € — zo. IIpu stom B cayyae g(z) — 0, f(z) — 0 mpu = — To cuMTaeM, YTO QYHKIMI ¢ €CTh
6eckoHe4yHo Manas Goee BHICOKOro Mopsfka, deM f; ecian ke g(x) — oo, f(xr) — oo mpu = — %o,
TO cYuTaeM, 4To BeCkoHeyHo Goabilas GYyHKUMS ¢ MMeeT MOPINOK PocTa HUxe, deM f.

Ecan cymecrsyer udreppar Z € B raxoit, uro Vz € Z\{zo} f(z) # 0, 1o 3amucy g = O(f)
03HaYaeT, YTo OTHOWIEHUe %(% orpakuyeno nipu ¢ € Z\{zo}, a samucs g = o (f), 4ro %% ~— 0
npu r — To.

Cumpounnt O M 0 HasHBaOICA cumsoaamu Jlarday.

Omnpenegenne 3. Qynxyuu g u f Ha3vieawmes sxeusareNmubiiY, ecau f—g=o0(g), m. e.
ecau Ve > 03Z € B maxoe, umo ¥z € Z\{xo} evinoansemca wepasencmeo

|£ () — 9(z)] < elg(=)}.
Ilpu sroM samucmBaem f ~ g, a paseHcrBo f = g + 0(g) HasbIBaeM GCUMTIROMUNECKUM
PGBEHCMEOM,
INycrs f, g€ F u g(z) >0Vz €Y € B, Torpa

. flz)
froe v =t
CrnpaBeln¥BH aCUMIITOTUYECKHE PaBEHCTBA
sint=z+4+o0(z), tgr=z+o0(z) nmpu z — 0.
7.4. YacTuvanle npegens.

Ecan nns HekoTopoil Hocief0oBaTeXbHOCTH (Lr) 3HaveHMii apryMenTta yHKIUU f, CXOHsIecs
K To, CHpaBefauBo paBeHcrBe L f(r,) = A, To uMcio A Ha3HBaeTcad YACTIUYHLIM NPedenoM
n—o00

dbyaxumu f B touke zo. Hanbonpmuii U HaMMeHBIMH HacTHYHEE Tpeflle ikl 0603HavaeM Yepe3
lim f(z) n lim f(r) u HassBaeM COOTBETCTBEHHO 6EPTHUM U HUNHUK npedesamu pynxyuy f B
0 T—zg

T—2

TOYKe Zo.
Ouepnnno,
3 lhim f(z)% lim f(z)= _lim f(z).
T—Tg T—Zg T—=T0
7.5. Ilpegen GyHRUNN KOMIIEKCHOH MepeMeHHOH.
Onpepenerne 1. [Jocredosameavnocms N — € : n — 2z, nasvisaemes cxodswetics, ecau
Jz2eCAVe>0TmeN: Vo >m = |z, — 2| <&
AHanorvMyHoO MOCKe{0BaTEIbHOCTL KOMILIEKCHBIX YUCeN (Zn) CXONUIC K 00, eClIU
VN dm € N:Vn >m = |z,] > N.

INocaenoBarensHocts (2n), e Zn = Tn + 1Yn, CXOAMTCA K TOMKe z = a + ib Torma u TONBKO
TOrNa, KOorjga

lim zp,=a, L y,=0.
11— OO TT— O
Tlycry zo — mnpemenbhast Touka MuoxkectBa D C C.

Onpepenenue 2 (leithe). Qynxyus z — f(z), 2 € D, D C C, umeem npeden npu z — zo,
ecau
JA € CAV(zn) C D\{z0}: lim 2z, =20 = Lm f(z,) = 4.
n—oo n—oco
Onpepenenue 3 (Komu). Qynxyus z — f(z) umeem npedea npu z — zo, ecau
FAECAVYVE>036>0:0<|z~zn|<é=f(2)~-Al<e.
133. Ioxazars, wro byxkumus

f@) = N, eCIU T = %, I'le M ¥ n — B3aUMHO MPOCTHie lelkle YuCha,
) 0, ectu  — MpPpPaLMOHAILHO,

KOHeYHa, HO He OrpaHU4YeHa B KaXIOU Touke (T. e. He OrpaHUveHa B JOG0M OKPEeCTHOCTH 3TOM
TOMKH).

kptl
< Mycrs v = % — IIPOW3BONIBHOE paLMoHalbHOe yucao. Torma rx = _Pk;;__ — % mpu k — 00,
T. €. MomafaeT B MobyI0 OKPeCTHOCTh ToukM T = £. A rtax xak f(ri) = kg — oo mpu k — oo, To

7
dyHKLUA f He orpaHMYeHa B M1000M OKPECTHOCTH TOYKM I .
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Ilycrs, mamee, * = «, rte @ — uMppauMoHanbHOe. Torma CymeCTBYeT HOCIENOBATEIHHOCTS
PalMOHaJbHLIX YHCed T; = 5—'—, ¢ € N, rakas, uro hm ’;’f— = «. Ilpu atoM lim ¢; = +oo. Ilo-
4 1—00 1t t—+ 00

CKOJIBKY f (%) = ¢; — 400 NpH ¢ — 00, a TOYKHU MOCIEHOBATEIBHOCTH (% nonafaioT B A06yK0
19 1

OKPEeCTHOCTH TOYKHM (¢, TO (pyHKLKSI HE OrpaHU4YEHa. P

134. Ecan dyuxuus f onpefenena n TokaxbHo orpanuveHa B KaK[olf TOUKe: a) HHTEpBaia, 6)
CerMeHTa, TO ABIAETCS Ju 3Ta QYHKIUS OTPAHUYeHHOM Ha KaHHOM MHTEpBajie MM COOTBETCTBEHHO
cermeHnTe? [IpuBecTH CoOTBeTCYByIOUME MPUMEPEI.

<4 a) BooGiue rosops, Her. Hanpumep, pynxims f(z) = ; OrpaHUY€Ha B OKPECTHOCTH mo60u
TOUKHU uHTepBana ]0, 1[, Ho He ABAsteTCS OrpPaHUHEHHON Ha 3TOM m{TepBane, Tak Kak f(a:n) ~ 400
MpU Tn —-—»0 a 0<zp<lnpun=23,

6) (Dymcuua orpaHMueHa. [l7s8 [OKa3areabCTBa IMPeIllOIOKUM npo’ruBHoe‘ HyCcTh cbnymu
Heorpanuyennas. Torga Lus mMo60r0 HATYpPaNbHOIO MUCTA 1 CYIECTBYET Zn € [4, b], rme [a, b] —
CerMeHT, YKa3aHHEH B YCIOBUU 3aflauu, Takoe, YTO

flzn) > n.

A Tak kak @ € Tn < b (1. e (¥n) — orpanuueHa), TO CyHIecTBYeT HORNOCIEAOBATEILHOCTH
(Tk, ), (ko) C (xn), Takas, 4ro

lim zg, =c¢ € [a, b].

T— OO

o

Ilo ycaoBuio, f noxadbHO OrpaHnveHa B OKPeCTHOCTH 110003 ToUkH, T. e. CYyllecTBYIOT Takue § > 0

u F >0, uro
If(z)[<E, ze€lc—6, c+8[.
Kpome Toro, cymecrByet takoe yncao N, uto k, > E npu 1 > N u zx, € ]Jc—§, ¢+ §[, a rorna
f(zk,) > kn > E. llonydennoe nporuBopeune foka3tiBaeT yIBepxkieHue. b
135. oxasars, uro dyHxps \
14w
f(z)= Trat
orpaHuveHa B MHTepBaie | — 0o, +00[.
<4 fAcno, uto f(z) > 0, T. e. dyHKUMSA OrpaHuYeHa CHUIY. Hanee ua HepaBeHcTBa a-z*)P?>

1+a: — __ — g
14z4 T 1+x4 + a7 14\1 <1+ - 2"

1
1+T4 £ 3, a MOCKONBKY 1+z* > 1, 10

CurepoBarensHo, 0 < f(z) < : 5, —x < T <00 P

0 crepyer, uro

136. TMoxasats, uro pyHruUMs
1
flz)=~ ~cos —
T
He orpaH{YeHa B 11060H OKPECTHOCTH TOMKM T = 0 OJHAaKO He ABIASETCA GECKOHEYHO Goanou ipu
z — 0.
2
<« Ilyere 2, = —-. OueBuamo, npn n - 00 3Ha¥eHNs Tp MOMAAAIOT B KOGy OKPECTHOCTH
touku £ = 0. Tpe6yemoe yTBepskienue BHITekaer u3 Toro dakta, uro lim [f(r2n)] = oo, a
1=+ 00
f(zano1) =0, neN. »
137. UccregoBars na orpanierHocTs QYHKIHKIO
Lo T
f(z)=lnz-sin®> —
T
B unTepBaie )0, €. '
4 Tax xax 0 < sinzg < 1, a dynxuus ¢ — In z mMoHOTOMHO BospacTtaomad, To f(z)
max{0,Ine}, 1. e. f orpauuvena cpepxy.
Hanee, mogoxum z, = 2—:7; Torpa, HauMHasd ¢ HEKOTOPOILO HOMepa fig, BCe Tn MOHAfAOT ™
1 1y’
B unrepBax 0, e[. IlIpu srom f(z,) = In 2n+l = —In (1 + (n + -2-)) > — ('n + 5) — —0O NpH
n — 00, T. e. f He orpanuyeHa cHuay. P

138. Tlokasars, uro dyuxuus f, rie

flz)=

14z
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B obnactu 0 < ¢ < 00 MMeeT HMKHIOI I'paHb m = 0 u BepxHiolo rpais M = 1.
4 OueBupgno, 0 < ﬁ;, 0 €z < o©. Iyecrs € — npoussoasnoe u 0 < ¢ < 1. Torma
-z I3 1 . 1

flz)= T3z <empu 0 <z < ;=;. Crenopatenno, Oslgioo{f(z)} =0.

Hanee, odeBupio, —— < 1, 0 < ¢ < 0o. C Apyroi CTOpoHEl, A1 yKa3aHHOTO paHee £

* 14z
flz) =

1—c¢
>1l—-¢ mnpm z > pab

T
1+z
r.e. sup {f(z)}=1 »
0gr <0

139, Dyuruua f onpegetena ¥ MOKOTOHHO BO3pacTaer Ha cerMente [a, b]. YeMy paBHuI ee
TOYHasi HMKHAS U ToMHasi BEPXHAA IPaHM Ha TOM CerMeHTe?

<4 Taxk xax f MoHoTOHHO Bospacraer Ha [a, b], To f(a) € f(z) £ f(b) Vz € [a, b].

Hycrs € > 0 — npousBoibHoe u Takoe, 4To f(a) + & < f(b). Torma cymecrsyer ' € [a, b]

TaKoe, 4To
fa) < f(z") < f(a) +¢
(wanpumep, ' = a), T. e. air;f“{f(z)} = f(a).

AHanoruuno, ecaut f(b)—e < f(b), To cymecrsyer z”’ € [a, b] Takoe, uro f(b)—e < f(z") < F(b)
{(wanpumep, z'' = b).
CregoBareasHo, sup {f(z)} = f(b). »
agzgh

%z € R, na murepBamax: a) |1;3[;

140. Onpepemurs xoneGanue dynxunn f(z) = z
6) 11,9; 2,1; ) ]1,99; 2,01[; ) ]1,999; 2,001].

<4 Ha xa’koM ¥3 YKa3aHHEIX HHTEPBAJOB CY’KeHUs 3aJlaHHOM (PyHKIMKA MOHOTOHHO BO3PacCTaloT
U UMEIOT Ha KOHLaX 3TUX MHTepBalloB KOHeYHEIe NMpefelbHEIE 3HaMeHUs, B CUIY Mero sBIAITCT
orpasM4YesHbEIMu. CreqoBaTelbHO,

ay Mo~mo=f(3-0)—f14+0)=9—-1=8;

6) Mo — mo = f(2,1— 0) — £(1,9 +0) = 4,41 — 3,61 = 0,8;

B) Mo~ mo = (2,01 —0) ~ £(1,99 + 0) = 4,0401 — 3,9601 = 0,08;

r) Mo — mo = £(2,001 — 0) — (1,999 + 0) = 4,004001 — 3,996001 = 0,008. »

141. Iycre m[f] u M[f] — coorBercrBeHHO HMKHAA ¥ BepxHsas Ipakn Qyukuun f Ha
TpoMeskyTke )a, b.

Hoxasars, uro ecau fi u fr — QyHKUUH, ONpereleHHrle Ha Ja, b[, To

a) m[fi+ f2] 2 m[fi] + m[fa]; 6) M[fi + f2] <[Ai] + M[f2].

« Jlokasxcenm HepaBeHCTBO a) (HepaBeHCTBO G) MokaselBaercs aHamoruyHo). O6oznauum m; =

infd{fl(z:)}; my = iuf(l{fz(z)}. Torma fi(z) 2 m1 u fo(z) 2 ma, ¢ € Ja, b[. Cxaapmsas

as<x a<<z o

nocnefiHMe HepaBeHCTBa, MoayyaeM f1(z) + f2(z) 2 mi +ma, =z € Ja, b, orkyma m[fi + f2] 2
2 my+ m2 = m{fi]l + m[f2]. »

.1
142. Toxasats, 4ro dyuxuus f(z) = sin ~, z € R\{0}, ne umeer npenesa npu z — 0.
T

4 TpeByeMoe yTBepiKmeHMe CIEAYET U3 TOTO, UTO MOCHEOBATENLHOCTD Ty = n €N,

2
m(142m)’
NPH 1 — 00 CTPeMUTCH K HYmIo, a f(zn) = (—1)" BoBce He uMeeT Npegena. P
. . - 2 ,
143. C nomomsio “g~—8”-paccyRIeHun Hokaszark, 4ro lim z° = 4. 3amonHurs cregyomyo

T2

TaGauLy:

(e [ 0,1 ] 0,010,001 ] 0,0001

4 [Iycre ¢ > 0 — npoussoasno. Torma
je> —4] =|(z —2)* + 4(z — 2)| < |z —2)* + 4z - 2| K¢,
kak ToRbKO 0 < |z — 2] < Vi4+e -2 = —4\/%5. Tocnennee HepaBeHcTBO TeM Gomee Gymer

BRITIOJNIHATLCS, €ClIn
€ € €

€
> > = =
Vit+e+2  2v/4+e  2/4+4e+ €2 2(2+¢)

§(e) > |z — 2.
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IIycrs € = —. Torma 6(1()“) = ;—1—01;3 u
1 - 1
5010} 2 -3 =
(1077) = 42’ s(107%) = 102’ s 6(1077) = 4002 3 610 40002°
144. Ha sspixe “E—§” gokasaTs, 4ro
1

MEoE st

) JanonHuTs cregyouy©o Tabruiy;

F 110 | 100 | 1000 | 10000
[)

4 IIycts £ > 0 — mpouspoasho. Torpa

1

CEy

xax Toneko (z — 1) < :,{5 um 0 < |z -1 < ﬁ = §(E). Otcrona HaxomuM, 4To

1 1 1

145. Tycte P(z) = aoz™ +a1z™ ' 4+ ... +an, re a; (1 =0, n}’— IeHCTBUTENBHEE THCIA.
HoxasaTs, 4To lun [P(z)} = +o0.

5 (10000) = . >

<« He orpakuyuBas obmnocru, 6ymeM cuuraTh, 4ro ap # 0. Ilpu mocraroumo 6om>nmx |=|
nMeeM .

{P(x)] = |="| ao+a—1-+ +9—"- >|x|"~‘£'29—‘.

Tax xax lim |z|™- 1—1 = 400, TO hm |P(z)| = +00. >

&Z— 00

146. Iycrs

aoz” +a1z™ '+ ... +an
box™ + biz™ 1+ ... + by’
rae ag # 0 u by # 0. loxasarts, uto

R(z) = s ER, o

eciun > m,

ecIM n = m,

im R(z) = Go
Am R@ =4 5,
0 ecau n < m.

<4 IIycrs n > m. Torna

ap+ 2+ ..+ 22
b b

bo+ 2+ ...+ 5

ao
2bg

I In—m

[R(z)] = |=|"7™

aop

npy gocrarouHo Gompwux [zf. B ¢umy Toro uro lm |z|"™™ = 00, uMeem lim R(zr) = oo,.
—00 X =00

2bo
Ecau n = m, 10
ay an
ag + =+ ... + 5
R(z) = = L% — [pU T — 0.

bn b
b bn. 0
bot 24 ... 422
Haxowen, ectn n < m, To npu gocraTouno Gonplux |v| uMeeM
1

Ilmn

2ap

[R(z)| < e

3

oTKyga cremyer, yro lim R(z)=0. »

Z—00
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. 147, Tycrs ¢ — 0. Jokasars cremyomue paBeHCTBa:
a) zsinﬁ:x%-i-o(:c%); 6) lnz=0(zx"%), e>0;
B) (1+ )" =1+nz+o(z) r) arctg-:lc— = O(1).

« 3anucaHHEle pABEHCTBA CIENYIOT U3 TOTO, YTO

a) lim :csms\/z =1; 6) lim z % lnzr = lim —l:lt =0, t= l
F—st0 53 40 t—too 1 z’
B) (1+z)"=14+nz+Coz’+ ... 42" =1+nz+(C2z+ ... + 3" Nz = 1 + nz.+ a(z)z,

e a(z)—02z+ +:c”‘1—->()npu:c—->0
1
r) Ia,rctg ;l <Z. >
148. Mycrs z — 0. Brgenurs rnapubni wien puma Cz” (C — NMoOCTOSHHAS) U OMpeNeldTs
" MOPAAKH MAJIOCTH OTHOCHTENBLHO MePEMEHHOI £ Clenyolux QyHKIHUIL:

a) T+ (2z — 3z +2°); 6) £ (V1+z —V1-1x)
) = (V1 -2z — v/1— 3z); r) zw (tgz —sinz).
« a) U3 toro uTO 21:—3:c +2° =22 + (=32 + z*)z = 22 4 a(s)z, rae a(z) — 0 npu = — 0,
caenyert, uto 2z — 3z° + 1° = 224 o(z), T. e. Cz" =2z, n=1.
6) H3 pasencrsa hm0 ——liz—_——— V=% = 1 cnenyer,uro Cx =z, n =1, 1. e. VIi+z—/T—2 ~ 1.
B) ITockonbky

3 3 .
i YI— 22 \/1—3:c=ljm(1/—_1-—21:—(1—:6)+l—:c—\/l—_3:c)____%_}_lzé

=0 z2 Zs0 z? z?

b

2

1
10 Cz™ = 72°, n = 2.

. tg z—si 1 1
r) Ameem lim £22902 = % posromy Cz’ = z2°, v =3. »
Z2—0 x 2 2

149. Iycrs z — +0o. Buienurs riabHeii wieH suga Cz” U onpefenuTs NOPSIOK pocra
OTHOCHTEIBHO GeCkOHEeYHO GONBUION £ cllexyoluX QyHKIHM:

)z V2 —2+ /3 6) 2 \/14+ V14V
« a) llockonbky
Y2 — 1
lim ——x—%ﬁiﬁ: lim (3 1—:c’l+:c_5>—-1,

=400 = Z—+4 00
T3

w(w
@i

10 C2™

n
6)I/IMeeM 1+ /147 :c~:c8\/ -4 4 ‘1+1~:c8 nostomy C'z" —:c8 (n=§). »

PemuTs npumepst (mpu pelleHUH HEKOTOPHIX U3 HUX 3aMEHUTH GECKOHEUHO Malkle QYyHKLUK
3KBUBAJEHTHEIMM HM):

no_ m m _
150. a) lim (1 + mz) 2(1 + ne) ; 6) hm :_c_____l_; B) lim ( m__ _ZL_)
z2—0 T z=1 "™ — 1 z—1 \1—zm 1—-2zn

(m, n — HarypanbHBle uKcia).
« a) Pasnarag no ¢popmyne 6unoma Hriorona, nonyaem

(1 + mz)” — (1 +nz)" (C,,m — C2n?)z® + o (27) _
:_..o o 2? x-»o z? -
=i1_1_}10 (C,,m —le, +0(1: )) =C'3m2—6'?,,7t2=‘1n—11(‘,,"2—_ﬂ~

6) lomaras £ =1+t (¢ — 0 npu £ — 1) 1 NONB3YACHh NMPUHHLUNIOM OTGPACHBAHUA GECKOHEUHO
MaJIEIX, HaXoquM
™ —1 (1+6)™ -1 . mt+o(t) _, mt_m

. lim = lim = = = —.
el T =1 =0 1+t -1 0 nt+ o (t) o mt m
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B) lIycts £ =1 4¢. Torga t — 0 npu ¢ — 1. Hmeenm .

Iim( m n )__ lim n _ m _
s=1\l—g™ 1-—2z7/ =0 \(14t)"~1 (14t)m -1/

= lim d — s =
Ttlo\nt+CE2 40 (#2) mt+ CAE2 +o(12)
(nCZ —mC2) ¥ +o(t?) nCh-mCi _m—n

= }I.I.I}J mut? + o (t2) - mn -2 >
2‘ 2 -1 2
151. lim l((ac-|-3) + (:c+ 3'1) + .+ <x+£’—’_—)ﬁ) )
n—co 1 n n n
< Ucnonsays peaynwraTer npuMmepa 37, a), noxyuaem
.1 2 2az ) a® ;2 2 —12Y)) —
ng;o;(nx + (424 (1)) + (4224 ... +(n-1)7) =
2 _ _ : 2 :
- lim l(n:c2 4 2az n(n—1) . {(n —1)n(2n 1)) . S e
n—oo 7 n 2 n? 6 3
. 124324 4 (20 —1)?
152. A5 +424 ...+ (2n)2
< Unmeem
2444+ (20 =417 422+ . +n?) = 2"("“3(2”"'1),
P4 2%4 . (2m)? = MY 1?3(4" +1)
(cM. nmpumep 37, a)). Brrunrtast 13 Broporo paBeHCTBa IEepBOE, MOIYYaeM
2 —
P43+ . +2-1)°= n(2n+1)dn+1) 2n(n+1)(2n+1) _ n(dn 1)‘
3 3 <3
Torma
2 | a2 Y 2 —
lim ! -:3 +. 4 (20 l) = lim n(4n_—1) =1, » ?
nooo 224424 ... 4 (2n) n—co 2n(n + 1)(2n + 1) -
L P44 4+ (8 —2)°
153. nlgléo (14+44+7+ ... +(B3n—-2))% "
< Vmeem {cM. npumep 37, 6))
P4+ 474 .. +6r-22=06-1-2"+382-2°4+03-3-2°4+ ... +(3n-2)°*=
=2T(P 422 +3%4 . 4a%) =544 224 - 4 0?)+36(14+24 ... +n)—8n=
2 ‘
_ a7 (n(n;— 1)) — 54 n(n + 1)6(2n +1) 436 n(n2+ 1) — $n:

n?(3n —1)2
1 .

ITockoabky B uMcaWTelle U 3HaMeHaTelle BHICUIAA CTENEHbL 1 paBHa 4, TO mpefel ApobHM paBeH
OTHOIIEHUIO K03DGHUIUEHTOB NPH nt,T.e. 3. » :

154. im Vz.

T—Tg

« Ilpeanonaras, uro zo > 0, nomoxuM £ = zo +t. dcHo, uto t — 0 npu z — z9. Cunras

|t] < zo, nMeeMm
i » r i " i
Vo ( - L—‘) < Vg +t= zo \/1+z— < {zo <1+£;‘> )
0 0
otkyga lim ¥r = liué Veo+t= Yzo. »
T—zg t—

(Q+44+T+...+Bn—-2)°=
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+ 4+
155, YEFVERVE
ERN VI +1

o Pasnenus uncavrent u 3HaMeHaTelb Ha /T, MOMYyYHM

\/z+ x+ l+

z—-'+oo ::—-o+oo

156. 1im Y2-Y0tVE-a
T—a \/xz_a2 ’

4 Unmeem
VE- i+ i _
PE:‘ VzZ—a? 11_1’1}1 (\/$2—a2+\/1}2—a2) -

T—a 1 T—a 1 1
= = —=. )
(w—az(ﬂﬂ ¢x+a) M(f+f x+a+x/w+a) Via
. V942 -5 .
« Ouesupgmo,
g VIF 25 _ m(9+2:c—-25)(\/x—2+2\/—+4) 2 lim Vii+2yz+4 _ 12
s=t Y2-2 w8 (z-8)(vI+2z+5) = fSt2z+5 5

3ameuanne. [Ipu peltenmn npumepos 155—157 HCOOAb30BAHH pe3yabTaThH IpuMepa 154.
n
. A14+z-1
158. lim ———’%——
X !

« Honoxum T+ 1z —~1=1t. Torma z = (1+1¢)" — 1. Cunrad, uro |z| < 1, nmeem 1 — [z| <
V1+1z <14 |z], otkyna lim0 Vi+z=1,T1.e. t — 0 npu z — 0. A Torma
z—
vV1i+zr—1 t . t 1

li = —_—
poars T }2,% 1+t - }I-I»% nt+olt) =n

Cuegosarensho, 1+ z =1+ z+o(:c), z—0.p
159, lim Y2 12- V2 +20
=7 \/_—_—2 ’

4 UMeemnipu z — 7

\/x+z=3,/1+z———7=

>

(n — uenoe vucno).

x—7)+o(:c—7),

\/:c+20-—3 *—3 )+o(:c—7)
ViTi=ai D)tz

Taxum o6pasom,
\/ﬂ—_m_hm 3(1+5) -3+ ) +o(z=7) _ 112
b VE+9-2 s 2(1+55) 4+ o(z—7) -2 27
. 1,‘2
160. lim - Vit+sz—(1+z)
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« Tomoxum +/1+ 5z = 1. Acwo, uro t — 0, ecniu £ — 0. Torma ¢ = 5((l-i-i.‘ -—1) u

. z2 . 2—5((1+t) ~1)°
lim — = lim T =
2=0 V145 —(1+1z) t=0t—((1+1)°-1)
1 2 2 2
5t t
OO0 Bre() 1,

’ t—0 § — —(5t+ 1082 + 0 (12))  t—0 =2t 40 (t?) 2
161. lim = Vitar YT+ fz—1
z

-0

(m u n — yesnwe uncma).

« Tonrsysce pesyabraToMm npumepa 158, umeem

Vi+oacd/T+Pr—~1 V1 +[3:c(\/l +a:c -1+ V1+ Bzt — 1

lim =
T—0 T z‘—oO
. m . ~\/1+az— S MT¥pfr~-1 o B
= v . _— lim ——— = — 4 —,
}:l-l»% 1+ = n’ll-l»% az +'6z—13) Pz n+m..’
162, IIycrs Pz)=ar1z+ a22% + ... + anz™ U m — yenoe uncio. [JokazaTs, UTO
. V1+PE)-1 g
im +— o = —,
z—0 r m

« Tax xax P(z) — 0 npu z — 0, TO

g Y1+ PE) -1 Y1+ Pe)-1 P(z) _

T z Z—0 P(z) z . .
5 )
= li-»o ________VIJ‘]_D(:C(;) hm (a1 + a2z 4., + a,,z""l) = %}

{cM. mpumep 158). »
Haiitn npenensr:

m _1
163. lim —,\L/—ic——— {(m u n — uensre uucua).
z—l \/;— 1
< Honoxum z = (1 +t)™". Tormat >0 npuz — 1 u
T ~ 1
lim Vz l—h (1487 = L_»
z—=1 YT -1 t—.o(l+t) -1 m

(cM. mpumep 150, 6)). »
164. 1y L= Vo0 =) ... (1= V=)
'E'—’l (1 _x)n-—l '
« [lomaras 1 —z =1 (¢t — 0 npx z — 1), nodyuaem
o (L= VR = Y3) . (1= 3/3) _
z—1 (1-z)"!
: <1_,/1~t' 1-y1—=t 1= «"/—l—t) 11

" .

RN
]
AL

t—0

(Bocmonb3oBaNuch pelieHUeM npuMepa 158). b
PemuTs npuMepsl (B npuMepax 165—168 usGaBideMca OT PafUKalOB B YHCIUTENE U nepexom{M
K BEIPA)XEHUSIM C OUEBUIHEIMH Mpee/lbHEIMU 3HAYEHUIMU ):

165. ’11141.1 :c(\/:c2+2:c—2\/z2+z+:c). .

o Unmeem

2z(Vz2 42z —z - 1)
hm T + 2z —2/22+z+z)= ln =
(\/; \/ )= —»-:loox\/:c§+2:c+:c+2\/z§+z

—2z?
= Lm

it (VE2 ¥ 28 42+ 2Ve 72) (VR F 25+ +1)
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. — 1
lim - 2

:z_’+oo =
(\/1+§+1+z\/1+§) (,/1+§+1+§)
166. 1lim ({"/:c3 + 3z2 — \/x2 —2r).
T+ 00
« Tpu6aBiss u BEIUKTAS T, TORYIUM
lil-ll-l (V2% + 322 — \/22 — 22) = lilf (V2% — 322 —z) + HT (z~Vz2—-22)=14+1=2. »
Lo OO foand Bt L=+ 0O
167. lim_( Vie+a)(z+az) ... (z+an)—2).
X =400

1
« Ilonoxum - =1¢, Torga t — +0 npu & — +00 u

. Y1+ P(t) - 1
ViE+a)e+az)... (z+an) -z = ——t(—)——
rpe P(t) = (a1 +a2+ ... +an)t+ (a1 +ara3 + ... +an_1an)t2 + ... Fajay ... ant”.
Hcnonwsys pesynbraTt npumepa 162, HaX0gUM, YTO MCKOMEIN Ipefell paBeH

ar4ax+ ... +an

n
168. 1 (z = v27=1)" + (z + /22 —1)".
xn

>

x—r+ 00
« NUmeem
b G VT 4 (a4 VD)
Tt 00 zn -

1 " [ 1\
= 1 _— lix 1 1-=]| =042"=2"»
.1:-—141-100 (1;(1;-}-\/1;5-—1)) +z‘—»-}-loo ( + 1,‘2)

160, 1 VIFF +2)" = (VI - )"

(n — HaTypanbHOe YKCIO).
z—0 x

« Boaposa B n-10 cTenens ¥ NPUBOOA MOTOOHEIE YJIEHBI, OLyYaeM

E_‘B’ (V1+z242)" ; (V1422 —2)" _ limo% (nz ( T xz)n—l o (x)> _

n—1
= lim 2 (n (\/ 1+ :cz) + o_£:c_)> =2n. p»

-0
Haiitu npegensr:

170. lim sin mz

z—7 SINNET
« ITonoxum z = 7 4+ t,-t — 0. Torga
sin mz Yim sin(mmr + mt) T (—1)" sin mi
_— = - = lix ‘ =
g—n sinnz  t—0 sin(nr 4 nt) =0 (—1)"sinnt

_ (—1)’"—”ﬂ lim sin mt ) nt

m
- =(-1)""". = »
n t—0 mt sin nt ( ) n

171. &m 1—cosz

20 z2

« Tonssysace nepBrIM 3aMeuaTeILHEIM IIPENENOM, HAXOMUM

1= . 2sin? % 1 [sinZ\? 1
hm—c—%—f=hm 2 = im = 2 =§.

z-—0 z?2 z—0 z? z—0 2 ;

.2
Taxum o6pasom, 1 —cosz = %+ o (z”) npu z — 0. »
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172. hm —:ﬁ.

. .t .
Iim cosz =1, Iim BT _ lim

z—0 x—0 T T—0

Taknm o6pasom, tgz =z +o(z) npuz — 0. »

173. tm sm5:c—sm3z

z—0 sin

<« U uepasencrpa |1 — cos z| = 2sin® 2 < |z| Burrexaer, uro

<« HOJILByS{CL ACUMIITOTUYECCKUM DPABJIOXKCHUEM, HAXOJUM

hm

sin 5z — sin 3z

sin T 1 -1

r cost
5z —3 :
T :c+o(1:)=2‘ >

=D sin x

174. Lm l4+sinz —cosz
z—0 1+ sin pr — cospx

—z—IPo T+ 0(x)

< Hockousky npu z — 0 umeem 1 — cosz = o(z),

sin pr = pz + o (), TO

1 4sinz — cos

T im T+ o (z)

1~ cospz = o(z), sinz = z + o(x),

m - =—. »
=0 1 +sinpz —cospzr 20 pz + 0(z)

175. JloxasaTs paBencraa:

. . . . -1
a) lim sinz =sina; 6) lim cosz =cosa; B) lim tgz = tga, a;é — 7 nel

Tr—a T~—a T—a
< a) Hmeenm

. . . rT—a r+a . rT—a . . .

< |sinz — sin a] = [2sin cos < 2|sin £lz—al, lmsing=sina.

= 2 2 {7 = s—a
6) AHanoruyvHo N

. rT—a . T+4+a
< |cosz —cosa| = |2sin sin <lz—al u hmcosz-_cosa
2 2 T-—a
lim sinz R 1

. . z—a - sina _

B) algnﬂtgz = At = “o= = tga, eclu cosa # 0, T. e. ecan a # —1r, n€Z »
t—a
Hajitu npenemnsr:
. sinz —sina
176. lim ——————,
T—a r—a
<« OueBunHo,
. . z+a s T—

. SiInr —sina . 2 2 . Sin—— z+4+a )
lim = lm lim ——2— . lim cos =1.cosa=cosa
T—ra r—a T—a r—a Tra ‘7"2”’ T—a

{3nmech BOCNONBL30BANUCH TeM, YTO COSxE — cos b npu z — b). B

177. lim %ic_—_cfg_a.

T r—a

<« Tlonssyscey Ghopmyoit pasHOCTH KOTAHTEHCOB, HaXOMUM

. sinfa — = 1 . 1 1
llln - ( ) L . hln - = - ——,
T—a a—7T Sina z—aSINT sin” a

. ctgx —ctga . sin(a—z 1
lim S8T 64 _ Iim — ( - )
z—a T—a r—asSinz-sine z—a

. cos(a+2z)—2cos(a+z)+cosa
178. }1_% .

2

a#tkr, k€Z'»

« BuipaxkeHue B uncaurele npeoGpasyeM B NpousBeJeHHE, YMeEM

1 . T . 3z . T, z -
z—2(—2smi—sm(a+7)+2sm§sm(a+§))—

— {a +2z)—2 cc;s (a+z)+cosa
0 z

lim
=0
lim

z—0

(——1— 2s1n
1,‘

2

2s1n—;-cos(a + z)) = —cosa. P
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179. 1im ctg (a + 2z) — 2ctg (a+ z) + ctga

z—0 1,'2
4 AH2JOTHYHO NMpeIhIyLeMy ,
t - . 1
lim ctg (a + 21) 2;1;8 (a+z)+ctga _ i L (et (a-+22)—ctg (a--2))~ (ctg (o-+2) ~ctga)) =
&L= T—

ml- —sin z + sin z _
" 20 z2 \ sin(a + 2z)sin(a+z) = sin(a+ z)sina /

. 1 (sin:c)2 2 cos(a + z) 2cosa
= lim n . s T =3
z—0 \ sin(a + z) T sin asin(a + 2z) sina

a#tkw, k€Z »

180. Lim 2sin?z +sinz — 1

2
2 :28111 :c—3sm:c+1

] Pasnaras yvcnuTens U 3sHaMeHaTelb Ha MHOXUTEIU, ITOJyHaeM

2sin’z +sinz — 1 _ (sinz 4+ 1)(2sinz —1) . sinz+1

n = - - =-3. »
,_,%2sln2:c—3sm:c+l I__,_ (sinz — 1)(2sinz — 1) I_.,_:;[sm:c—l

3
181, Im BZ-387
z_.g cos(z-i— )

« Pasnaras unciauTens Ha MHOXUTENM, UMEEM

— tgz (tg2z — tg® 2
o BT 3t8z 3tgz_l. gz (tg gs)=

,_.; cos ( 6) cos (:c + %)

. w

. sin (z — ) -1

= lim tgz(tgz-ﬁ-tgz) gr - 32 = lim tgx(tgz-}-tgz) — =24, >
a—z 3/ coszcos Isin (5 —z) 3 3/ coszcos 3

2
182, m Blet2)EG =) =0
z—0 x
<« HOCJIe OME€BUTHEBIX npeoﬁpasona}mﬁ HaxoauMm

Lt tg(a—z)—t . 1 Zq — tg?
i 88+ 2)te(a —2) gl 1 [ tg il SEENVCN
0 z? z—0 £2 \ 1 —tg?a tgz

2

. tg°r, " cos 2a
=lim =——(tga—-1)=tg"a—1=—
20 T2 (te )=ts costa
22
183. lim
2=0 \/T+ zsinz —\/cos T
« YHnUTOXKaA UPPayUOHAILHOCTL B 3HaMeHaTelle, [OJyYaeM
lim 72 - lim :62(\/1-}-1:sin:c—t-\/cosz)__li \/1+zsmx+\/cosz
I3 - : - 1__
£=0 /1 +zsinz — /cOST 20 1+ zsinz —cosz T—0 _Eg_si + 5";1
Ecaiu £ — 0, T0 1+ zsinz — 1, a Torga (CM npumep 144) /1 + zsinz — V1 = 1. Ananornuno
VcosT — 1 mpu £ — 0. [anee, 1“;‘,’” =3 (“"/:/2 — 3 npu z — 0. CregoBarensHo,
. 1+ zsinzg cosz 4
llll}) \/ T—-cosz +sx:1/:t = § >
Y Tt

184 lim \/COSQI—\/COSI,‘

x —-0 sm F
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« Briurem u npubaBum B uncanTeNe eIUHHKLY, TOITA

A\/COST — \/COS{E = lim <\/COSZ’—1+1—\S/COS$) _

x—-o sin® & 20 sin? z sin? z

=lim< 2cosa:—l l—-cosz‘ 1 >=

z—0 \ sin® z(+/cosz + 1) sin? ¢ 1+ Ycosz + Vcos? ¢

- lim 1—cosz ( T )2 (_ 1 + 1 )___l(_l.,. _1.)=—~1—
z—0 z? sin veosz+1 14 ¥eosz + Vcos? ¢ 2 2 3 12

3ech BOCIONB30BAIMCE TeM, 4yTo {/cosz — 1 npu z — 0, a »T0 cienyeT u3 npumepos 175 u 154, p -

185. JToxasars, uro

lim (sin vz + 1 — sin z) =

=400

< [leiicTBUTENBHO,

[sin vz + 1 — sin+/z | = |2sin z — z+1
< 2 |sin ! 1 572 <€ npu z>—1— E(s). »

Ilokaxxem cnenyloume YTBEPXKIEHUA:
A) lim ¢®* =a", a >0; B) lim Inz =1Inuxy;

Z>Tp T—Zg .
B) hm (u(:c))”(’”) = a® npu ycrosuu, uro Ve > 0386 > 0:0< [z —x0| < 6= (0 < |u(z)—-a| <
e)/\(0<lv( )= b <e).

4 A) Jlocrarouno paccMoTpers ciy4ait a > 1. Umeem

Ja® —a®®| = a™|a® "% —1|. v
1

Mockonbky lim am» = lim ¢ » =1, ro gaa npousBoIbHOTO &€ > 0 CyleCTBYeT Takoe Ro, ‘rro
T - OO n— 00

1 1

1—;;—<a no < aro <1+'aTo‘ - ’
Torga npu |:c—-:co|<-n%nmeeM
. 1 1
1_7‘<a n0 < g% < gno <1+—
a
T. e. [a® —a"|=a"]a" "% — 1| < & npu [z — 20| < ;10-
B) Hmeenm

<l (141) < Lo<m(1-2) <2
n+1 n n’ n—1 n n .
npu n > 1. Takum oGpasom, npu n > 1

1
- <1n(1—-1-)<ln(1+l)<-—. .
-1 n n n

Hycre € > 0 — NPoU3BONLHOE YUCIO, HE MPEBOCXOMAILEE % Torma cymecTByer Takoe ng, 4TO
1 1
—€<ln(1-—— <lh{l4+—) <e.
o o

1 T — o 1
—_——
no To no

Ecau Baars
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To mas pasHocT Inz ~Inzp =1In (l + z;:") MOJNYyUUM CIeRYIOULYIO OUEHKY:
1 T — To 1

—€<ln(1—— <ln(l+————— <lh|l4+—])<e
g o g

unu |Inz —Inzo| < &, ecau ToABKO |T — Tp| < T0E.
B) CormacHo ycaoBumo u nyHkty B),

v(z)Inu(z) > blne mnpu z — xo.
Torma, Ha ocHoBanuu A), uMeeM

lim wv(zx)
lim (u(z))"® = Lm " (DU = blne = o° = ( lim u(:c)) R =
z—zg T2z

T—2zg

Haiitu npegens:
2
2 X
186. 1im (Z12)".
z—oo \2Z + 1
< Cornacso yreepxpenusm A)—B), nmeem

lim (:c+2)’”2_ lim ex {:czln z+2
z—oo \21 41 T g—oo b 2t +1J°

42
2z4+1

ITockonsky In
X~ OO

BeH 0. »

< 0 mpu gocraTouHo GompmuX z, a lim £ = 400, TO UCKOMEI Npemer pa-

3ameuanne. Pewmenne mpamepos 187—192, 200, 201, 208, 209, 210 ocHoBaHO Ha OpPOCTOM IIpEMepe

PaCKpBITHSE HEOUPeReleHHoCTH 1°°.
IMycrs lim u(z) =1, lim v(z) = co. Torna, Ha ocHOBaHuUnN yTBepxaeHus B), moayuaem
T—xg

I—OZD
B 1 (u—l)v
lim «¥ = lim ((1 + (u ~ 1)).&3) = exp{ lim (u — l)v} .
T—r2p

T—2q T—ZQ

2

187. lim (:c2+1) .

T—o0 1,‘2 -2

2 2
1 3 ]
« B "HameM cayvae u = ;—iz; v =z (v—1v= z;_z. CiaegoBaTeNbHO,

2

2 z 2
. zc+1 . 3z 3
z‘lil};o (1,‘2—2) =exp{z‘l}:noo 1:2—2}:6 g

188. limo(l + :cz)“gzz.

«€ AHAIIOTHYHO IpeBIAYEMY

2
2. ., ; .

lim (1 +2%)° " = exp {lim xlctglx} =exp{ lim (L) =e »

T—0 z—0 i z—0 \ tg T

»

189. liml(l +sin 7z) '8,

<« Ouenupmno,

. . t . . . -1
Hm (1 4+ sin 7z) ™" = exp {hm sin 7z ctg 1r:c} = exp 4 lim cos 1r:c} =e . »
z—1 x-1

=l

190. lim (ﬂ)—l—

z—0 \1+sinz
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< Umeem
s .
: l1+tgz\sna . tgr—sing 2sin® 0
1 (_‘—) = {1 I ECT——— } = lim ————2 =1,
amo\1 +sinz P zl-l»% l4sinz sinz P10 cos (1 4+ sin 1:) =e >

191. lim (l——fﬁ) S"'lsz.

z-+0 \1+4sinz
<« Ha ocHoBaMMU NpuMe4yaHHA O PACKpPHITUM ueonpenene}mocrn Buga 1°°, npu BHYACIEHKH
npefiesia MOKa3aTEIbHO-CTEIEHHOTO BhIpaXkKeHUs #” uMeeM

tgz —sing 1
1+sinz sin®z’
3

T
3
3

(u—-1v=
Hockoasky npu £ — 0 tgz —sing =tgz (1 —cosz) ~ 14sinz ~ 1, sin® z ~ 2°, T0
x .

5 1
1 —_— - 1 .l_ = -,
ll-.mo(u e ll-.mo 3 2

Taxum obpazom,

1 1
hnl(l+tgx)sln I:eEZ\/E.D
z 1+sinz

192. lim (sin l + cos -l-) .
=00 T z

. 1 1 . 1 ’
« Iockonexy smi-}-cos—: I+1+°( ) npKU T — 00, I1.1_’It:<)(sm;+cos-i—) =1, To

lim (sinl-}-cosl) =exp4 lim (—l--i-o(l)):c}:e. »
xr— 00 T T =00 \T z

193. lim M .
-0 xr

< Ha ocxoBaumu yrBepxjaenus B), umeem

) .
lim M = lin%ln ((l+:c);) =lne=1.

x—0 z
Taxum obpaszom, In(14+2z) =z +o(z) npuz — 0. »

In(z?2 —z+1
194. tm ——_(T—_-t_)"
« Buinocs 3a ¢ck06kxu B uMcInTEee U 3HaMeHaTele CTapPIENe CTENEHH T M MOAL3YACh YTBEPKEE~
HueM B), Haxomum

In(z® ~z 4 1) . 21“”'*'1“(1_%"'}17) 1
lim — Ty = m 7 T ==. p
z——>+oo ln(x +$+1) z—+c0 10lnz +In (1+F+m) 5
195. 11 1Olg(:c-i-h)-}-lghg:c —h) -—ZIg:c’ >0
< Ha ocuHoBanuu cBoiicts norapumoB u yrepsxaenus B), moayvum
_ lg(z4h)+lg(z —h) —2lgz K2\ ' '
’ll.l—l—bn(] W = hm ﬁlg - =
.'22
_ lge R?\ K2 Ige
—or i (1‘52“ B

196. lim Incosaz

x—0 Incos bz’
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« Tloapsyschk aCHMITOTUHECKHMHU paBeHCTBaMu (CM. ipuMepH 178 u 193), momyuaem

a‘z?® 2 2,2
lncosaz:ﬁm In (l~— — +o(z ))= e +0(x2)=]jm azxz___ﬁ. .
z=0Incosbr  w—o0 (1 _ e (xz)) z0 _”2_2@_2. +o0(z?) =0 b2g2 b2
2
. -1 . 1 H—1 .
197. a) lim 2 , a>0; 6) lim A+or-1 (4 — meiicTBUTENBHOE).
z~0 T x—0 T
« a) lTycrs o — 1 =t. Torga t — 0 npu & — 0, mosTOMY
lim a’ -1 lim tna im Ina Ina
= i1 = = .
z=0 & t—o0 In(1+1)  t=o In(1 4 1)1/

Takum obpasom, a® =1+ zha+o(z) mpu t — 0 (e* =141+ 0(x)).

L (Q4a)E—1 g ePIn04R) g (i)
6) Ouesunto, 1101_115 = = 1101_1_% prEYEEeS: = = p, tak kak pln(l+z) — 0 npu

. pln{i4z)
z — 0, lim S——u
20 HIn(l42)

193). Takum obpasoM, (1+2)* =1+ pz +o(z) npu v — 0. »

=1, lim n(lts) _ 4 (na ocHoBaHuu yTBepxkpenus B); npumepos 197, a) u
z—0 z

. 1—costzx "
198. lim ——5—— (# — meficTBuTenHOE).
z-0 xr

o Ucnonbsys pesyabrar npefsifymero mpuMepa, moiyyaem

lim 1 —costz . (14 (cosz — 1)}* —1 1—cosz £,
Z—0 7?2 %0 cost — 1 x? 2
zé RNY/) z _ .G az? 20, 1
199. a) lim E"——£C0—b-$—)——; 6) lim L2 a>0 B) Lim E B T a#0.
0 z? z—a T —a Z-0 z2

« 2) Umeenm
2 2

e’ — (cosx)\/i _ev =1 + 1-— (cosx)‘/i
o2 - 2 2 .

Ha ocHoBanuu npumepos 197, a} u 198 HaXoguM, 4TO MCKOMEL] Ipeget pasex 1 + g

6) Ilocie oueBURHEIX ITpeobpasoBaHMil 0Ty UMM

a® ~ z* Q071 4ot (1+Ia;a)a—1
£ 7% g -

rT—a T —a xr—a
a

Tipegen nepsoro craraemoro (cMm. npumep 197, a)) paseH a®In a. Tlpexen sroporo ciaraemoro
(cM. mpumep 197, 6)) pasen a®. CregoBaTenbHo,

x a

. ¥ =1
lim ——— =a%*lna—a*=a%ln~—
z—a T —a
B) Umeem
az? 2a az? 2a 2a az? 2a
y e*® cos®z —1 (e —1)cos*™ z +cos** ¢ — 1 e -1 2a 1—cos“%zx
3 = 3 = —— 0C08 & — ————
T T az T
2
. axr®_ - . 1— 2a
Tlockonrky im}) e cos™z = a, Im}) —%5——= = a, To Tpepes BCETO BHIPAKEHHs PaBeH
— z—
HyIIO. P
x a
. % —a
200. lim ——— ., a>0.
z~—a T — a
—a® X __ 0
« Tpencrasnm pynxuuio: =—="- = p(z) B BMKE CyMM=l IBYX claraembx: ¢(z) = Z=2- +
2*—a®

= p1(z) + p2(z). Ouenuano,

r—a

alnz( (z—a)lnz _
¢ (e D) -Inzx.

pie) = (z~a)lne
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~a)lnz
Tak kak npu t — a e*'"% — g%, L((%:)‘-;T—:—l —1,lnz —Ina, o lim ¢1(z) = a®lna. [Hanee,
EAad ]
a ((1+252)°~1) (1+22)°-1 1
i =l 4 = g% im ~—2t—— . = = g%
lim p2(c) = lim z=a o 2= a

a

. & _,0 ‘
Oxonyarenbuo noaydaem lim ==- =4%Ina + a* = a®In(ac). »
Z—sa

. ctgdz
201. Lm (1 +smzcosax> '

z—0 \ 1 +sinz cos Bz
<« Umem npenen nokasaTenbHO-cTENeHHOTO BHpakeHUd u'; uMeeM (npu t — 0)
(1) = cos ax — cos fx  cos® _
14+sinzcos Bz sin’z

(;3_2;2_3_7_12 + 0(:::2)) (1 - 2; + 0(12))3 — ﬁ%‘ﬁ'zz +°(z2) l

(1 +(z +0(z)) (1 -£2 +o(z2))) (@2 +o(z?) & o)

ChnegoBatennHo,

3 g?_ 2
. 1+sinzcosaz )¢ " . 2a z? B? —o?
hn‘ —_— F—] exp hm _._2— F—3 exp A . >
20 T 2

20 \ 1+ sin z cos Bz

202. Iim + sin(7z%)

Tl sm(m:ﬂ)

m sin(rz®) _ . sinw((z*-1)41) . sinw(z*—1) lim {z® —1)
z=1sin(rz8) ~ o—isinw((z8 = 1) +1) s-1sinw(zf—1) z-17(zF—1)
(L)% -1 _ .. at+o(t)

T (TP =1 o Btta(l)

i

(smech Bocmonb3oBaNMCE pesynsTaTOM pelueHus npuMepa 197, 6)). »

sin?(x2%)
203. im ln(cos(7r2’))

« Tonaras sin?(72%) = ¢, nonyuaem
x
m sin (7r22$) =lim - t -1 : t = —9
z—1 In(cos (72%))  e=0 shn(1-1) =0 —X4o(t)

(smecw BocronbsoBamuch dopmynoil In(l — 1) = —t + o (¢)). » f
a a
204. iim =~ :
xlirtlxﬂ—aﬂ’ a>0
« Hlonaras ¢ —a =1 u noasaysics pesynabrarom npumepa 197, 6), monyuaem
t t
a_ o a-=+oft
im =% = lima** ( ) lim-—%———(-)-=ga°‘_’3.>
z—a 8 —af -0 (1+ ) 1 t=0 B+ L +o(t) B

z+h z—=h _ z

205, lyg L T& 2
R0 h?

« Ucrionssys pesyasrar npumepa 197, a), Haxomum

2
. az+h x~h __ zaz . _ ah -1
limn ta = lim a*~" =a’In’a. »

a>0.

) h? hes0 h

(¢ +a)*%(z + b)""b
206 111-141-100 (:C + a + b)21+“+b
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o Ucnonbsysa Bropoli 3aMevYaTenbHLIA Npedel, TOCIe OYeBUAHMX NTPpeo6pa3oBaHUi HaXOTUM

(z + a)™(x + b)™*? - a 2\
. y T b a _ _—a—b
zll’x_}_lm (% + a + b)2e+ats —-Tl{l-lt-loo<(1+x+a) (1+x+b) =e N
207. lim nz(%-— “tVYr), = > 0.

n— 00
o Umeem (cm. 197, a))

. i n?+4 -1 2
nh—rgonz(%_ e =n11_1£0x"+$ - ln .n"’n+n=1nx' >
2
n<4n
. n n b n
208. ilim (—M> , a>0,86>0
=00 Z

« AHAJIOTMYHO NMPeRHAYNIEMY TPUMEDPY HMEEM
n n g n n
im (—————ﬁ—; ﬁ) = exp { lim (———\/E;- Vb - 1) n} =

=+ OO n—od
n n 1
Sa — b — —In(a
=eXP{% lim ( al 1+ bl 1)}=62 (b)=\/ab.>

n—o0

—

x4+1 z41 z+1\ 7
209. lim (a +h te , a>0,b5>0,¢c>0.

20 a+b+c
a+lpprtl el
<« O6osnamy f(z) = ~— 5 Ouesnnno, f(z) — 1 npu z — 0. Torxa
1
2+l | g4l 4 @41\ 5 _
lim (a +OTT e ) =exp{]im’—fﬁ)—1}.
z—0 a+b+c 20 x
lockonsxy :
. F(z)—1 1 . a® -1 b* -1 c*—1
i 2 )-
z—Iflo z a+b+c;~1-r-g) i +o z te x
1
- alna+blnb+clne —Tn ((aabbcc)m> ’
a+b+c

1
TO UCKOMBIIT Tpegen paseH (a*b’c®)atbFe. B
1

x? 2?2\ 7
210. lim (9——+-b—> , a>0,b>0.

z—0 a® + b*
« Umeem )
2 2 -
. a® +b" \” . flzg) =1
1 _—_ = —_—t
i () = oo {1 222
rme f(z) = %— — 1, tak Kak lim = 1, lm b = 1, ima® = 1, lirr:)bm =1 (cm.
xT— x—0 z—0 x—
yreepxgenue A)). [lockoasky
. -1 . a4bT —a" b7
lim &)—-— = lim 2 + a4 =
=0 20 z(a® + b®)

1 . xz_ 32_ T __ z _
=;§B§)az+bz (a 1x+b 1, -2 L 1) —%(lna+1nb),

1
- —=(In a+In b) 1
TO UCKOMLIN Mpele PaBeH e 2 =
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22 22 . .
211. tim =% 40 b>0.

z—0 (a® — b*)?
« Tlockoubky {(cM. npumep 197, a)) a® - =o?In 2+0(z%), (a®=b")’ = (zln2 +o (:l:))2 =
z%1n? % +o0 (xz), TO

2 2
. a® =b"
lim

. 2’In3+o(z?)
im e ey T i =

z’In (I a)—l .
= —_——2 = {]n ~
2—0 221n% £ + 0 (2?)  o—0 22In® b
212. ].ilr In(1+2%)In <1 + %) R

« Bocronb3oBaBmnCE aCMMNITOTUYECKMM PaBeHCTBOM NpuMepa 193, Haxogum
. 3
lim In(1+2%)n (1 n —)

Z~r+ 00 x

lim (2l +In(l+27%)ln (1+ 3)

= lim (sln2+27%+0(27) (% +o (%)) =3l2=1n8. »
213. Mokasars, 4ro
k
im 2 =0, a>1, k>0.
z—+too A%
o Tlockonpky lim :

n—0o0

— =0, a > 1 (cm. npuMep 70), To ogHOBpeMeHHO GyNeT M

k
lim _____(n-i—l) =0

nN-—o0 a”™

CuepoBarenbHo, no 3agaHHOMy € > 0 HailmeTcs Takoe HaTypansHoe umcio N, uro mpu n > N
BBINTOJHAECTCA HEPABEHCTBO

k
(m+1)"
aﬂ

k
o<

a$
JTO M JOKa3hIBaeT Hallle yTBepXKgeHue. P

214. Joxazats, uro

Oycrs « > N +1; monoxum n = [z] (uenas vacte z). Torma v > N n n € 1 < n+1, Tak uro

k
<(—"—%ﬂ—<s

limn log, @

o — =0, a>1 €>0.
o ITonoxum z° =+¢. Torga
im 8% _ L gy, 1%al
z—to0  I° €tmtoo 1
B cuay paBencrsa (cM. npumep 74) nlin;o l—o—-g:—" = 0, umeeMm

=00

[ 3
lim logg(n +1) —o.
n

b
Hycre €3 > 0 — npoussonsHoe. Torga cymecTByer Takoe HaTypanbhoe uucio N, ¥ro npu n > N,
1 1
o< 8alntl)
n
Haz t > N + 1 monoskum n = [t]. Torman > N un <t<n+1, rak uro
0< logs

t lo 1
<l (ntl)
t n
T.e. lim e ¢
te=+o0 ¢

. logg =
=0, a Tem cameiM 1 lim =52

zotoo  *° =0.»
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Pewruts npumMepst (npy pemennu npuMepos 215, 216 ncmonbsyiorcs dbopMyIb

z -z x -z
—e e e shx
shm:i—————; chx:————+——-; the = —,
2 2 chz
a Taxxe QOPMyIHI TUNepOONNIeCKOH TPUTOHOMETDUN ):
. shzx . chzx—1 thz
215. a) lim —; 6) lim ———%—, B) lim —.
z—0 T z—0 xr z—0 T
« a} Ha ocnosanuu npumepa 197, a), umeem
. shzx ) Te”® . . €71
lim ~— =lim ———— =lime ¥ . —= =1.
z—0 T z—0 2z z—0 2z

Orciona shx =z + o(z) npu ¢ — 0.
6) Ha ocHoBaHMM a), HaxoguM

- 2sh?Z 1 /shZ\?
i 2 2 L (2z) L
z? 2

£—0 z~0 L2 220 2

2
.Taxum o6pasom, chz =1+ 32— + o(xz) npu ¢ — 0.
B) Ucrionbsys pesyapraT pemienus a) ¥ yrBepxkaeHne A), noigydaem
. h
lim thz — lim 2

z—0 z—0 T

1
e 1. »
hiz
2 e
16. ll_rg In(ch3z)’
o Ucnonbays pesyiprarsl peltenus npuMepa 215, uMeeM
2 2 2 2
Yim s’ _ lim (= + o (z)) 9(::: + 0 (x)) gx
z=0 In(ch3z)  z—o1p (1 +3 g2 4 0(1:2)) ot 2 2 22 + 0 (2?) T T 22

HorasaTh cienyiomMe paBeHCTBa:
217. lim arctgz = arctg zo.

Ty

o Ilycts o > 0 u & > 0. Ilonoskum arctgx ~ arctg o = t. Torga ams nmpoussosbHoro € > 0
nMeeMm

arctg x — arctg ro| = |t tgt| = < |t —xmo| <&,

larctg g 2ol = |t| < [tg ] 1+m | |

Kak Toasko |z —xo| < § (¢) = e. Takum o6pasoM, cooTHoEeHNe ZOKa3aHo gad o > 0. Ecau zo < 0,
TO [OKa3aTeNLCTBO CBOJMTCSA K y’Ke PacCMOTPEHHOMY CIy4dalo, IIOCKOABKY arctg(—z) = —arctgz.

CrnpaBegnuBocTs Tpe6yeMOTo COOTHOUIEHUA IIPH Lo = 0 BBHITEKaeT U3 OUEBUTHOTO HEPABEHCTBA
< |arctg z — arctg 0| = |arctgz| < [z]. »
218. lim arcctgz = arcctg zo.

x—2xg
o [lonp3yscey ToxpmecTBoM arctgex + arcctgz = g, CIIpaBeNJAMBHIM IIpH BCEX 3HAYEHUAX T,
TnoJy4aeM
. . L T
lim arcctgx = lim | — — arctgx | = — — arctgxo = arcctgxo. »
T—ZTp T—g 2 2
219. lim arcsinz = arcsinzo, —1 < w0 < 1.

LerTg

| 3ameTuM 4yro ecnn 0 € # < 1, To arcsin s = arctg \/’—2, aecau 0 <z <1, 10 arcsinz =

arcctg 3@——- TNostomy nua zo € 10, 1{ umeem

. . . x To .
lim arcsinz = lim arctg —=—= = arctg ———== = arcsin zo.
T—xp x—2g V1 —2x2 A1~ x(zj
B Touxe 1o = 1 umeem (cM. pumep 218)
1 — 2

. . . T L .
lim arcsine = lim arcctg ———— = arcctg 0 = — = arcsin 1.
=10 T~1-0 z 2
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Cayuait —1 € ¢ < 0 cBOguUTCA Kk y’Ke PaCCMOTPEHHOMY, Tak Kak arcsin(—z) = —arcsinz. A mo-
CKOJBKY HJIsI TOMKM Lo = 0 JleBoe U IpaBoe pefelbHble 3HaYeHUs PaBHLl HYJIIO, To JOKa3aTelbCTBO
3aBepuieHo. P

220. BLm arccosz = arccos xo, —1 < %o < 1.

T —Zq

<« [Tocrynas aHaTOTMYHO NpegBEIAYIIEMY IIPUMEPY M UCTIONB3YSA TOXKIECTBO
. g
arcsin & -4 arccos & = —2—,

nojiydaeM TpebyeMoe COOTHOllleHue. »

221. a) hm arctgm-—z; 6) lim arctgx——g-,

Tee—00

B) hnl arcctgz = 0; T) hm arcctg z = 7.
<) HyCTL € > 0 — npousBonbHOE. Torna u3 HEpAaBeHCTBa T > tg (— - e) E(e) Burexaer,
uro arctgx > > ~—€,T. €

0<7—2r-—arctg:c<€ Ve > E(e).

6) Umeem lLim arctgz = — lim arctgz = —3.
L —— OO &= Q0

n) Hcnoas3ys 1o, uTo arcctge = -;5 — arctg z, roxyvyaeMm
T [

lim arcctgz = lim (——arct :c) = - - =0,
x4 00 & =+t 00 2 & 2

r) AHaJoru4xo
T T T
xil’l_l-loo arcctgt = zEIll (E — arctg z) =3z- (—-2-) =7 »

Haiitu npenmensi:

. arcsinaz
222, lim ———=, a#0.
-0 T
arcsin x . arcsin x

o Hockonsky lim arcsinz = 0 u lim =222 = lim 22— =1, To
z—0 20 & . ge.g sin(arcsinz)

. arcsinaz . arcsin az
lim = lim ca=a. » S
a0 T 20 azr L

223. lim “_‘tg_“i a#0.

z—0

« U3 toro, yro lim arctgz = 0, cremyer, uTO
20

. arctgazx . arctgazx
lim 2% — lim & =a. »
z0 T 2—0 tg(arctg am)

224. hm arctg (v + h) —arctgx
h—0 h '
« Hockonsky ’lzint(arctg (¢ + h) —arctgz) = 0, To

. arctg (¢ + h) — arctge tg (arctg (¢ + h) — arctgx) z+h-—=x 1
; = = :
b h rlzli% h h—IR) h(1 422+ hz) 1+22 i<

225. a) ].un ! —; 6) hr&o ! T

1+ez 1+e=
i

. 1 = . 1
< 2) Ecan ¢ — —010 2 — —0, 2 ez — 0, nosromy hmo——I-:l.
T==0 1}eZ

1 1 M
6) Ecin ke z — +0, 10 - — +oo u T — 0, T. e. MckoMHEIi Tpegen paBeH 0. »

1tex
226. lim sin(wy/n? +1).
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« 3anucan NOCIENOBATETBHOCTE Yn = sin(mvn? + 1) B Bune yn = sin(x(vnZ+1 — n + n)),
MOy YUM

hm sin(ry/n? + 1) = lim sin <(7r\/n2 +1—7mn)+ 1rn) =
= Jim (=1)" sin (x(v/7 41— n)) = lim (~1)"sin el =0
227. lim sin’(ry/n? + n).

« Azamoruuyo npumepy 226 umeem

lim sin®(r\/n2 +n) = lm sin’ ((7(\/11,2 +n—nw)+ n7r) =
=00 n—0o
= lim sin® (7('(\/1;2 +n— n)) = lim sin? ———— =1. »

7200 nTeo \/}Tg'i‘l

228. Ecau lim plz)=A u lin‘xA ¥(x) = B, To creflyer mu orcioga, uro lim Y(p(z)) = B?
r—sa & -+ zr—a

1 P
Paccmorpers npumep: ¢(z) = ~ MpU & = =, PRE P U ¢ — B3AHMHO IPOCTHE YuCTa M p(z) =0

npu £ uppauvoHaidbHoM; ¥(z) =1 mpu 2 #0 u ¢(x) =0 mpu z = 0, mpuuem x — 0.
4 U3 ycnosus npuMepa ciegyer, 4ro jis IPOMBBOIBHOTG € > 0 cymecTByer Takoe 0 = o(€) >

0, yro

j¥(u) — B} < e, (1)
KaK TOJBKO

0<lu— Al <o, (2)
T. €. HepapeHCTBO (1) BHNOMHAETCA [ BCeX 3HAYEHUH ¥ M3 0—-OKPECTHOCTH ToYKM A, MCKAYad
camy Touxy A.

. Hanee, cornacHo ycjioBMIO 3afa4M, [JIs IMPOU3BOJILHOTO ¢ > (0, B TOM uMCle M [Jsi 0 U3 Hepa-

peHcTBa (2), cymectsyer Takoe 81 (o(e)} = § (€) > 0, uTO LA% BCeX &, YAOBIETBOPAIOIHUX YCIOBUIO

0< |z —af<8(e), 3)
dYHKHUA ¥ = <p(m) YIOBJIETBOPSET HEPABEHCTBY
le(x) — Al < o, (4)

MpuyeM, He MCKIIOMaeTCs ClyYail, korna ¢(z) = A.
Ho mpu v = p(z) = A dyuxuus ¢(u) = ¥(p(r)) Moxker GhTL BOBCE HE ONMpefeleHa UIM K€
onpejeieHa, HO ee 3HaveHHe P(A) # limA ¥(u). B o6oux cry4asx nepaBeHcTBO (3) He oGecmeun-
U—

BaeT BHIIoNHeHUe HepaseHcrsa (1). st Toro 4TOGH M3 yCHoBuMil llina<p(x) = A, zhir‘x“ ¥(z) =
BHITEKIo paBeHcrBo Lm ¢(p(z)) = B, mocratouHo, uTo6H ¢(z) # A npu = # a. B npenmzoxen-
HOM TIpPHMEpe 310 ycngﬁ{ae He BHINONHSETCA. P

229. Hycts nus veex z € ]mo, %o + 1], rie To — GUKCHPOBAHO, BHIMOJHEHH YCIOBHI:

1) Pukl(z) 20, k=T, m; ZPnk(x) =1

3) lim Pri(x) = 0 npu xaxcnom duxcupopannom k; 4) lim u,(z) =1
7T— 00

Hokazate, uro lim t, =1, rme t, = ZPnk(x) ui(z).
77— 00 k 1
o« IIycts € > 0 — TIPOM3BOIBHOE. M3 ycnoBus 4) cnegyeT cyleCTBOBaHMe Takoro uucia N =
N(e, £) > 0, uro |un(z) — ] < 5 aast Bcex n > N. Uz sT0r0 K€ yCHOBUA CHEfyeT CyleCTBOBaHUE
Takoro uucia M > 0, uro

fun(e)l < M, J|ua(c) -l <2M VneN

- W3 ycnoeus 3) BHTEKaeT CymecTBOBaHUE TAKOTO MMCIa no = no{e, z) > N, uro

Po(z) < k=1, N, VYn>no.

&
A4MN’
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W3 5TUx HepaBeHCTB U yCaoBuM 1), 2) clefyeT HepaBEHCTBO

ltn =1l =3 Pas(@)ur(z) = 1Y Par()| < Y Par(e)lus(z) = 1| =
k=1 k=1 k=1
= Pu(@)lui(z) — 1| + Pua(@)luz(z) = | + ... + Pan(z)lun(z) - | +

+ PnN+1IuN+1(Z) - Il + ...+ Pm.(:c)lu,.(:c) -~ Il < =57 4NM N2M+
+ %(P,.N+1(x) + ...+ Pan(z)) < %+ 3=°¢ Vn > no.

CnegoBareasHo, lim t, =1 »
n—od .
230. oxazats teopemsr Komm: ecau gynxyus f :]a, +oo[ — R oepanuuena s xaxdos xo-
neunom unmepeane |a, bf, mo

f(=z)

a) lim - = lil_:lw(f(x+l)—f(:c)); 6) hm (f(:c))z =

x4 00 (z+l)) f(z) c>0,

f(=)
npednoaazas, Ymo npedeavi 6 NPABLIT YACMAL paeeucme cywecmeywm
B) Hoxasams, umo ecau 1i1_|1_1 (f(x+ 1) = f(z)) = +o0 u f ozpanuuena crusy xa xaxdos
T — o<

xoneunom uwmepsaae la, b, mo

« a) [Ins nokasaTenbcTBa BOCHONb3yeMCs IpUMepoM 229, monaras NpH 3TOM, YTO
z+1
Pnl(x)= :1:+n’ "k(x)
fle+1)
r+1

k=2 n 0<zo<z<z0+1, z0>a,
x+n

ui(z) = , un{z)=flt+n)— flt+n-1), n=23,....

n
Torpa tn = Y Pur(z)ur(e) = L(;T"';-:ﬂ Bce ycnoBKs TeopeMHl BEITIONHEHH, TOYTOMY
k=1

lim ¢, = lim f(a:+n)

= lun (f(x+n) fle+n-1))=1

ITockonpky ! He 3aBUCUT OT T, TO U3 NOCHERHErO PABEHCTBA CIEAYET, YTO

lim 108 _ Eglw(f(xﬂ)—f(x)):z.

z—+o00 T

6) Tlockoaeky f(x} 2 ¢ > 0, To onpegenena dyuxuus F(z) = In f(z). Hycrs ,,E,m ﬁ,%)ll =1

Torma, moap3ysCh TEOpeMOW MYHKTa a) M BO3MOMKHOCTBIO IPEN€NBHOO NEPEXOAa B IIOKA3aTene
CTeleHu, NoiyiaeM TpebyeMoe

zgx_lx_loo(f(x))% = Z_lil_ll-loo exp {l—ll%} = exp{ lim M} = }:\

x—rt o0 T

m f(z+1) 1)
L~ o} 0O f(Z)
B) [lns mpouspoaskoro E > 0 cymecrByer Takoe 4MCcio o > 0, 4TO Ipu & > To
fz+1)— f(z) > 2F.
Oxciona caenyer, uro f(x +n) — f(z) > 2uE n
f(z +n) > f(z)+2nE
T+n t+n
Tockonbky f(z) 2 ¢ > 0 pu o < © € To + 1, TO CymecTByeT Takoe YMCIO Ng, UTO

f(x +n) S E

T+n

= exp {m_l_%gloo(ln flz4+1)—In f(x))} =
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mpu Yn > ng, T.e.ecmu t =x+n, xo <z < o+ 1, > np, TO
i
O
1
YTO KBUBAJEHTHO TpebyeMOMy yTBEpKIEHHMIO. P
231. Haiitu npenens: .
1
L 1\ 3
m (lnz)s; 6) I (—) =
a) z-—-+oo( nm)z’ ) m—l-l-ll-loo T
<« a) Bocnoassyemca pesyapratom npumepa 230, 6), HaxoguMm
. L In(e+1 Ing+In(14% ) In(1+4%
lim (Inz)z = lim —-(——j_——)-= lim _______L___ml__. lim 1+——£—~—’—2

= 1.
Zs g 00 zesdoo  INZ T 00 Inz T 00 Inz

6) AHamoruvHo a) noayyuaem

. 1 .
lim <—) = lim ZH =1 »
r—4o0o \T T—+00 =

232. Hokazars, uro ecan: 1) dyukuus f ompegernena B 061acTH T > a; 2) orpaHuveHa B
xax ol obnactu ¢ < z < b; 3) cymecrsyer npenen

lim fe+1) - f(z) =1

T—400 ™

8|

KOHEYHHM Uau 6€CKOHEeYHEIH, TO
f(=) !

m = .
Z -+ 00 x"""'l 1n+ 1

« [ycrs | — xoHeunoe. Torga us yciaosus clenyer, 4TO

fle+n)—flz+n-1) 1
neoo (£ +n)mH —(x4n—1)mH1 T m 41

Bocnonssyemcs mpumepom 229, nonaras

(1} + 1)m+1 (x + k)m+1 _ (x + k — 1)m+1
Py = — P = )
1(z) (z + n)m+1 nk () (z+ Sias
k=2,n, O0<gzo<z<Lzo+1, &o>a,
flz+1) fle4+n)— flz+n-1)
T LT YR n = ’ = 27 G
ul) =g @)= o S e o "
IoNyyuM i, = (zf-|-:-)+"7+1 . Bce ycaoBus nmpumepa 229 BRITOIHAOTCS, IIOTOMY
. . f(z +n) . l
1 tn = 1 ———i— = n = —,
ni»n;o nl—I»I:o (x + 1l)m+l n—lanOO v (x) m+ 1

3
a MOCKOJIBKY IIpenen E—— He 3aBUMCUT OT T, TO IOC/HefHeEEe PAaBEHCTBO 9KBUBAJECHTHO TOMY, YTO

1
lim @) = t .
ttoo tH1 m++1

Ilycrs | = 4o0. Torga ua ycuosus 3) cuepyer, uro

lim (x +n)"" ~(x +n—1)"*
nooo  fx4+n)~flz+n—-1)

a TOCKOJIBKY TIOCIEK0BaTeIbHOCTE
! 1
((m+n)™ — (g +n—1)")
MOHOTOHHO BO3PacTas, CTPEMMTCS K +00, TO TaKUM CBOHCTBOM 061agaeT M IOCIEJOBATEILHOCTD

(flz+n)—flz+n—-1))nzy.

=0,

o

nz=1’
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ITonoxus
_flz+y) _fle+k)-fx+k—1)
Pai(e) = flz+ny’ Pok(2) = f(x +n) !
k=2 n, O<zo<z<xo+1, wo>a
(x4 1)™H _(z+n)"™ = (g4 n—1)"H! _
Ul(%)—m, un(x)-— f(x+n)——f(x+n‘—- 1) y n=23,...,

M BOCIOJB30BaBIIUCh MPpUMePoM 229, noay4um

hid +n m+1
ty = ; Pnk(x) Uk(x) = %')—‘

OTKyRa M ciegyeT TpebyeMoe yTBep:KgeHue. W

— 0 nmpu n — oo,

233. Hoxasats, uro lim nsin(2ren!) = 2.

T 00

4 Umeem (cm. npumepso)e=1+1+51!—+...+-7%+9—" 0 < 8, <1, mpuuem

n-n!?

= 8T L ale—u.) = n-n! 1 1 1 Onta — =
fn . nonl(e—yn) =n "'<1+1+2!+"'+n!+(n+1)!+(n+1)(n+1)! ¥n |

n-n!

1 Ont1 n nn41
=n-n! = > OOy
nen ((n+ i + (n+1)(n+ 1)!) n+1 + (n+1)2 1 mp n '

IToasayscey aTuM, monyvaem

;. 2m0n
. . . . 2 . . 278 . sin
lim nsin(2ren!) = hm nsin <27rn!y,. + 7n9n) = lim nsin 222" = Lim —r— 270, =27,
71— 00 n-—o00 n 72—+ 00 n 72— 00 £70n ' .
n
TlocTpouts rpadpviku pyuxumii:
234. y= lim V1i+z?, z>0.
N— 00
4Em0<s<l,00< YTF+2" < V2, nrak kax lim v2=1,10 lim YT+z" = 1.
nN—00 N == OO

Ecau ke 1 < 2 < 400, To \"/1+x"=x{/;1;;+1 u i‘/ﬁ+1—»1npun——»oo,nosTOMy‘
lim V1427 =uzx,

n—oo
l,ecinl<z 1,
z,ecmnl <z < 4oo.

IToctpouts rpaduk npemiiaraeM YHTATENIO. P

2 n
235. y= lim ¢ 1+x"+<%—) , £ >0

CregoBareibto y = {

n—oo

o NnMeem

2 7
1<"1+x”+<%—) <%, eciu 0Ky,

2\ " n n
x<1"/1+x"+<9—62—-) =x’\°/(%) +<§) +1<av3, ecm 1< <2

2 2\ " 2 n 2\"n 2
L ootfiqaeny (B =£~"(1) +(—) +1<m—%, ecmn 2 < & < +oo.
2 2 2 z? T

2

A Tax xax lim V3 = 1, TO OKOHYATEILHO UMeeM
n—00

1, ectn0 £z <1,
y= T ecml <z <2,
%, ecm2<z < 4oo.

b
2
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TlocTpouts rpaduk mpefiaraeM YMTATENO. P

236. Tocrpours kpusyo
0 Vlzlm+lylm =1
I 2 ik 1] i
max(lz?‘;‘ylﬂ ny = <2, ecun I:l:l 1 |y| <1, le + |y| # 0, To

Y A
2V max(al, o)

(cM. mpuMep 73), W, ClegoOBaTERBHO,

n n
tim 3/l 1 To = lim max (jal, o) §/ 2ot ax (jal, L),
=00 =~ 0O

max (Jz]", |y|")

« Tockonsxy 0 <

T. €. max(l:cl, |y]) = 1 u rpadukoM Cay’kMT KOKTYp KBagpaTa C BeplIIMHAMM B Toukax (X1, *1).
Sto cmedyer us Toro, yro Touku A(x1, |yl), |¥] € 1, B(|z|, £1), |z| < 1, npunagnexar rpadu-
xy. b

Haittu cienyomue npegens:

237. lim (1 4+ =)0+ +2*) ... (142°)), ecan 2| < 1.
. n—oo
<4 YMHOXMB U pasgenus pHpakeHHe, HaXONAIlEeCH MO 3HAKOM Mpefena, Ha 1 ~ x, MOXYYUM

nﬁ_{xloo((l +o)(1+2)(1+2Y) ... 14+2°")) =

. 1-z2)(1+z3) (1 +2Y). 1+z2" 1— g2nt? 1
o (=20 et (ke 1
N0 1—2z n—oo 1—x 1—z
. z z T
238. nan:o (cosicos 7 cos —27) , TF#0.
<4 YMHOXMB ¥ Pa3feliB Ha 2" sin — 2,, BhIpaXkeHue, Mpelel KOTOpoTo UIleM, HalgeM
z z n-—1
(cos L cos 1) = lim €08 5 €COS T ... COS go=T 2,,_ -2 sin 2,,_ _
n-+00 2" n—co 2" sin 2—n
. . &z .
sin x . sinz 2—,.’ sin ¢
=1 SmoE = um - = -
n—oco 2™ sin 2—"- n-— 0o T sin 2—11. T

239. Iycrs lim d}g ; =1,rme ¥(z) >0 ¥ amn 30, mEN, mpun — 00, T. €. |amn| < €
npu m € N 1/(n>N(€)
Ioxasats, 4Yto

Jim (¢(cin) + @ozn) + .. + @(amn)) = lim (Y(ain) + Plazn) + ... +¥(ann)), (1)

APeRnoxarad, YTo Npeges B MpaBoil 4acTH paBeHcrsa (1) cymecTsyer.

<4 Ilockonnky lnn %% =1 # @mn 30, T0 Ve > 0 IN = N(e) Takoe, yro Vn > N
o(amn)
’(zl(amn)
OTKyH&a, B CUIy ycuobus ¢¥(z) > 0, uMeeMm
p(ain) + @(a2n) + -.- + p(ann)
1/’(“111) + ¢(a2n) + ...+ w(ann)

Hcxons U3 3TOro HepaBeHCTBA, a TakXkKe U3 yCHOBUA CYyIeCTBOBAHMS MpefeXia B MpaBoOHl 4acTH
pasencTBa (1), 3akiouaeM, YTO Mpefes YHCAUTENA CYWECTBYET U PaBeH nMpenely 3HaMeHaTexs. b
Hcnmoassys pasencrso (1) npegbiaynero npuMepa, HailT cliegylolne MpeXek:

1—-e< <l4e m=1,n,

1- <1l+e.

240. lm Z ,“/1+ni'2—1

k=1
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Y1+ -1
« Ilockoneky lim —ep——

n-—co

93
=1 (cM. mpumep 158), a A 30 MpU 7 — 00, TO
3n2

n
. 3
Jm 2 (\/ 1+ )— i

Z 1 yim n(n 4 1)
n—oco 3112 = 6 n-——oo

n2 6
241. i _“.
S, Zsm
. sin %-
< 3nece im —*~ =1 u =3 3 0 npx n — 00, MOITOMY HMeeM
nZ
ok & (n+1)
Lim in — = L 5 o hm 32T 2
n—co Z s 'n2 n=— n? n—+00 211,2 2 >
k k=1
n &
. = _
242, nlﬂl;;:(d 1), a>1.
c=1
w? — .
<« Uneen lim = T =1 (cM. mpumep 197, a)) = 0 mpu n — co. Takum o6pazowm,
nwo —lna "
i "~
n k n
. = . klna . on{n+1) 1
2 _ — — —_——t =
i 35 (o5 1) = i 3 e ML
- k
243. 1 J](1+ ).
neos H + n?

« lmeem

T k e k
n‘il’;oH(H;ﬁ)=6"P{}1‘;Zl“(1+n—e)}-
k=1 k=1
In(14+ %
ITockoarky lim ll—(*k—"z =

N~ O

=1 u — 30 mpu n — oo, TO
2
n

. - k . n(n+1
i T (1+55) = no { i
s=1

) L
BT Il =e2. p
n—oo 202 }

244. nlgllol:lcos Y.

« Jlerko y6enurbed, 4To

In (cos nkan )
lim

=1
n—oo  _k2a?
2ns
IToaromy

Lim Hcos = exp{ lim ZIRCOS }:/_} =
n—co n—s 0 n

2 k242
=exp{ — nlin;o E s (= exp {—

k=1

k2q?

Erea =0 mnpun— oo.

u

n—oco 2.-6-n3

i MR 120 + 1)a? } .
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B npumepax 245 u 246 mepeiTH k Npefeny B MoKa3aTelie CTENMEHX Ha OCHOBAHMM yTBEPXKIe-

Hud A).

245, TocnenosarensHocTs (Tn) 3ajmaHa paBeHCTBaMu =; = V/a, T2 = Va++Va, T3 =
a+vVa++a, ..., roe a >0, Hajttu im zn.
T — OO
« 3aMeTuM, YTO Zp = /@& F Tn-1, n =2, 3, .... IIpumMensas MeTom MaTeMaTHYECKOH UHOIYK-

IIMH, yGexcnaeMca, YTO MOCAeg0BaTEABHOCTD Tn = 1/@ + Tn—1 MOHOTOHHO BO3pacTaeT H OrpaHHYEHa

1 1 "
cBepxy, HanmpuMep, uuciom A > 7 4 4/7 + a. CneposatensHo, mo U3BeCTHOM TeopeMe, UMeeM

lim zn=120
n—oo

npuveM | = v/a + [, oTkyma Haxogum, 4To

1__\/4a+1+1

2 A
246. Ecau wh[f] ects koneGanue pynxuuu f na cermente |z — &| < h, b > 0, To uMCIO
wolf1 = Jiny ]

Ha3mIBaeTcH xoacbanuem Pynxyuu f 6 mouxe €.
Onpepenuts kone6anue pyHxuuu f p Touke z = 0, ecau:

1 1 a1 B Y 1 1
a) f(z)=sin = 6) f(z)= 708 — B) flz) == (2+sm ;), r) f(z)= —arctg —.
<« CoraacHo onpegeneunio kone6aHus GpyHKUKH B TOUKe, UMEEM:

)l = g o1} g (i) =1-(-1) =2,

’ wo[f] = lim wa[f] = lim 2 =2;
& wnlf) = sup {Feo 1) - inf {Feowrd) > o {Fow? i} = B mme k —
Ty Slelgh

HeaBle YMUCTA TakHe, uTo |k|r 2 -;; ITosromy
wa[f] = 400,  wo[f] = +o0;
B) 0w = sup {z(24+sin2)} - inf 2+sin 1)} < 3h — (—3h) = 6h,
)0 <wnlf)= mp {a (2o D)} - ins {x (2o an )} < 9h— (=20

wh[f]=07 [f] 0
r) wh[f]l= Slllp {—arctg }— mf {larctg } ,i-,—-( i-):

wo[f] = ,lli_lgwh[f] = }3_12)1 =1 »

247. Onpegenurs | = lim f(z) u L = hmf(x) ecau

=0

e
f(z) = sin® = + ;zr-arctg %

« Mockoasky inf {sin2 %} =0npu z =z, = —n%r, neN a
2
im — arctg — =inf {— arctg — }
1i—+ 00

TO
{ = lim (sin2 1 + 2 arctg l) = lim (sin2 nw + 2 arctg (—mr)) =-1.
=0 xr T T

z—0 L — 00
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. 1
n€N,a lim %arctg;::

s 21
AHaJIOruuHO, NOCKOIBKY sup {sm2 ;} =lnpuz =z, =
N OO

2
m(142n)’

‘sup{%arctgi—} =1, 10

L =Tm (siu2 ! + 2 arctg l) = lm (sin2 M + 2 arctg M) =1 »
20 T T T 2 T 2

248. Ilycre pyukums z — e°, rge z =  + iy, ONpeekeHa IOCPEICTEOM PABEHCTBA

. zZ\"
e’ = lim (1 + —) . 1)
n—00 n
Tlokasars, uro .
et = ¢®(cosy +isiny). (2)
Brisecru orciona gpopmyxy Ditnepa:
eiy + e—iy . eiy - e—iy
cosy=——2———, smy=T

Cn .
« Tlpencranum nocnexosarensHocTs n — (1 + 9{—"-) B TPMrOHOMeTpHYeCkoit hopme
1 n
2 2 by
z° 4+ 2
z?y ) {cosp +tsinp) |
k!

n (1+-2—z—+
n

Tie ¢ = arctg ;_%;, a 3aTeM nmpuMeHUM popMmyny Myaspa. B pesyabrate mpuxogum k mocIemoBa-

TEIBbHOCTH
n

2 .2\3
7 — (1+2:£:_+1: *y ) {cos np + isin nyp).

1
Nockoxsky (1 + %x +o (%))2’/’”0(1 n) — e, g(z-;’ +o (%)) — I TIPU 1 — 00, TO

14—+ 5 - e
n n

ST n(“ (1))
n AR
(1 2z zﬁ+y2)§_ ( 2z x2+y2>2m/n+o(1/n)) .

IpU N — 00.
Hanee, cornacuo npumepy 223,

- vy - y VY
n@ = narctg —— —n(n+z +O(n>) =y+4o(l)

mpu n — oo. [osromy {cM. mpumep 175, a), 6)) cos np — cosy, sinny — sin y npu n — oo.
Taxum o6paszom,

, - n
<1+ Etzy) — e*(cosy + isiny)
?

MpH 1 — OO, YTO NOKA3EIBAaeT PaBeHCTBO (2).
Hoxaras s paseHcTBe (2) £ = 0, Moxy4yaeM
e'¥ = cosy + isiny. (3)
JaMeHUB B IOCIeIHEM PaBEHCTBE § Ha —y, UMeeM
€™ = cosy — isiny. (4)
s pasencrs (3) u (4) Haxopum
ety + e~V el —

y siny = —————. P
) Y

cosy = 5
?
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YupaskHeHUT QA4 CaMOCTOATEABHOR PaGOTH

Haiity Toduyo BepxHiow ¥ TOUHYIO HMKHIOW rpanu pyHkuuu f : E — F. Yxasarp Touxu
z, y € E (ecan onu cymecrsyior) rakue, uyto f(z) = sup{f(z)}, f(y) = ixElf{f(x)}.
E

91. f(z)= -1, o] < 1. 92. f(z) =1, z €]-1, 1[\{0}.
93. fz)=12% 1<z<2 94. f(z)=2% -1<2<2
2,0z < 1,
95. f(z) = —(z -1} 1€z <2
97. f(z) = arccos(cosz), x € R. 98. f(z)= arctg i, z#0, f{0)=0.
99. Onpegenurs KoreGanne pyukuuu f(z) = i, z € R\{0}, Ha uurepBanax:
a) 11077, 107°[; 6) J107"~% 107"(; ) J107™, 107[; r) ]10°%, 107(; =) J10™, 10™*'[.
100. Ompemeaurs koneGanre pynkuuu f{z) = sin ~ Ha MHTepBajlax:
) e wr b O e w70 ® lommre w2 b O e w= [
Tokasars, 4yro:
101. (14z)"=14+nz+ = "2_1 z? +o(12) npu  — 0.
102. z 4 cosz = O(1) mpu = — 0.
103. e '(14+2z" ) =1~ %z_l +0(z7%), z » 2.
104. (14 + O(x_l))“ =ez® + O(z‘”"l) MpH T — 00.
105. (xe2™ )" = O(ez2+z), z > 0.
106. a) °®) =1 4 o(x), £ — 0; 6) o(f(x) g(x)) = o(f(x)) O{g(x)), x* — xo.
107. Yz = 3xo + :—l "\/xé_"(z — %o) + o {x — 20), T — To.

Haittu npegenur:
. V¥3z+ YT¥5a-— . — A= SAae_ T
108, lim CF2tVAR82-2 - yog [y ViE3zt Vidso Vidao VA4
z—0 VIF6z -1 z—0 VIF2z+z— Y1¥z

. 3a2 2_ 3/ a2z 2 . in azr— m _m y
110. lim Yettasts?=Yalcanta? gy, sinasms ggp yy, Scesass Reope
atx—+/a—zx 20 3FCsin z4x 20 sin® x

z—0

1
. af+al+ ... +a% \ ) . L m 2
113. il_%( — ) ,ai >0, 114. nlﬂléo};(\/l-l-;;—l).

. L - kP . D ke
115. nlﬂléo,cz_:l(wl_*-mf—l , p €N, 1186. nl:moo’;lsmﬁfr,pel\{.

n

117. lim [] (1+n—ﬁ—.’ﬁ),peN.

N=+00 g}

118. JlokasaTh HEpaBeHCTBa

96. f(x) = arcsin(sinz), * € R.

S
S

n
e zx >0, 0< M <1(k=T1,n), DA =1

n
119. Ilycrs: 1) 0 < An € 1;2) 3 Aen =1; 3) lim Anx = 0 mpu kakmoM bUKCMPOBaHHOM
k=1

I OO
n
k;4) 2, >0, n €N; 5) lim x, =1. Torga lim [] x:”" =1,

Haiitu mpegensr:
(1 —sin z)(cos? z+l)——% sin 2z

120. Lm
B Lis

T —

cos? x

22 2 l
121. liu:) ﬁ—f—p—;e— 122. lin}) %I—_—l 123. lin}) (11:22)“-
T = T
124. Lm (32)7 125, him 202 126, lim —C——ﬁ“;”'l.

Tsoo V21T L=} 00 In(1+28)" x—0
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. LTy

Haittu | = lm f(z) u L = lim f(z), ecan:
n— 00 17— 00

127. f(z) =sinz + cos(zv2). 128. f(z) = sin?(zv/2) + b* cos? (zV/2).
129. f(z) = sin2(x\/§) —(1+ sin® 1)2. 130. f(r) = (1 + i)msin2 z.

(+3)°

181, f(z) = (1+71)" +sin*z. 132, f(z) = 35545

§ 8. HenpepbIBHOCTH (yHKIUN

8.1. Onpenenenne HeMpPepPHBHOCTH (PYHKLUUH.

Onpepesenne 1. Dynuxyusa f : X — R, X C R, nasvieaemcs nenpepvisiod s mouxe

zo € X, ecau 6vinoangemcs 00no u3 IK6UBAAENMHLIX Ycaoeuth:
1) Ve>038>0: (V¥ € X)(|Jz — x0] < 6) =

[f(x) = f(zo)| < e (1)

2) das npoussonvnot nocaedosamenvrocmu (&n) snauentti rn € X, cxodswetica npu n — oo
X mouxe Tg, coomeemcmeywuias nocaedosamenvnocms (f(x.)) snauenut pynxyuu crodumes npu
n— oo ¥ f(zo);

3) lim f(z)= f(zo) uau f(z)— f(ro) = 0 npuz —z0 — 0;

T
4) Ve > 036 > 0 maxoe, umo
f(zo — 6, mo + 8[) C 1f(z0) — ¢, f(=0) +¢[

uAw, YMO MO He camoe,
folee—~ 8, wo+ 8] — 1f(xo) —e, flwo) +el.

Ws onpepenenud HenpepuiBHoCcTH PyHKIMY f B TouKe Zg CIEOYET, YTO

lim f(z)=f ( lim z) .
FewTg T3y

Oupeneaenue 2. Ecau ¢ynxyus f nenpepusna 6 xamdoit mouxe unmepeana ja, b[, mo
dynxyus f nazvisgemes HENPepLIGROT HA STMOM UHMEPEAAE.

Onpenpenerne 3. Dyuxyus f :]u, o] — R (f : [z0, b[— R) nasvicaemcs nenpepvietioti s
MOuKe To cresa (CNPpasd), €cau 6LINOAHAEMCR 00HO U3 IKGUSANEHMNLIL YcAosuti:

1) Ye > 0 36 > 0 maxoe, wino nepasencmeo (1) svinoansemes, xax moavko To — 8§ < z £ Bo
(ro < x < o +6);

2) Oas npouszeoavhroti nocaedosamenvrocmu (x,) snavenut Tn € la, o] (zn € [zo, b[), cxo-
dawedica ¥ mouxe To, coomeemcmeywwas nocaedosamenvriocms (f(zn)) navenut pynxuuu f
cxodumes € f(xo);

3) lim f(z)= f(xo) ( lim f(z)= f($0)) uau, xopoue, ecau f(xo—0) = f(zo) (f(xo+

T-—>2g—0 x—xg+0 )
0) = f(zo));
4) Ye > 036 > 0 maxoe, umo

flzo =6, 2o]) C1f(z0) =&, flzo) +e[ (f([zo, 20+ 8[) C}f(z0) —€, f(zo0) +£[).

Dynxyus f: X — R umenpepuierna 60 enympenneti mouxe 2o € X mozda 4 moavxo mozdas,
KI()Z()(I OHG 6 JTOU mouxe Hf:npf:pbltma cliesad U cnpaaa. .

Teopema 1. Feau ¢pynxyus g : T — X, T C R, X C R, nenpepsviena ¢ mouke to € T, a
dynxyus f: X — R uenpepoisna e mouxe go € X, ede xo = g(to), mo xomnozuyus fog: T — R
HENPEPLIGHA 6 MOUNE t(].

Teopema 2. Iycmv gynxyuu f : X — R ug: X — R, X C R, nenpepsietnt 6 mouxe
zo € X . Toz2da ¢pynnyuu

f

f+g fou 7 (9(z0) # 0)

i

HENPEPBLIGHLI 6 MOUKE Lo .
Bce snemenTapuble hyHKUUY HEMPEPHIBHEL B 061aCTH CYIECTBOBAHUA.
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8.2. HenpepHBHOCTH BEKTOP—(QYHEKIMH 1 PYHEKUUOHAABHBIX MATDPHI.

Onpenenenne. Bexmop-dynxyus ¢ — f(z), f(z) = (fi(z), ..., falz)), ¢ € X, nasvieacmes
Henpepuenot 6 mouxe o € X, ecau
lim f(z) =f(z0).
T—ZTg
Dynxyuonaavras Mampuyae  — A(z), 20e A(x) = (ai,(x)), i=1, m, 7 =1, n, nasvieaemcs
HenpepovieHot 6 mouke o € X, ecau
lim A(z) = A(zo).
T—xq
Bexmop-gynrxyus f nenpepuiena 8 mouxe g € X moavxo u moavxo mozda, xozda 6 amot
mouxe Henpepuieta kaxdas uz gynxyut ¢ — fi(z).
Dynxyuonaavras mampiua r — A(z) = (ai;(z)) nenpepuisna 6 mouxe o € X moeda u
moasKo mozda, K02da 6 IMOL IMOUKE HEMPEPLIGHLI BCE INEMENMBL MAMPUYULI T — a1,(T), 1 =
1,m, j =1, n.

8.3. Touxy paspuBa QYHEUHE M HX Edaccudpuranui. Ocobuie TOUEM HYHKLUUM,

Onpepeaenne. Ecau ¢ynxuyua f: X — R ne asasemcs nenpepvisnoti 6 mouxe to € X, mo
2060pAM, uMoO OMa MePRUM paspuié 6 Imoti mouke. IIpu amom mouxa o, Hasbisaemcs mouxol
paspsiea dywxyuu f.

Touxu paspriBa GyHkuuu f KiIaccUpPUUUPYEM caefyomum o6pazom:

1. IIycrs o € X — Touka paspeiBa dyHkuuu f u cywecrsyer lm f(r), koHeuubli wan

Tz
6eckoHeynud. IIpu arom:
a) ecad lim f(r) KOHeUHEI, TO To HABEIBAEM MOUKOU YCMPANUMO2O PU3PLI6d PYHKIUHA f;
x—+Zg

6) eciu lim f(x) = oo, To To HaskIBAEM MOUKOH PA3PLISE MUNG NOMOCE.
r—Zg

2. Ecau lim f(z) He cymecrsyer, To TOuky o € X HasBBaeM MOUKOU CYWECINBERNO20
z—Zg

paspuiea dynkuuu f. [Ipu stom:

a) eClIM CyWeCTBYIOT KoHeunble npegenst f(zo ~0), f(zo+0) (f(za—~0) # f(zo +0)), To TOMKY
Zo Ha3HBAaEM MOouKol paspvisa nepso2o poda GyHKUUU f;

6) BCe OCTAaNBHEIE TOUKU CYLIIECTBEHHOIO Pa3PhiBa HadhBaeM MOuUKAMU PAIPLIEA 610PeO poda
dbynkuuyn f.

Hockoasky B usonuposaHHoM Touke o € X dyuxuus f: X — R HenpepoBHa, TO ee TOUKAMU
paspEIBa MOTYT OHITH JMUIb NpefebHEE TOUKH = € X .

8.4, OcRoBHEIe CBOHCTBA HEAPePHIBHEX DYHKUNH,

Onpenenenne 1. Dynxyus f : [a, ] — R nasvieaemes nenpepvienoti na ceemenme [a, b)
€CAU OHG Hempepbiena Ha unmepsane Ja, b u 8 mouxe a menpepwviena cnpasa, ¢ 6 mouxe b —
c¢heea.

Ilycrs dynkuus f: [a, ] — R nenpepsiBHa Ha cerMeHTe [a, b], Torga: 1) oHa orpaHu4eHa Ha

9TOM CerMeHTe; 2) ecliv m = il[lf ]{f(z)}, M = sup {f(x)}, To na cermente [a, b] cymecrsyoT
z€[a,b z€la,
TOYKM ) M T2 Takue, uyt0 f(x1) = m, f(x2) = M (meopema Beliepwmpacca); 3) npuHumaer

Ha KaxmoM cermente (o, 8], [@, B] C [a, b], Bce nupomexyTounte snavenus Mexay f(a) u f(8)
{meopema Kowu). B yacrHocty, ecau f(a)f(8) < 0, To Hailmercs Takoe sHaueHme v (o < v < f),
4to f(y) = 0.

Onpepenenne 2. @ynxyus f :la, b — R nasmeaemes xycouno~nenpepvisroti na unmep-
eane ]a, b[, ecau ona nenpepvieHa 60 6CEXT MOUKAT MO0 UNMEPBAAT, KPOME KOHEUHO20 WUCAD
MOYEX PA3PLIBA NEPE020 POJA U KOHEUNDL20 YUCAR NOYEK YCIMPAHUMOZO PAIPLIGA.

249. C noMompo “e—6”-paccykpeHuil TOKa3aTh HEMPEPLIBHOCTE CIENYIOUIMX hyHKIIMIA:
ayzrar+b a#0, ceR; 6) t— 2% zeR; B) T2, 2 €R, r) 2+~ /z, £ > 0;
)z vz, s €R; e)crssinz, x €R; x)z o cosz, ¢ ER; 3) z o arctgz, z € R.

« a) Br6epem € > 0 npoussoasHo. [Jas mo6oro GUKCHPOBaHHOTO £ € R umeem

€

lax 4+ b — azo — b| = |a||z — zo| < &, ecau [z — x0| < = = 6.

|al
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6) Hycts € > 0 — upoussonnhoe u zg € R, Toraa : Costdes aTaorgiagagme 002
|2* — 23] = |(z — 20)” + 220(z — ©0)] < |z — z0|* + 2|0}z — o] CoBRAToaReEt Y
’ N L EER At
Kak Tolbko |z — ro| < \/|zo]? -+ e — |zo] = 6.
) Ilycts € > 0 — mpoussonbHoe, HO Takoe, uto 0 < € < 1. Umeem |z* —~ 23] = |22 + z20 +

23|z — zo|. Mycre |¢ — za| < 1. Torma || < |zo| + 1, mosTOMY
% — 25| < (3leol® + 3Jo] + )]z — zo] < e, L
KaK TOJbKO
I
3|zo|? + 3|zo| + 1

r) Jus npoussoasroro € > 0 u zo > 0 uMeeM o ey

e = — zg |z — zo| .
Ve — Vol = N/—+\/—< e <©

|z — o <

ecin |z — xo| < e+/T0 = 8.
n) Hus meoboro € > 0 u zg € R\{0} umeem

| V& — o] = l2 = 2ol |z — 2o} - l§:$0l e
Ve v VR WA IR VA VA

IR L LA b
ectu |z — x| < %\/xge::&.

HenpepmsHocTs (yHxuun B Touke zo = 0 cuefyeT us HepabeHcTBa |{/z]| = V/|z| < €, cnpasegau-
soro Tpu |z} < &° = 6.
e} ua mo6oro ¢ > 0 umeem

i

T — o T 4 To
cos

5 |2 — 2ol lx—zo(<e

[sin ¢ — sinxe| = {Zsin <2 5
: RN

npu jz — x| < b =e.

LR IS 22 17 (AN TY FUNRIE N
D:K) AHaxoruvxo npegbgyuemMy ' et ’

EREER IO a
|cosz — coszo| = |—-251n L7209 Gin %io_ <l|lz—xo| < A "”"”;‘1"' b
npu |z —ze]l < 6 = €. '
3) llycre (2] > 0 u |h] = |v —xo| < |zo|. Ecau arctg (zo+h)—arctgzo = ¢, 10 tg1 = l_{_%’;zéh,
a rax xax |t < |tgt| npu [t] < T, To ek
larctg (wo + h) — arctg zo| = |t} < |tgt] = 2h < Ih} <e,
i 1422 +hzo 14 22 — |k |zo] -
1+ zg)e
hl = — g—————— =
ecau |h] = |z — x| < T+ ]zole
HenpeprsHocTs Qysxuuu ¢ — arctg ¢ 8 Toure ¢ = ( clefyeT U3 HepaBEeHCTBa :
larctg z — arcig 0] = |arctg z| < |z|. » Coal e
. . N P :l. E .
WccnenoBars Ha HeNPEPHBHOCTE Cleyomue QyHRUUN: . A D e,
[.’L‘—ﬂ‘/4+7r]
250. f(z) =(-1) 4 (cosz+sinz)+2\/§ [w], z €R. [

™
-4+ ) .
< Iycrs [__L_] = n, TOrDa & NPUHATIEXKHUT MOIyHHTEPBAXY [(n -1)r+ f-,n;r + f[
™ A
Cysxentie GyHKUMM f Ha KaXIBM M3 TT0IYUHTEPRATIOB [(n -1)m+ %, nr + %[, n € Z,

z+— (—=1)*(cosz + sinx) + 2\/231 o (1)
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HefpepriBHo. OcTaeTcsl NMPOBEPUTEH HeNPEPHBHOCTE MyHKuuu f B Toukax nw + %, n € Z. Us (1)
HaXORUM

f (n7r+ g —0) = lim (=1)"(cos = + sin z)+2\/§n = \/E(Zn-l—l),

T4 % —0

f ((n - Dr+ —E) =(-1)" (cos ((n - Dr + g—) + sin ((n =17+ %)) + 2\/§(n —1). (2)
Hanee, noxaras B (2) BMecTo n uucio n + 1, noxyvaem
f (mr + Z—) = (—1)"Jrl (cos (mr + g) + sin (mr + —g)) + 2\/§(n +1)= \/5(271 +1).

Urax, sHauenus dpyHruuu f B Touxax n7r+§, n € 7Z, paBHBHI €€ COOTBETCTBY IOWUM MpeNeIbHEIM
3HaYEHUAM CleBa B 9TUX TOUKax. [losTomy dyHkuus f HempephIBHA B KasK[JOH U3 TOUEK nT +
%, n € Z. A tax Kak paHee yCTaHOBIEHA HEIPEPHIBHOCTH BO BCEX IIPOMEXKYTOUHBIX TOYKaX, TO OHa
HeNpeprIBHA Ha BCEH YUCIOBON MPSAMOH. P

tg 2 T
251. f(z)= arctg%-{—r{ xzj; ], c#nr+ 2, f (mr—{- —g) =uar,n €% z€R.

<« Econ [212:—"] =nuctEar+ i, neZ, 0c€ ]mr -2, nw+ %[ Cyxenme pyHxuuu f
Ha KaXJHIi U3 MHTEPBATOR |nT — 2, nm+ %[, n € Z, eCTh HellpePEBHAS QyHKIUA

t
Z > arctg 52 + nw.

VZ

Ocraercs MPOBePUTH HEMPEPBIBHOCTL (DYHKUMKM f B TOUKAX NT + %, n € Z. Umeem

T _ . tgz _ T
I (mr + 3 0) = 111117r (arctg 7_5 -+ mr) = nr -4 5

LTt —=0
¢ n+ 3

T . tgz kg
f (mr + —+ O) = lim (arctg —— 4+ (n+1 7r) =nrT+ —.
2 FES e %-{-0 ’ \/i ( ) 2

Taxum o6pasomM, f (mr +3 - 0) =f (n7r + 2+ 0) Vn € Z, u, ciefopaTeabo, PyHKuus f Hempe-
priBHa Ha R. »

252. f(z) = [z])([z] - (-1)F cos 7z), = € R.
<« [Iycrs [z] = n, Torma n < ¢ < n+1, n € Z. Cyxenne GyHkumu f Ha NOXyMHTEPBaJLL
[n, n+1[, n € Z,
z — n(n — (=1)" cos 7z
HempepHBHO. A Tak kak sHauenne f(n) = n(n—1) pasHo npefeapHoMy 3HaYeHuIo clleBa f(n—10) =
lim 0(n —1)(n~1-(=1)""tcos 7z) = n(n~1), To hyHKUUS f HempepLIBHa Ha MHOKecTee R. »
T—n—

253. f(z)=[z],  €R.

< Ecmi k €z < k+1, k € Z, 10 [x] = k, u, cienoBarensHo, f — HenpephBHa. Eciu
ke 0 = k, 0 f(k) =k, f(k-0)= liin [z} = k —1, 1. e. dynuxuus f Tepnur paspeiB IpH

x—k—0

o=k k€Z »

OnpegenuTs TOUKM Pa3pblBa U UCCIEROBATh XapaKTep 2TUX Touek, eCJN:

54. =T -1 —1) =0.
2 f(l') (1+z)27z¢ 9f( 1)
« Umeem

I—-}l—l-ll—O f(z) = —oo; z—»h—I-Ill-f-O f(z) = —oo,

ClieJoBaTEbHO, & = —1 ecTs TOYKa Pas3peiBa THIIA ITOJTIOCA. »
1 1
255, f(z) = i—i% ¢ € R\{-1, 0,1}, f(=1)= f(0) = f(1) = 0.

=1 a
o Dynxims [ uenpepusua npu ¢ € R\{—1, 0, 1} xak saemenrapuas. ITockoabky
-1 . .oz —1 . .or—1
=Fooy lim fe) = lim Ty = =1 lim (o) = lim 2= =0,

Lix = I
z-.—lxld:o f(:c) 1—11111;{:0 z 41
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To £ = —1 eCTh TOYKA pa3pHBa TUNA MOMOC3, £ = {} — TOUKA pa3phiBa MePBOTO POXa, a'B TOURE
z = 1 dyuHruus f HenpeprBHa. P

256. f(z) = cos’ =, & #£0, f(0) =

<« [lycts 2z, = nl—w, Yn = (711-%1’)7’ n € N. Torpa znn — 0, y» — 0 mpuU n — o0, OgHAKO
f(zn) = 1,a f(yn) — 0 mpu n — 0. Cregosarensno, lim f(x) He cymecrsyer u ¢ = 0 — TOYKa
r—0 :

pa3pbeiBa BTOpOTO pojia. >
257. f(x) = alctg , ¢ #0, f(0)=

< HyCTL e > 0 — npoussoasHoe. Torma cyurectByer o > 0 Takoe, 4TO z—- > tg (— -—-(—:)
OTKYZA tg = > -—5. B cuny Bospacrauug apkradrenca nas 0 < z < o ¥ HOXABHO arctg => ;—e.

K
T. e. lim alctg - =3
2—40

. 1 s
Ananoruino noxassvlsaercy, uro lim arctg - = — . CnefiosateabHo, £ = 0 — ToYKa pasphiBa

z——0

ePBOTO poma. P

258. f(z)= _—I—L— r#£0,x£1, f{0)=f1)=0.

1—et-=
<« Umeem
xT
. 1 . 1= 11—z
m ————— = lim ——%—. = Foo,
=30 — T —x0 — T
X 1—el-2 1—el-=
T. e. £ = 0 — Touka paspelBa TUNA Ioloca. [lajee,
. 1 . 1
lim — =0, lim ———— =1,
z—1-0 140 —_—
@ 1_ eT=z FA0 T

Mo3TOMY 2 = 1 — ToUxa pa3priBa MepBoro poxa. »
259. f(z) = z[5), 2 €R.

< Ecnu [2] =n, 1o z € [n, n + 1] u cyxenus pyukuuu f Ha moxyuHTepBaiH [n, n + 1]

z—nz, z€[n,n+1] »
HeTpepwBHE Tt Jio6om n € Z. A rtak kax f(n) =n?, f(n—0) = I_]_.;ll;l_o(n‘— Nz = (n & '.l_)n, TO
TOUKM = N ABJISIOTCA TOMKAMM PasphlBa NlepBoro popma. P
260. f(z) =[s]sin7z, z ER. .
<« Ilycre [x] =n, rorpa » < & < n+ 1 u cysxenus pyukuun f wa [n, n + 1[

r—usinTe, z€n,n+1], ne€z
HenpepblBHEL. OcraeTcs MccAeRoBaTh HENPEPHIBHOCTL B ToMKax £ =n, n € Z. Umeem

f(r)=nsihan =0, f(n—-0)= lim (n—1)sinwz = (n—1)sinwn =0, .
z—n—0

T.e. f(n)= f(n —0) u dynxuus f nwenpepusHa Ha R. »
1
261. f(a,):x[—} , ¢ #£0, £(0)=1
T
« Dyuxkuus f HenpepHBHA HA KAXKEOM U3 MOLYHWHTEPBAJIORB % <z < %, n € Z\{O},

1
NMOCKOJBKY €e CyKEeHUS & +— 1% Ha >TH MMoAyUHTEPBaAbl HenpephiBHeL. [lalee, f(;)
1 1 -1 1
f(;+0) = lnn z [;] = %~ mosromy B TOuKaX z = -, n € Z\{0}, dpynxuma f repmur
L—»—+
pasphIB NEPBOLO POAA.

PaccMorpum HepaseHncTro

n 1 n+41
<z l—{ < R 1
n-+1 |:£} n ( )
cnpaBefauBoOe XA & ] —[, n € N. Ecau n — o0, 0 ¢ — +0, u us (1) clefgyer, 4To

hm f(I hm = [L]

x—40 ¥
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Ecau [%]-———'IL,TO —néi(—n—%—l, —-;1-1+—1-<z<_in-,u

-n [1]<—n+1‘

—‘“—_<$ -
—n+1 T —-n

(2)

Ecmu n — 00, T0 £ — —0, u u3 (2) HaxomuM, 410 lim f(z)= lim « [i] = 1, Taxum obpasom,
x——0 Z——0

f(0) = f(+0) = f(—0) =1, 1. e. mpu ¢ = 0 PyHKUUS HEPEPELIBHA. P

262 f(z) = sin ¥r  [Qas palHOHAJBHOTO, T
: —10 TSl MPPaLMOHanbHOTO Z.
o Ilycte ©0 # n, n € Z, — nNponsBOARHO, (Zn) — MOCIEHOBATEIbHOCTEH Pal[MOHATBHBIX UM Ce,

CXOOAWAACT K To, a (tn) — MOCAEQOBATENBHOCTS MPPALMOHAIBHEIX YUCeN, CXOMIIAsca X To. W3
papeHcts lim f(z,) = lim sinwz, =sinwzo # 0 u lim f(t,) = 0 BeiTexaer, uro lim f(z) He
n—+00 n—c0 n—oo z—Zg

CYINECTBYET, T. €. Tg — TOYKa pa3phiBa BIOPOIO Poja.
Ecnu xe zg =n, n € Z, 10

|f(z0) — f(2)| € |sinme| = |sin(mn + 7(z — n))| =

= |cos wnsin w(z — n)] = |sin 7(z — z0)| < 7|z — @0 < ¢,
ecmy |z — zo| < &= = 6. CuenoBaTeapHo, Tp = I — TOMKM HeNpephIBHOCTU pyHKIUM f. B
- ; pep
263. Moxasars, 4To dyHkiuud Pumana
k)
f(@) %, ecnn ¢ = %, re m U » — B3auMHO NpocTHIC UMCIA,
) =
0, eciMx -— uppauUMOHA/BHO,

Pa3phLIBHA MpPHU KaXIOM PaUUOHaIbHOM 3HaUeHUU T ¥ HElMpepHBHa MPU KaKIAOM UPPALMOHATBHOM
3HAYEHNH T .
v 1
<4 Ilycrs z0 = § — PalMOHAIBHOE, Tak “To flzo) = T Ouesunuo, mMocienoBaTenbHOCTD

1 . 1
("’7: ) PALMOHAABHEIX YMUCE] CXOTUTCA K 5 = rp Opu # — oo. A Tak kak lim f (%) =
T —=r OO

. 1 o
lim — = 0, To xaxmgas pauuoHagbHas TOUKa % SIBNSeTCd TOUKOU pasphblBa.

n-soo ™4

IIycts @ — npousBoibHOE UppalMOHAILHOE YUCio, & (T,) = (g—"—) — MPOU3BOJbHAS NOCHe-
) n
IOBATENbUOCTh pallMOHAIBHBIX YUCel, cXogdmwasics K a. Torga lim ¢, = oo u
n—od
lm f(zn)= lim f{= )= lim —=0= f(a).
n— 00 n—+ CO dn n—>co

A rtak kxax f(z) = 0 npm = mppauMoHanbHoM, To paseHcrso lm f(z,.) = f(o) = 0 cnpasen-
n—od

auBo Aag mo6ol M0CaeNoBaTeabHOCTH (T,) C ITPOMBBOJBHEIMM YJIE€HAMM, cXojduielics k uppauu-
oHansHOMY uMcny «. Takum o6paszoM, pyHKIUA f HempephbiBHa MPM KakJOM MPPanMoHaIbHOM
3HavieHuu . »

264. Uccrenosars Ha HeNpepHBHOCTL (PyHKUMNIO

nx m >
~y» ©€CIMZT — HecoKpaTuMas apobsr —, n > 1,
f=1 "
|zf, €CIM T — UPpalMOHaIBHOE YHCIIO.
«q Ilycts 2o — pauuoHaibHo, T. €. o = %, n 2 1. Cornacxo ycinosmo, f(zo) = 7:1'
_ km41 m o 3 . R 1 km4l _ m m_
Mockonsxy zp = —-— — — =zo mpu k — o0, a k]gl;o flzx) = klgl;o T = T = F(zo),
To byHKUMa [ TEPNUT PasphiB MPU BCeX PalMOHaIBHEIX 3HaueHMsX apryMeHTa.
Iycts Teneph To — MppaLMOHabHO, a (Ti) = (’:—’”) — NpPOU3BOIBHAs MOCIEIOBATENbBHOCTD
k
PRLHOHAILHEIX YUCed, CXONAMAsc K To. lorma lim |mx| =00, lim |ni] =oc u
k—rco k—co
my
. . mg . g i = flzo ecmmzo = 0
lim f(zx) = lim —— = lim —25 =z = lo] = f(zo), Z 0 (1)
koo Koo N + 1 koo 14 —|zol, ecmu ro < 0.

7
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. ‘i .
Orcloga BEITEkaeT, YTO (PYHKUUS PasphIBHA IPH OTPULATENBHBIX UPPALKOHAIbHBEX 3}{3'-IéHMKX'Tap-
TYMEHTA.

Ecmu 1, — zo upu kb — oo, npuuem ¢ > 0 — uMppauMoHaJbHEIE YMCIA, TO

‘hm flzx) = ‘hm lzi| = |zo] = f(z0).

Taxum obpasom, ¢pyHkuus f HempepsIBHa TOABKO MPU MMOJOKUTEALHBIX uppauuoxanbm.rx 3Ha-

YyeHusX apryMeHTa. P .
265. Iycre gyukuns f HempephIBHa I OTpaHMueHa B MHTepBaie )To, +oof. Hpr‘caaam{:,_,ﬂro

kaxoe 6b1 HU BBUIO umciao T, HalifleTcs MOCAENOBAaTeABHOCTh Tp — OO TAKAK, 4TO )

lim (f(zn+T)—f(zn))=0. I :

« Ilyers T > 0 — npousbonbhoe. Pacemotpum pastocts f(¢ + T) — f(z). BoaMoxcHhI nﬁa«‘
cayvas:

1) cymecTByeT kOHedHoe uMcio T’ 2 ©o Takoe, uro pasHocth f(z + T) — f(z) coxpaHaeT
MOCTOSHHEL 3HAK NI BCeX T > &

2) mwra npoussoneHoro £ 2> zo cymectsyer ¥ > E Takoe, uro f(¢* 4+ T) — f(z*) = 0.

B mepsom cnyuae mocnenosarensHocts (f(z' 4+ nT')) MoHoTOHHa, a MOCKOALKY OHa H OTPaHH-
“YeHa, TO CYLLECTBYeT KoHeuHbli npegen tim f(z' + nT) = [, Tak uto

T —r OO

Im (f(z'+ (n+D)T) ~ f(z' +0T)) =1 =1 =49, voesn) L EGE

ipudeM £n = ' + 0T — 400 Npu n — .
Bo Bropom cmywae cymecTByeT Takas GeCKOHeuHas IOCIeNOBATENBHOCTE (Tr) 3HAUEHWH T,
£ > Lo, YTO Tpn — +00 mpu n—00 U flan +T) — f(z,) =0, T. €.

1211 (fzn+T) = fzn)) = 0. i

Ciyuait, xorga T < 0, sameHoll © + T = { TpUBOAMTCS X y’Ke PaCCMOTPEHHOMY. P

266. HyCTb @ W Y — HenmpepbIBHBIE TEPUOANIECKHE DYHKIMH, ONpefeIeHHEIE TIPH T € IR 1»11
hm (LP(L P(x})) = 0. Toxasars, urto ¢(z) = ¢(z), z € R.

« Ilycrn 1Y — nepuon gyuxuun ¢, a Tr — nepuon dyHKuum . ITpermnopoggmm, rq cp(,a;) 5:"
g()\l) T. €. cyuiectsyeT TaKast TOUKa = = {, 4TO
O e L

lo(t) — 9(&)] = M > 0, o Neh}

M
Boskmem ¢ > 0 mpousBonbHOE, HO MeHbliee, HeM 5. B cumy HerepHBHOCTM byHKLMN qo B
Touke & = ¢ gus ykasaHHoTo € > 0 cymectByer 8 > 0 Takoe, UTo

lo(t) — (t+ h)] <, (2).

KaK TONBKO |h CornacHo ycIOBUIO, CyMeCTByeT Takoe HaTypalbHoe uducao k, uro |e(t +.
KT5) — ¢t + kTo)| < e, a Torma VYm € N umeem

lo(t + mkTy) — (¢ +mkT3)| < e. @)

]

U3 HepapeHcTs (2), (3) ¥ ePUOTUYHOCTU GyHKUMH ¢ U 9 clefyeT HepaBeHCTBO
lo(t) — ()] = lo(t) — o(t + mkT2) + o(t + mkT) — ¥(t + mkT2)| <
< p(t) = ot + miTo)| + |t + mkT) — ¥(t + mkTa)| =
= |o(t) — ot + mhTy — nTy)| + |o(t + mkT2) — p(t + mkTp)| < e+e =2, . 4,(4)

CCIM TONBLKO (AR
[mkT> —nTy| < 6. ] (5)

Ho mp1 Bri6paimu Takoe uucio €, yro 2¢ < M. Taxum obpasom, HepaBeHcTBO (4) HpOTMBOpe‘{MT
pasencTBy {1). McrouHux MpoTHBOpeuns — B MPETTONOKEHUM CYMECTBOBAHNUS TOUKH & = t, B
xotopoil |¢(t) — ¢(t)| = M > 0. CaefopaTensHo, Taxoi TOYKH He CYMIECTBYET, T. e. () 5.1/}(1;)., ,
-0 L T < 400,

OcraeTcq NMoka3aTh, 4TO Mpy MTPOU3BOILHEIX 3alaHHE X uuciax 11, k72 u § cyuecTBYIOT eable
uncaa m > 0 ¥ n, ynoBlerBopsiomne HepaBeHCTBY (5).

Ecnu T2 w T, — pauuoHaigbHbIE, TO DTO OUEBUIHO.
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i \ - i
Tlycte 1o u T\ — uppaluuonansHsie. Eciu obosHavum LEL I l,

n = «, TO HepaBeHCTBO (5)
1
sanuueM B BUJE

KA
Ty
jml—n| < a. (6)
1
Ilnst DoxasarenbcTBa TMOCHETHEro HepaBeHCTBa pasobbem unTepBan [0, 1] Ha [Z] + 1 paBHEHIX
w © 1
yacren ([a] — uemas wacTh uncHa @) gaAMHON F—]——, TMPHUEM, K KAKIOMY M3 YACTUYHEX MHTep-
=141

a
BaJIOB yCIOBUMCS NPUNMUCHIBATE €0 JIeBBIN KOHell 1 He HPMHMCHBHTB ]'[paBI)II/I

PaCCMOTpMM MHOXECTBO dHCell

0, 1[0}, 20 — (20, 31— [31], ..., ([é] +1) - [([é] +1) z], )

KaK10€ U3 KOTOPHX MPuHaIeKUT OGHOMY U3 ITOCTPOEHHBIX HaMM YaCTUYHBEIX MHTepBadoB. Ilo-
1 1

CKOJIBKY YACTUYHBIX HHTEepBaJOB [ﬂ + 1, a uncen (7) umeercs [—(;] + 2, To cyllecTByeT XOTS GBI

OMH MHTEPBaj, COTEpxalUU IBa dUCIa

-l n q-{d, p<y, (8)

1
MuoxectBa (7). Ho Tax kak pgiuHa MHTepBajna paBHa Il—}—, To pasHOCTh Mexay uuciamu (8)
=41

@
MEHBIIE 3TOH [UIMHBL, T. €.

1 1
lgl = [gf] = pl+ [plll = (g — )l = ([g] = [PI)] < g+t <yp=oa
«
O6osHauas ¢ —p = m (m > 0), [¢!] — [pl] = n u nopcraBasis BMecTo | M o MX 3HaYeHUA, HOTyHacM
kT ) :
m—— —mn — E —nThj < 6. »
7T1 <T1’ umu  |mkT, — nTi|
267. IoxasaTh paBeHCTBO arcsin T + arccos T = 72—5
4 Umeem
™ . 3
-3 < arcsin z + arccos ¢ < -
ITockoasky sin(arcsin z+arccosz) = 1, To arcsin z+arccosz = §+2k7r OTcrofa ¥ U3 NpeNbIIy UEro

HepaBeHCTBa 3akgouaeM, 4yto k=0, p

268. Jloxasats QopMyIy CnOskeHUS apKTaHTeHCOB:

T
arctg r + arctg y = arctg Y +em,
1—zy
e € MpUHUMaeT OMHO U3 Tpex sHadehui 0, 1, —
< Umeem
T c +
tg (arctg z + arctgy) = ty , tg <arctg 1y ) y ,
- Ty — Ty 1—-zy
TIO3TOMY
arctg z + arctg y = arctg 1 + e, (1)
rae ¢ € Z. llocxonsky |arctgr + arctgy| = ‘arctg szyy +em| < 7w a |arctg szyy < g, To

€ MoXKeT MpMHUMaTh TONBKO TpH 3Hauenus: 0, 1, ~1. Bulunciass xoCMHYCBI OT neBoit ¥ TpaBoil
Yacrell paBeHcTBa (1), moayuaem

1 1 « y 1
. — . = COSET,
VIt ity VI+a? iy \/1+(’“)2
1—-zy

Tax 4YTO

COSET = 1—zy . A+2)(0+9") 1-zy _ 1, ecmmzy <1,
. (1+22)(1+2) 11— zy] {1 —zy] -1, ecmmzy>1.
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8] |-

Cregosarensno, bynxuus (¢, y) — e(z, y) TepnuUT pas3psiB, ecIu ¥ = —, IOe & — m06oe
$uxcupoBaHHOE YMCIO. 3aMeTUM, YTo eciu =¥ < 1, To ¢ = 0, a ipu zy > 1 ¢ = +1 (Tak Kak ¢
MOXKeT TPUHMMaTh TOJNBKO TPy 3HaveHus 0, 1, —1).

Oycre 2y > 1 u =z > 0. Tornay>0m

z
arctgz > 0, arctgy >0, a arctg 1—+—xy§ <0
B papencrse (1) clieBa CTOMT HeMpepwBHas NOIOKHUTENbHas DYHKUUS, CAETOBATEALKO, K CRpaBa
HOJDKHA CTOSTH MOJMoKUTeNbHast QyHKUUS, a ModToMy € > 0, T. e. & = +1.
Ananoruvyno, ecmt zy > 0 u z < 0 (y < 0), TO £ = —1. »

269. Uccregorarh Ha HENPepBBHOCTD BEKTOP—dhyHKIIMIO

si -1 —
f(:z;): (smz’ e , 1 cosz)’ T #0,
z

f(O)z:: (1,1, 0).

o Dynxuus f mpu ¢ # 0 HenmpepriBHa, MOCKOABKY €€ KOOPAMHATHI HENpPEPHIBHHI NP 3TUX
3Ha4eHHUSIX apryMenTa. [alee,

x

lin})f(x) = (lim sz, lim & x— ], lim l—iosz) =(1, 1, 0),

r—0 xr -0 =0

nosromy dbyHkums & — f(z) HenpepemBHa u pu z = 0. »
270. UccaegopaTs Ha HeMpepBIBHOCTD (yHKIMOHAILHYIO MaTPHILY

Ale) = < [¢]sinTz « >’ cER.

-z 1
<« PyHxuMoOHalIbHas MaTpUlla HellpepblBHa Ha R, Tak kak BCe ee 3IeMEHTh HEMpePHIBHEIE Ha
R dbyuruuu. »
YnpaskHeHusa QA CAMOCTOATEIbHOU paGoTh

WccrenopaTh Ha HeMpepHIBHOCTE ciaefyiouue by HKIMM:
133. f(xr) = arcsing, |z| <1. 134. f(z)=arccosz, |z| <1
135. f(z) = arctge, z € R. 136, f(z) = arcctgz, z € R.

137. f(z) =S4 2 #0, f(0)=1. 138. f(z) =202 45 1 230, f(0) =0
139. f(z) =arctg L2 2 £ Z 4+ kn, f (S +kr) =0, ke Z.
140. f(z) = sinz arcsin thz, T # T4k, f (% + k7r) =0, keZ.
=l el > 1 _ ] sinz, z€Q. "
141. f(x) —{ 2, Jol <1, 142. f(z) = 0, € R\Q.

143. f(z) = (_1)[M] (sin z + cosz) + 2v/2 [4”3"] , z ER.

144. f(z) = lTarctngl—}—-—sgnar:, r #0, f(0)=0.
145. flo)= - +14 5+ .+ g 221 146 f(2) =[e)lnz —ln([z]!), = > 1.

147. f(.’L = —zx [W:I—}—l-l'?j-*‘...—}-ﬁ, .’EE]O, 1].
v

- )
148. f(z) = { 5, (=), i E%,\Q 149. f(z) = [z]sin7z, v €R. .
sin x vz
Vol EE 2o, _) =t s
150. f(a,)—{ 24l sso 181 f(z)—{ Vite ez

OnpegeuTs TOMKM PasphiBa I UCCIETOBaTh UX XapakTep:

152. f(z) =sin-3, o #0, f(0) =0,

153.- f(z) = arctg t\g/f + 7 [2””] , e #F g +uw, f (g + n7r) =0, nel

154. f(x) = arctg -—ﬂi\/-/;)—"'— +T [%:—r] 2 # 2n+)m, f(2n+ 1)) =0, n €Z.
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155. f(z) = arctg 5— = # +1, f(+1) = 7.

156. f(.’l)):- m, T # %—}-kﬂ', f(zzr--f-kﬂ') = 0.

157. f(z)=tge, = ;é§+k7r, f(§+k7r) =0, kcZ.

158. f(z) = arcsin (sin z) arctg ——, z # nm, f(nr) =1, n € Z.

159. f(z) =Inarcctg %, ¢ # 0, f(0)=0. 160. f(z)=tg s, 2 #0, f(0) =
HcenenoBaTe Ha HEMPEPLIBHOCTL BEKTOP-(DYHKIIMN:
161. f(z) = (cosx, <1111 1), z € R.

1 m—1 1
sin -, rsinz, ...,z sin -}, ©#0,
162. f(z) = {(1 O 0) ) AP
SmI |, COST z # 0,
163. f(x)”{(lol ) xiO.
164. f(z) = (“WI - Ut o ) 2"), ecan & € ]—1, +oo[\{0} n £(0) =

(V2, 22, ..., my/2).
1
165. f(z) = <(1 +x) (1 +21)x, (1 +7nz);>, eciu .z € |—1, +oof\{0} u f(0) =
(e, €%, ..., e™).
HccaéfioBark Ha HEMPEpHIBHOCTE (MYHKUHOHAILHEIE MaTPUIBL:

1 sin x T
Cos & 1 1—

167. A(z) = ([”—jl—]), t€R i=1,m, j=1,n.

166. A(z) = . ),xER.

z
168. A(z) = (ay (), tae aiy(z) = (1 +iz)s, ¢ =1, m, j =1, n, = € ]-1, co[\{0}
A(0) =
1y

169. A(z) = (ai;(x)), rae ai)(z) = (l + 1—;) e #£0u A(0) = E.

170.
’ 10 0
ST 0 % 0

» Afe)=1 oz #0 A0)=E
0 0 S

§9. PaBHOMepHas HeNPEPHIBHOCTh (PYHKIINU

9.1. OnpepereHe pABHOMEPHOX HENPEPHIBHOCTH.

Onpepenenne. Pyuxyus f: X — R nasvisaemcs paenomepHo—HeENPepuionoll Ha MHONE-
cmee X, ecau
Ye>036>0:Vz,ye X Az —y| < 6= |flz)— fly)| <e.

Ecan byHKUUS f He SBASETCS paBHOMEpPHO—HEMpePHIBHON, To 9TO 03HAaYaeT cilefylollee:
e >0V >0, ye X Alz—yl <= |f(z)— fly)l = €.
9.2. Teopema KaHTopa.

Teopema. Ecau pynxyus f : [a, b] — R nenpepviena na ceemenme [a, b], mo ona pasnomepro—
HENPEPLIGHA HA STNOM CEZMEHTIE,
271. Toxasars, uto byHEUMS f(z) = =, £ €0, 1, nenpepuBHa Ha uHTepsaie |0, 1, Ho ne

SIBASETCS. PaBHOMEPHO—HENpEpLIBHON Ha aTOM MHTepBale,

« Dyuxuus f HempepbiBHA, Kak BCsikad sileMentapuag pynkuus. [lokaskem, uTo oHa He ABIA-
eTcs . paBHOMepHO—HempepbiBHOM Ha uHTepBate |0, 1[.
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H.VCTB Ln = n_—li-Tv Yn = ﬁ? n € N. Torma o VIVE ol 86
| | : 0
Lpn — = — apm 1 — o0
nT (n+D{n+1+¢) P ! C

T. C. PABHOCTH [Ty — Yn| MoskeT GBITH MeHbIIe T06Oro Hamepeq 3alaHHOTO NMOAGKUTETBHOTO UHCIIA.
Omnaro |f(zn) — f(yn) =|n+1-n—1—¢| =& Ve > 0. Cnegopatensuo, dynkuus f He sBIsercs
pABHOMEepHO-HempephlsHoil ka unTepsane )0, 1. »
.o
272. Nokazars, aro dyuxkius f(r) = sin — HeTPePBBHa H OTPaHMeHa Ha HHTepBale Jo, 1],
HO le gBasdercd P'dBlIOI\ICPHO*HQHPeprBHOI.;I Ha 3TOM MHTepBaJIe.

« OrpanwieHnocts pyurkuuu f oueBUTHa, a HEMPEPLIBHOCTL ClIefyeT U3 TOro, 4To dyuxuuu
yrrsiny, y €R, z— %, z €0, 1[, HempepEIBHEL, @ TTO?TOMY MX KOMITO3KLMA TakKe HElpephIBHA.
1

2 1
[lyers, on = 57, yn = m M€ N. Tornma |zn — yu| = ersycrvs i 0 mpu n — o0,
B 10 Bpems Kak |[f(zn) — f(yn)l = 1 2 € Ve € ]0, 1). CuenosareasHo, pyHKuus f He aBasercs

paBHOMepHO-HeTpephikHoi Ha [0, 1[. »
. 2 "
273. Hokazars, 'to dyHKLUUS f(z) = sin z° HempepHBHA M OrPaHM4YeHA HA YHCIOBOI MpaAMoit
R, Ho He sBAsieTcs PaBHOMepPHO-HellPEPHIBHON Ha 3TON MpPSIMOM.

« OrpaHueHHOCTh M HENIPEPHIBHOCTE OUE€BUIHEL, & paBHOMEPHAS HENPEPHIBHOCTH OTCYTCTBYET,
TAK KaK

flxn)— flyn)l=12e Vee]0, 1), Voo =+/n7 u yn=,/n7r+g, neN,

1leCMOTPsA Ha ToO, 9TO

T ] s
[tn — yn| = ’\/mr—,/mr-{— —l P N |
| 2 VT 4 /o7 + 5

npu n — 0o, »

274. Joxazsatk, uto ecii qyHKIMI f OnpefeineHa i HENpephBHa B obracth a € ¢ < +00 K
CyllecTByer KoHeuHslit npenen lim f(z), To f paBHOMepHO-HempepHIBHA B 3Toil obaacTy.
I~ OO

¢

< U3 CyulecTBOBaHUd IpeHena Cilaenyer, 4To
Ve >03E >a: Ve, y €E, +oo[ = |f(2) - f(¥)] <e. ' §))

Duxcupyem Takoe E > 0 u paccMoTpum cerMeHT [a, 2F]. CoraacHo Teopeme Kanropa, gyuxuus f
paBHOMepHO-HenpepElBHa Ha [a, 2F], T. e, ¥e > 0, B 4aCTHOCTM, mis €, yKa3aHHOTo paHee, 36 > 0
Takoe, uto Vo, y € [¢, 2E] A v —y| < 6 = | f(z)— f(y)| < ¢. He orpaHn4uBas o6U[HOCTH, CUHTAEM,
yro 6 < F. Torma us ycuosus |r — y| < é§ caegyer, uto o6a uncaa ¢ u y 66asmue F uan oba
Menbmie 2. B Tom it gpyroM cryuae gus mobex £ U y, 66I5mHUX a, U3 ycaoBus |z —y| < § crenyer
nepaBencrso |f(z) — f(y)] < €, 4To ycTaHaBiMBaeT paBHOMepPHYyIo HENpepHBHOCT: GyHKuuH f Ha
[a, +oof. »

275. llokasars, 4o Heorpanmuennas dyHxims f(z) = T + sil ¢ paBHOMEPHO-HETpepHIBHA
Ha Bcell yucionoit mpaMon R.

« i mponssoiabioro € > 0 uMeeMm

f@) = fyl=le—y—(sinz —siny)| < |z —y| +|sinz —siny| =
T —y T+y T—y
2 2

=z —y| +2|si
|z — y| + 2 |sin 3

<lz—yl+2

Cos

‘=2|x—y|<e

I BCeX x 1 ¥, YIOBIETBOPSIOUIMX HEPaBEHCTBY Iz - y] < % =0 »

276. dsnsiorcs 1 paBlloMeplio—HeMpPepHBHEIMH By HKLMH:

a) fz) =, 2 € -1 6) f(z) =2°, z € R?

< a) [ycrs € > 0 npousBonsro sapano. Torga

()= f) = 2" =¥’ =le+yl le — o] < (le] + [yDlz =yl < 2|z -y <

upu Vo, y € =L {[A|e - y| < 57 =6, 1. e. f — paBHOMepHO-HempepriBHa Ha | — 1, I[.

6) Pyukuis f He ABngeTCs paBHOMEPHO-HENpEepPBIBHOW, Tak Kak MpU Tn = n + %, Yn = m,
n e N, umeem |r, — yn} = ;1- — 0 mpu » — o0, a |f(zn) — f(yn)| =2+ nl—z >22eVe€]o, 2] »

1
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+1- Hecnemosats Ha paBHOMepHyIO HenmpepHIBHOCTE ClIenyomme $hyHKIMM:

277. f(f)—‘—ayﬂé{ ;11

<« Pynxuus HempepHBHA Ha [—1, 1], a nmostomy 1o teopeme KaHTopa ¥ paBHOMepHO-HEmpe-
PHIBHa. b

278. f(z)y=1nz, z €]0, 1[.

« PaBHOMepHAs HENPEPBIBHOCT OTCYTCIBYET, Tak Kak ¢Cld n, = e ", yn=¢ "', n € N, 1o
[z2n — yn| = en—+11 — 0mpu n — o0, a |flzn) — flun)l =1 2eVee]0, 1. »

279. f(z) = ”“””, z €10, w[.

« Paccmorpum tby}{Kumo F(z)= f(z) npu z €10, n{, F(0) =1, F(7) =0. [Tockoneky byHx-
uust F HenpepriBha Ha cermente [0, 1], To, o Teopeme KaHropa, oHa n paBHOMepHO—HempepblBHA
Ha 9TOM CerMeHTe, a clefoBaTejbHo, U Ha uHTepBaie |0, x[. »

280. f(z)=¢" cos%, €10, 1.

1
« Jlomoxum zn = 3=, yn = , n €N, Torfia |zn — yn| = — 0 npu n — o0,

OIHAKO

1 1
(2n41)m 2n(2n+1)mw

1 1
[f(wn) — f(yn)| = e2nm +e(ntD)m > 2 ¥ g N.
CuenoBarenbHo, GyHKUUS He sBIdeTcs paBHOMepHO—HeIpepbiBHOH. P
281. f(z)=arctgz, z €R.

« PaBHOMepHas HENPEpHIBHOCTH CAENYET U3 Toro, YTo (CM. mpumep 268)

larctg x — arctg y| = |arctg ) Lt A P e —y| <€
1+zxy 14+zy
mpu |z —y| < b =¢. »
282. f(x)*xsmx 0z < 4.
« Ilycre 2z, = nw, yn = n7 + ;, n € N, torma |z, — yu| = 71—1 — 0 npm n — 00,
sin =
a |f(zn) — flyn)| = (n7r+ Ism n7r+n)| n7r+ )<1 l; = (7r+n1—2)—1—”— — ® npu

it}
n — oo. CuegoBaremsHo, |f(zn) — f(yn)] > T Vn > m, M GyHKuMS He IBATETCH PaBHOMEPHO—
HelpepHIBHOIL. P

283. Mns ¢ > 0 Hajitu 6 > 0 (xakoe—Hubynb!), yAOBIETBOPSIONUIEE YCIOBUIM PaBHOMEPHOI
HeNPepBIBHOCTU His PYHKLMU f, ecau:
a) f(z)=x2——2x——l, ~2<5<5; 6) flz)= ¥z, 0< 5 < +00.
< a) Umeem
f(@) = fl=1e" =20 —1—y* + 29+ 1 = |2" — " = 2(s — y)| <
Sle+ylle—yl+ 2]z -yl < (e[ + [yl + 2z -yl < 12[z —y] <,
ecmn [z —y| < 5 =6,
6) Ilycrs ¢ > 0 — npousBoabHoe. Ecan uucna ¢ u y Takue, uTo
0<z<e™, 0Ly <er, (1)

00 YT <e, 0 ¥ <emnlr—y|l <€ =6 Orcopa cregyer, uro |f(z) — f(y)| =
| ¥/ — t/y] < e npu |z —y| < " = 6. Ecau xe (1) ue BBIIOTHSETCS, T. €. XOTs 6Bl OIHO U3 YMCel
£ WIKM y He MeHblie €, TO

{l/xn—l + 7\‘/z11—2y+ Vxn—3y2+ = "/yn—l > 6"—1.

Tornma

f - = {L/_— |x—y| <|$—iy| < e
) = H0 = 17 = 0 = e e e <

npu jr ~yl <" =6 »
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284. [loxasaTh, UTO CyMMa M IPOM3BeLeHNHe KOHEUHOTO YMCIa panﬂomepmvﬂempepmnum Ha
unrepBane |a, [ yHEIUIt paBHOMepHO-HeNpepEIBHEI Ha 9TOM MHTEpBale.

« JloCTaTouHO paccMOTpeTh ciydvail IBYX PaBHOMEPHO-HENPEPhIBHBIX Ha la, B[ QJy}{xulm fu
g. CormacHo ycroBuio,

Ve > 038 >0: Ve, y € e, b[A |e— g < 61 = |f(z) - FW)l < 2, )

(2

Ecau |z —y| < 8, § = min{61, 62}, To 6ynyr BHNOIHITECA 06a HepaBeHcTsa (1) u (2). Torma
HENpephIBHOCTD CYMMBI C€/lyeT U3 HepaBeHCTBa

1£(2) + 9(@) = (3) = s W) < I£(2) = FW)] +lo(e) = o) < 5+ 5 =¢

cnpaBegiuBoro Yz, y € Ja, b[, ecau |z — y| < 6.
PapHoMepHas HENMPepPHBHOCTH TPOM3BENEHUs BEITEKaeT M3 TOro, UTC

(z) 9(=) = fF(W) 9(W)| = | f(2) g(z) = f(2) 9(3) + F(2) 9(y) — FW) 9(¥)| <
< |f(2)] 19(z) — ¢@)| + l9@)| 1f(=) = F®)| < L% + M%,
ecmu |z —y| <8, z €la, b, y €Ja, b, rae L = Z;lpb[lf(z)L M= Z}IP lg(z)]-

285, JlokasaTs, uTO €Cnyu OrpaHM'MeHHass MOHOTOHHas dyHEuus f : ]a b — R HeI[PEPHIBHA
Ha KOHeUHOM uin GeCkoHeuyHOM UHTepBaie |a, b[, To »Ta yHKUMS paBHOMEpPHO-HeNpepEIBHa Ha
unrtepBaze Ja, b.

&
2
Ve > 036, >0:Vz, y € la, b[/\|z—y|<62=>|f(z)—f(y)|<;

« U5 ycrnoBus ciefyer, YTO CyLIECTBYIOT KOHEUHEIE Mpeflebt
fla+0)= Lm f(z), f(b—-0)= lim f(z).
z—a+0 z—b—0

Ecan a u b — xoneunst, 10, nonaras f(a) = f(a + 0), f(b) = f(b—0), noayuaem HeNpepPLIBHYIO
dyHnrumio f Ha cermeHre [a, D], xoTopas, B cuny Teopemel KaHropa, paBHoOMepHO—HeNnpepEIBHA Ha
[a’) b] ’ ks )
Ecnu oftHo us umcen a, b unm o6a 3TH YHMciIa paBHEL —00, COOTBETCTBEHHO +00, TO PACCyKAas,
KaK M MpU pelieHuM mpuMepa 274, cHoBa ybesxkgaemcs, YTo GyHKuUs f paBHOMEPHO—HENpPePHIB-
Ha. p
286. Monynem HempepEIBHOCTH QyHKIUU [ :Ja, B[ — R naseiBaercsd GpyHKLUSA

6 — wg(9),

rae wy(6) = sup|f(z) — f(¥)|, ¢ u y — a06wIE TOukM U3 ]a, b[, cBI3aHHEle ycnoBueM |z — y| £ 6.
JlokazaTh, UTO RIS paBHOMepHOU HempepriBHOCTU dyHKUMM f Ha Ja, b[ Heo6xogumo u mocra-
TOUHO, YTOBEL alil.lq} w(8) = 0. .
—+0

4 Heobzxodumocmo. IIycas 6]jm wf(6) =0. Torma
—+0

Ve > 036, >0:Ve, y €la, A V6 <6 = ws(b) <e.

Tak xak ws(6) = sup |f(z)— f(y)|, T0
z,y€la,b[
Jz—yl<é

|f(z) = f(y)l <e Yz, y €la, b{A |z ~y| < 6,

T. €. ququmx f paBHOMepHO-HenpepEBHa Ha Ja, b[.
Hocmamounocmo. Iycrs f —— paBHOMepHo-HenpepEBHa Ha Ja, D[, Torma

€
Ve >036>0:Ve,yecla, b[Alz—yl < b= |f(z)= fly)l < 3
HO TOrja Npu TeX XK€ YCJIOBUAX OTHOCUTEABLHO T U Y UMEEM

we(8) = sup [f(z) - fy) < <5
I,yE]a,b[
|lz—yl<é

.e. li 0) = 0.
T. e J_lg}owf() »
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YnpaskHCHAA A CaMOCTOATEILHOU PaGoTH

UccaenoBars.Ha paBHOMepHyIO HeTpepHBHOCTE clefylomue hyHKIUHI:
171. f(z) =22+ 1, z €R. 172, f(z)=+vz?Inz, 1 <& < 400,
173. f z)—\/ lnx 0<e<l. 174. f(z)= \/_ 0 <z < +o0.

175. f(z) = _'H,O<x<+oo 176. f(x) = +1, -l1<z<0.
177. f z)—m,xER. 178. f(z)==z+Inz, 1 <z < 4oo.
179. f(z) = 11111, z €]0,1[. 180. f(x):e‘mz, r € R.

181. f(z) = 2+1, z€R. 182, f(z)=2"lnz, £ > 1.

183. f(z)=xcosz, x € R. 184. f(z) = ?cose, z €0, 7.
185. f(z)=x3+x2+], T €R.

U i, o
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,Hmb(bepeﬂunanbﬂoe HCYHCIIeHHe
(pyHRuI/II/I OJHOU IepeMeHHOH

§ 1. IlponsBogHasi iBHOU (PyHKIIMU

1.1. OcHoBHHC ONpegeTeHU .

Onpepenerne 1. [Jycms dana pynxyus f :Ja, b[— R. Paszwocms Az = s—w0 (z, 2o € Ja, bf)
HA3BIBAETNCA NPUPAULCHUCM GPZYMEHMA 6 TROYKE Tg.

Onpepenenne 2. Pasnocmu Af(zo) = f(zo + Az) — f(x0) Haswsaemcs npupaujenuem
anavenutt pynnyuu f 6 mouxe zo.

Onpenenenne 3. Feau cywecmeyem npeden (xoneunvid uau becxoneunsit)

. Af(zo)
Lm =2L3%0) _
m p,

Az—0

fl(xo))

Mo OH NA3LIBAcMCs npoussoduoti (Koneunot uau Gecxoneunot) pyrxuuu f 6 mouxe zo.
OupepencHue 4. [pedeavt (xoneunsie unu 6ecxoneunvie)

' . A I A
flr) =t BIE) gy = m 20

HOFBIBAIOTCA COOMBEMCIMBENHO Re608 4 npasoti npoussodnvimy dynxyuu [ (xoneunod uau bec-
NoHEUROl) 6 MouRe zo.

Bo Bcex »TUX OompepencHusIX GeCkOHEUHEI Mpefen MOHMMAaeTcs Kak OFMH M3 CHMBOJOB +00
WY —00.

Omnpenenenne 5. Ecau Qynxyus f mepnum paspvis nep602o poda 6 mouxe To, Mo 6vipaice-
HUSA

" . o + Az) — -0 Azx) — 0
f“(xo*o):Allfl_o F(zo xix f(zo )’ £ (20 +0)_A,_,+o f(zo + zgz f(zo +0)

HA3BIBAWMICA COOTNBENCINGEHNO Ae60t U NPA6OT 6 PACWUPEHHOM CMBICAE NPOUIEOTHLIRY PYHK-
yut f 6 moune To.

Heo6xomuMo MOMHHUTE, 4TO Bo BCEX ITUX ONMpeleleHUsSX MpupameHue AT CTPEMUTCA K HYJIIO
MPOU3BOJIBHO.

Mpupamenns Az u Af(xo) MoryT 6BIT kak CKOABKO yTOTHO GONBIIMMIE, TaK M CKOJBKO YTOTHO
MaJbIMU.

1.2. IIpaBua BEUMCIEHNS MTPOU3IBONHEIX.

Ecau yHxuun f M g UMEIOT KOHeMHHe TPOU3BOIHEIE TP T € Ja, b[, To
1) (a1 f + a2g) = a1 f' + aog’, @1, vy — nocTOSHHELE;

2) (f9)' = 19"+ f'y; 3) (f) Lodl g(z) # 0.

g
1.3. IIpousBogHas cIOKHOH QYHKI[HH.

Ecmt ynxapu f 1 u — f(u), ¢ 1 ¢ = u = @(z) UMEOT KOHeUHEle NMPOM3BOAHEE fy ¥ @,
10 (f(9(2)))e = fulw(z))pr. 3HaukOM BHU3Y 0603HadeHa MepeMeHHAs, O KOTOPOH BEIYHCIAETCA
pOU3BOIHAS.
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1.4. TaGauua npou3BOIUHIX.

Ecnu z — mesasucumas mepeMeHHas, To CMPaBeIIHBEL (DOPMYIIBL:
) (%) =z, (\/5)' = 2——\1/;; C2) Y =a®lna, a >0, (") =e%;
3) (sinz) = cosuz; 4) (cosz) = —sin z;
1
5) (tgz) = —=7 6) (ctgz) = -—smgzl;
!/
7) (arctgz) = a7 8) (arcctgz) = 11712'3

\/1\—3:2’ 1/1—3:2;

11) (log,z) = ;in—a, a>0,a#1, (Inz) = i; 12)
13) (chz) =shg; 14)
15) (cthz) = —55; 16)
17) (arthz) = 1—_172—, Jz] < 1; 18)
19) ([2]) =0, s £k, k €Z

1.5. IIpousBogHasi cTeNeHHO-IOKa3aTeIbHoH PYUKIINH.

shz) = cha;
1
ch2z?

thz) =

arshz) = \/%;

(a
(
(
(
9) (arcsinz) = —=—; 10) (arccosz) = —
(
(
(
(|z]) =sgnz, x £0;

Ecau dyuxupu v : 2 — u(a;) HV. T +— v(x) MNMeIOT KOHEUYHBIE TPOU3BOIHBIE, TO
! \ q
((u(2)"?)" = (u(x))*™ (u'(a;)ln u(z) + ?ﬁ%f)(—”> . u(z) > 0.
u
1.6. IIpousBognas oT BeKTOp—(QPYHKIUN I MATPUIHONH QYHKIMH.

Ecau xomnonenter sexrop-dgyukunu £ : x — (fi{z), f2(z), ..., fu(z)) uMeloT KOHEUHEIE TTPO-

U3BOJHEIE, TO
iz (fi(2), falz), -, f,'l(x))

AHamoruiHo, ecu 3aeMeHTbl MATpIHOMN dyuxkunu A : € — (a,;(x)), rae (ai; (z)) — dyHKUHOHAIE-
Hasl MaTPHLA MOPAMKA T X 1, NMeIOT KOHE'HEle IPOMBBOHEIE d,,{Z), TO NPOU3BOKHAL MATPUUHON
(PYHKI UK BHIYUCAIETCI IO (popMyne

aI11('JU) a/12(33) a'ln(x)
== | @) el) ()
Ay (2) ala(z) . A, (%)

1.7. IlpousBogHas 0T KOMILIEKCHOH (PYMKIHH CKANAPHOr0 apryMeHTA.
Ecau w : 2 v u{zr) + fvo(¢) u dyuxuumn v : ¢ — u(z), v : £ — v(r) UMEIOT KOHeYHbIE
NMPOM3BOTHEIE, TO MPOMBBOTHAL QPYHKIUMH W BBIUUCIILCTCS 10 (hopMye
w' =u' i
1. Onpepeants MakcuManpHoe MpUpamenie Az apryMeNTa £ W COOTBETCTBYIOLIee pHpalle-
nue Af(zo) dyrximn f 1z +— gz B Touke To = 1, ecnu r usMensgercs ot 1 go 1000.

« Ucnonpays onpepenenus 1 n 2, m. 1.1, umeem

Az =1000 — 1 =999, Af(zo)=1g1000-1gl =3 »

2. OmpefennTs MAKCUMAIBHOE 110 a6CONIOTHON BeMIHHE NpHpaleHe Az aplyMeHTa & U CO-
orBercrayolee mpupamenue Af(zo) dyHKunn f : z — ;]7 B TOUKE To = @,1, ecily £ U3MeHseTCH
or 0,01 mo 0,001.

« AHAJIOTHYHO MpeldBIAylleMy HaXOTUM

1 1

- =99-10%,
(0,001)Z (0,012 >

Az = 0,001 =001 =—0009, Af(zo)=

ITpaMepst 1 1 2 mokaseIBaioT, ¥To MpHpaniernd Az 1 A f{zg) MoryT NpIHIMaTh KaKHe YTOIHO 3HAYC-
HUSL.
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3. [TepemenHnast ¢ monydaer mpupamenne Az B ToUKe Lo, T. e. Ar = r.— zo.. Onpeneaurs
npupautenue A f(xo), ecam:
3

a) f(z)=(z, sinz, ¥); 6) f(x)=m+i4ix; B) f(z) = ( sflnx 1n]x ), ne N

4 CormacHo ompegeaenuio 2, m. 1.1, uMeem:
? 3

a) Af(wg) =f(z)—f(x0) = (z — o, sinz —sinzg, e’ —e™) =

= (Ax, 2sin %E cos (xo + %) , €70 (e — 1)) ;

6) Af(a0) = f(2) = flao) = == go—+i (om = o) =

T4z 2410 4-r 4-1m0
-3 Az e 4 Azx
= ) ,
(24 20) (24 z0 + Az) (4 —xo)(4 — zo — Ax)

ooy f & Inx ry  Inzo) " —zy Im\
B) Af(ﬁo)-<9hx 1 >_<Sllxo 1 >_<shx—shx0 00>—

(zo + Az)" — 2 In (l + %)
ZSll%ch(xo—l—%) 0

to #4, Az #4 —zo;

N

4. Haitru f’(l)7 ecin:

x .
z+ 1’

a) f(zr)=(r —1)arcsin 6) f(z) = (arctgz, 2%, Inx);

B) f(x)=cosz 4 tsin(x —1); ry f(z)= ( 1+Lz z ) '

tgz arcsin (z — 1)

« Ucronssys onpemenenne 3, . 1.1, noxyyaem:

A Az arcsin 4 / 225
a) f'(1) = lm f(l——+——-—T)—“—fo(l—) = lim ——— A I
: Dr—0 Az A —0 Az 4’
_ . arctg (1+Ax)~arctgl L AA: In(l+Azx (¥ .
6) f/(l) — AI;IEO ( retg( A:} tg , AI(ZAr — 1)’ _“_(KI_Z) = (2’ 2In 2, ]) ;
B) f’(l) _ Alilio (cos(l+i§)—-005 1 +3 sinAg.r) = —sinl 471
148z 1 2 1 2
r) F(1) = lim 248; 2 (I+Az) =13 _( 3 >
Az—0 2%\ tg (14 Az)—tgl arcsin Az L= 1

Crenymommit IpuMep nokassiBaeT, HACKOILKO Ba>kKHO MPOH3BOJILHOE CTpeMiIeHIe Az K HyJIO B OHpeye-
JIEHHH IPOM3IB OHOM,

5. JloxasaTe, uro BeKTOp—(pyHKIMSI

fiz— (xsin z, ¥(z), 8_1-2) ,

1
rsin =, x#0, .
rre ¢(z) = x He MMeeT MPOU3BOJHOH B Touke z = 0.
0, z =0,
<« [l Toro 4To6Bl BEKTOP—(PYHKIUMSA HMeJa KOHEYHYIO HPOM3BOHYIO, HEOOXOMMMO U IOCTa-
TOYHO, YTOOH KaXJas KOMIIOHEHTA €e nMela KoHedHyo mpoussoauyo. [lokaxkeMm, uro yuxuusa ¢
He uMeeT IIPOUBBOIHON B Touke % = 0.
Mo onpepenennio 3, nn. 1.1, nmeem
$'(0) = lim sin L
Ax—0 Az
1 . . 1
Ecay paate Az = o~ — 0, k — o0, k € N, 1o sin 7 = sin 2kx = 0. Ecau xe Az = s h 1O
L
mpu k — oo sin = — 1. Taxum obpasom, npoussopHas ¥'(0) He cymecTnyer. »
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HafiTu nponssoaiipie caeyyomnx hyHKHAIL:
P i, R
. g 5 3 . . 278 5 —4x3
6. f(z)= (\/-’+ RV sin(cos” (sin” 42°)), e™** )

« Kaxpgas xoaMlioHeHTa BeKTOp—()y HKIIMK HMeeT KOHEYHYIO ITPOU3BOIHYIO, TIO9TOMY, COTJIACHO
myHkty 1.6, HaxoauM

((\/'+ 22 \/;7_1_7) s-n (cosz(sin:3 49”5)))/’ (e—-”a)l) =

2

. T 2,3, 5
= Fa? 4 \/2 4 22 ~————— —cos (cos (sin” 4z”)) X
v (V3 +2%)2’ (cos't )
x sin(2sin® 42°) - 60 sin> 42° - cos 42° - 2*, —122% 7 ) >
7. f(z) =sm(cosr) 4 s cos(sin r).
« Corsnacno nyuxry 1.7, Uneem
£ () = isin(cos )Y 4-i(cos(sin ) = —sin x cos(cos r) — i cos rsin(sin z). »

oin e cosZe )
8. f(:l:) = < sho3r iyl } ’

o [Toanayscrn nynkrom {6, HaxoauM

pe o tavze)' fcos 22)" [ 2cos2zx —2sin2z >
Fry = \ ishiry  {(ch3zr) - 3ch 3z 3sh3z :
9. Haitver npoissioanyvio or sextop—dyHKIUH

£op e (arcsin |—1—|—, [x] sin® mc) .
z

Allpufel> ! v rgh LeZ

£'(z) = ((a,rcsin !L> falsint oy ) =

N

-1

z2 —

. (Ie]) sin® 7z + #[z]sin 27z | = < = w[z] sin 27rx> .
z

Opu |z} > 1 na = L, & € 7, paccMarpuBaeM leByl0 W NPaBylO MPOU3BOHEE DYyHKUUH
YT [.E] sin? w2 . Mmeenm, o onpenrencHulo 4, m. 1.1,

rl sin? 1z

/s . . [k +A]xR?
k)= hm ~————= hm ——————— =0,
Y (k) 1-_4';0 r—k h—$0 h
Oockonsky y'(k) = w{k]sin 2k = 0, vo y'(z) = w[z]sin 27z mpu Bcex z. CrenoBarensho,

e, mz]sin 27rz) , el > 10
10. Haijiry vponsseinyvio or MarpuwHoil dyHKLuH
, ap(z) apa(z
fizes 11(’ ) ax(x) ’
uzi{z)  a2a(x)

., _ | amcigz npu |z| < 1,
wale) = ! npu jz| > 1,

rgpe

N
-

PR
A rl <
a(z) = an{x) = { ’ E})M lz] €1,
< pu |z| > 1,

a2 (2) = |-
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« CHavasa BHMHMCISeM MpOU3BOXHEIE OT 3AEMEeHTOB MaHHod Marpuutt. lpwm |z| # lvuiz #0
nMeeM

npu |z| < 1,

1
ail(x) :{ 1422

% npu |z > 1,

2
fo o _J 2ze7™™ (1-2%) nmpulz| <1,
o) = a21(2) { 0 npu |z| > 1,

az;(z) =sgnz.

Hanree uiieM ofHOCTOpOHHHKE MPOUBBOAHEE DyHKUMI a;;(z) B Toukax s =1, z=—1 nz =0
arctg (=1 +h)+ 2 1
/ 1) = lim CES
G (=) = het0 h 2’
1s n(=14+h)+s(=1+h-1)+Z
ay,—(=1) = lim gu ( )+ 3 )+ = +00;
h—s=0 h
Zsgn(l+h)+3(1+h-1)—-2
ag (1) = hu+10 Z $ = 3i
arctg(1+h)—% 1 , i--—:f
au—(l) e nl_,_o h - 5, @12 1) = h]BI_lo A = O’_
, —14 h)2e (7ML 1
2154 (— 1)—’hu+10 ( ) h < :Ehhm —((1_2h+h2)(1+2h h2+0(h2))“1)"0

AHanoruiHo HaxomuM ai24(1) = 0, ag,4(0) = £1. Taxum 06pa3oM, OKOHYATEIBHO NOTYYaeM

1 —z2 2
— 227" (1~ z%)
( ‘ljx? ) “mpu 0 < |z]| < 1,

f(z) = 22 7% (1 — 27) Sgn &
1
= 0
2 ) npu |z| > 1;
0 sgnz
1 1
= 0 1 0 = 0
f:l:():<(2) 1); f‘:t(o):<0 :El)’ f-li-('_l)=<(2) _1)'
Hocxonmcly aly—(—1) = 400, To KOHEUHO! MPOM3BOHON MATPHHAL tpymcuua B ToOuke r = —1 He

uMeer. B touke z = 1 sumonnserca pasenctso fi(1) = fL(1), nosromy f'(1) = fi(1) = FL(1).
B Touke = = 0 ofHOCTOpOHHME IIPOMBBONHEIE, XOTS U CYWIECTBYIOT, HO HE PaBHHL MeXIy coboW,
moatomy f'(0) He cymectsyer. B

11. Jloxasats, wro ecinu dyHKIMM ai; = aij(z), i, j = 1, 7, HMEIOT KOHEYHEe IPOU3BOJHELE,
TO MPOM3BOAHYIO OT onpefeautend D (z) = det (a:;(2)) MoxHo HaiiTH o ogHON’ U3 PopMyT:

o) (@) ooan@) ] ) el el
D= | )t e D TSN ) el o) |, )
2| @) Gals) - den(s)
ani(2)  ana (@) ann(2) ani(z) an2(z) ... @nn(x)
ai(z) an(e) ain(a) | e al () a1 (2)

an1{z) an2(z) ... anaf(z) ant(z) ... ahi(z) .. aan(®)
<« [Tockonbry 1Mo onpeneneHnIo onpegeIuTens
au(x) (l]2($) e aln(x)

D)= ") anl) - amG@) Sy 0 g,
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Ie 8 — YHKCIO HHBEPCHI B MEPECTAHOBKe [11, 13, ..., ipn], TO

!

D'(:c) = Z(—l)saillai22 e Gign ) =

&

= 2(-])5a£11a,22 co i Z(—l)samaf?z e Bign .+ 2(—1)5111'11”4'22 ey =

&

’ ' '
ay; a2 ... An @)1 a2 -.. Qln a1 a12 ... Qin
' ’ t
_lany a22 ... Q2 + @3] A2 ... A2n + + @21 d22 ... Qg
= e s
’
Ayp) An2 Ann Anl Ap2 Ann An1 An2 Ayn

T. e. nonyuaeM dopMyny (2).
AH&HOI‘H‘[HO, MCXOXA U3 NPCACTaBIEINA

D(z)= Z(_l)sau‘laziQ e Anig,

&

nomyuaeM dopmyny (1). »
IIpuBegem npuMepsl BHIMUCIEHUS TPOMBBOXHON QPYHKIMH B TOMKE U €€ OKPECTHOCTH.

12. Mokasare, uro QyHKIMS

0 f’zQ 3 27750,
DL
! 0 0
0 1 ) z =0,

WMeeT Pa3pBIBHYIO MPOU3BOAHYIO.
« IIpu z # 0 vnemenThl HaHOH MATPUIBI KMEIOT KOHEMHEIE IIPOUBBOIHEIE, KOTOPHE€ BEIMHCIS-
0TCA 1Mo MpaBuaaM nyHkToB 1.2 u 1.3, ITosruMy mo mpaBuaaM myukxta 1.6 npu 2 # 0

, 2z sin £ — cos L 1
e~ z z 2
0 2ze”
B touke £ = 0 1o onpepenenuio 3, m. 1.1, uMeem
_R? sin% , , ,
@11 (0) = ’111210 _h— = 0, alg(O) = 1, (lgl(o) = 0, a22(0) = 0,
roe
201
a1 (z) = rosin -, T #0,

0, z =0,

. z2
alg(x)zx, a21(27)=0, a22(]3)=€

Takum o6paszom,

2zsin L — cos * i

xsmz COSI . ’ 27750,
fl'IHgo(x): 0 2ze”

o).

Wccrenyem Temepb Ha HempepbIBHOCTE MATPHUHYyIo QyHKIWIO ¢. Ilpu 2 # 0 »1eMeHTE ee —
sIeMeHTapHBIe QYHKUMH, IMOYTOMY 110 H3BeCTHOM TeopeMme (DYHKIUHWA ¢ HempepuiBua nmpu r # 0.
Hanee, paccMaTpusaem

.1 1
2z sin — — cos — 1

@Z xT

L p(z) = lim
x=-=0 ip( ) :EBO 0 2276;2

Ilockoneky

1 1
lim (220 S — — CoS —)
z z

=0
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He cymectByer, To lim @(z) Takxe He cymecrsyeT. (nemoBaTenbHo, ByHKUM ip Pa3pPHIBHA B TOUKE
x—0

z=0.p
13. pu xaxom yCTOBUM (hyHKLWSE

fiozez|? smlllm, z#0, u f(0)=0, m>0,

WMeeT: a) OTPaHUMEHHYIO TIPOMBBOJHYIO B OKPECTHOCTH Havala KOOpAMHAT; §) HEeOrpaHW4YEHHYIO
MPOU3BOIHYIO B 3TOI OKPECTHOCTU?
« a) IIpu = # 0 npousBogHas HAXOXUTCA IO NMPABHILY 2), m. 1.2

f iz nlz]* ' sgnz - sin —m|z|" "™ 'sgnz - cos e (a)

.
|

1 o
IIpn @ = 0 dbyHKIIA & — sin Tolm TPOMBBOJIHON He MMeeT, MOBTOMY YKa3aHHOe BHIIUE NMPaBUIO

Ivn.

NPUMEHUTD Helb3sA. Mcnonb3oBas onpenene}me 3, 1. 1.1, HaxoguM, 4TO

, oA sin Ihl'" ( oy 1 )
f'(0) = lim —————— =lim [ |R|" "sin —— - sgnh
Bt h R0 |h]™
CYIECTBYET TOABKO IMTpH 1 > 1 M paBHa Hyno. CllefoBaTEBHO, MPOU3BOHAA CYyIleCTBYET B OKPeCT-
HOCTHM Hayala KoopauHat npu n > 1. OueBumHO, oHa orpaHudeHa nmpu n —m — 1 > 0, T. e. nipu
nzl+m.

6) Kax Bumum 1o (a), mpoussogHas 6ygeT Heor paHHYeHHON, eca n—1 < 0 wmm n—m —1 < 0,
orkyma # < 1 uau n < 14 m, 1. e. gocTaTouHo, YTOGH! BHINOJHANOCE HepaBeHCTBO n < 1 4+ m.
C gpyroit croponm, anst cymecrBoBanus f'{0) Heobxogumo umers n > 1. TakuM o6pasoM, eciau
1< n<m, 1o f aBRgeTcd eOrpaHHUEHHON B PACCMATPHUBAEMON OKPECTHOCTH. P

14. HoxaszaTe, uto hyHKuMs

N

z =0,

B JI060H OKpPECTHOCTH Hadalla KOOPHAIMHAT MMeeT TOYKHM, B KOTOPHIX KOHeYHAas MpOoM3BoIHas He
CyIeCTBYET, HO MMEeeT KOHEeYHYIO NMPOHU3BOAHYIO B Touke x = (.

< DyHrius & — 2 HMeeT NPOM3BOIHYIO cho,uy Dyukuns z — lcos Il ¥MeeT IPOU3BOTHYIO

BCIOAY, 33 UCKIIOUeHHEM Touek £ =0 U = = 2y = k € Z. Mostomy HpOMBBO,E[HyIO dyHkMuU

2k+1 ’
frapuz #0 1 ¥ # 2y MOKHO HATU KaK ITPOUBBOHYIO 0T MPOU3BEAEHUSL T lcos - l B roukax xe
=0 ¥ 2 = 24 OPOUsBOIHYIO f BHHYHCASIEM, HCIOJbL3ys onpexestenus 3 u 4, m. 1.1. Tlockounpky

___Afh(o) =h lcos%', TO
‘(0y = lim h COSZ':O
7(0) P h ’
T. e. f uMeer mpousBonuyio B Touke x = 0. [laiee,
w2k +1)

7l ( 2 ) lim 1 ( 2 +h)2
— cos —P 2]
2%+ 1 noto o \2k ¥ 1 g24—(2k+ 1)h

w(2k + 1) w(2k 4 1) s _
C“( 2 +<2+(2k+1)h_5(2k+1)>>l"

4 1 w(2k + 1) w(2k+1)\| _
BRCIES)E hli‘i‘oh <2+(2k+1)h 2 =&

=% ym L
(2k + 1)2 n2%o h

T. e. mpowusBogHas f'(zi) e cymectsyer. Hockomnbky Ve > 0 Ik € Z : |zi] < &, To B mobait
£—OKPECTHOCTI Hayala KOOPAMHAT UMEIOTCA TOYKH, B KOTOPBHIX IMPOU3BOJHAL HE CYlIeCTBYeT. P

15. Uokazsars, uto dyHKMs

.. sin®z, z€Q,
f‘“’{o, s e RQ,

MMeeT MPpOU3BOAHYIO JIMIIE B ToUkaX Tty = kx, k € Z.
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« Brouxax z # rp ynkimus f paupeBHA, ITODTOMY He MOXXET NMeTh IIPOH3BOHOM MPH & # Tk.

IHanee, B Toukax & == ' 10 vHpejeneHun 3, n. 1.1, uMeeM
) = g LT = f0) gzt )
7 . h—0 h h—0 h
Ecau zi 4+ b € 1), To flrg + k) = sin®(ay + k) = sin 2h u lim l?':h hn S'"h = 0. Ecan xe
h—0 h-'o

T4+ h €R\Q, 10 f(ap +h) =1 i )lim i(f—k,‘l—'ﬁ = 0. Takum obpasom, f'(zx) =0. »
0

Hast by [ naiive neeyio 1 upasyo [} TponsBoXHBIe, ecln:
s/

16. f: 0+ ([.r]\iz! T, wi-_l— ,o# 0, af(0)=(0,0).
L -:~ F':

« ITo onpeneiemnnoe 4, 1. B A (f{i( z), fox(z)). Hockombky mpu z= # k, k € Z,

cymecryer [/ {r) = #{r ](uer vo fip(z) = fi_(z) = wlz]cos vz npu = # k. AHanorw[Ho npu

xr#0 fé([) = 13 ik “(":l—]*xn HooTOMY f2+( )= fio(z) = le(x) mpu z # 0.
Hanee suidic e 1\; i\}( )}. Unmeem
B — (ks Y
itk = him f‘(éj_]ﬂ___f_gﬁ = lLm (_}Mk_"‘_h]sinﬂ-h,
h—- kO h h—40 h
oTKyHa
Hal®) = (=1 hx,  fi(k)= (—1)k(k - m;
fp) = falh) = £2(0) _ !
A3t 40 h h—’-_to L
14+ en
OTKya ‘
Ha0) =0, fio(0)=1
Taxum o6pazom,
L
ot N A l ex
fliry =1 () = | wlz]cosre, -+ —7 |
l14ex (1 + 6;)
ectu L # k, L €7 1
1
, %
i = | (=1 b, + 1,

ecin k # 0. Bear b=t 1
i) ={0,0), f£(0)=(-= 1).»

o .
17, fowr Vi =
€ Dyuxuys ¢ @ w +~ J& UMeeT KOHCUHYIO NPOU3BROAHYO mpH u > 0. Dyuxuusa ¢ : = —

2
=1 —e7" umeci aponssopuyio upu scex . [lostomy, ecau ¢ # 0, To pyHxkuus f numeer
MTPOMBBOJHYK M € MOHG Halfh Kak MPOH3BOAHYIO oT CloxHoit dyHkuuu. Hrak, npu z # 0

umMeemM '
filey=flz)= f(z) = ze _
1 —-e %
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B rouke @ = 0 naxomgnm fi(0) n fL(0):

; o = .. |k J1—er? ) [1 = e~
— — 1 —e—h = — —_—— = —_—— = 1.
Jx(0) nh—-lio h ‘ nl—l»n;éo h h? ihh-}io h? 1>

18. Mokaszats, uro pyuruMs
arcsin z2 1
frioed oSG, z #0,
0, z =0,
HerpepblBHa B Touke 2 = 0, HO He uMeeT B 9TOM TOUKe HH JEeBOW, HU ITPABOH NPOH3BOIHOM.

« [lockonbry lim [ ———
Y oh—o h h

arcsin h? . 1
R —) =0, f{0) =0, To 110 ONpeJeTeHHIO HEITPEPEIBHOCTH B TOYKE

dyHrkuus f HempepriBHa B Hyne. [Jlanee,

, . f(h)y—FO) . arcsinh® . 1
f(0) = lm —————"t = lim ———sin .
h— 40 h h—£0 h h
Fe p A 1 L i arcsin hi . 1 0 h - 1
e b= hy = 5o — 400, TO k_}xinoo ¥ sin - = 0; ecnu ke h = hy = 5505 u
. arcsin hi . § -
k — 400, To lm —sin .~ =1.
k—too hy Tk

(eoBaTeAbLHO, OMHOCTOPOHHME MPOU3BOJFHEIE HE CYL[ECTBYIOT. P
“ /
19. Haiitn B paclIMpeHHOM CMBICIE TTPOU3BOIHEIE fi(zo) u fi(z0) B TOUKax paspeiBa Zo
dyuxunyu f, ecan:
A /JL‘2 + 273 )

a)f:zn—»-T——, 6) f:z > sgn(z—z°).

4 a) xo = 0 — Touka pa3pbIBa nepBoro popa. CHauana Haiigem f(30). Hmeem

¥ 3
f(£0) = lim -—L———_’—_}—L = lim m = 41.
h—10 h h—t0 h

Hanee, cormacuo onpegcaeHuio 4, m. 1.1,

VR FL VEE+hE—|h|

! — l~ — .
F£(0) hglj];o h? hh_}io h?
’ . AV1+h—1 . V1+h—1 . 1
= m —— = lim ——— lim — ==%-.
B0 |h hert0 h h—+0 |h| 2
6) @1 =0, vy 3 = 1 — rouku paspeiBa. Haxomum: .

f(£0) = hlﬂo sgn h(1 — h%) = +1,
F1£0)= lim sgn (14 k)1 = (1+h)%)) = =1,
S(=1%0) = lim sgn ((m1+R)(1 = (=1+h)%)) =FL

CortacHo onpepenednio 4, . 1.1, noinyvaem

. osgnh(l1—h¥)F1 . F1F1
! 0 = lg—Il————— - —_— 0
72(0) uh};o h hlgrilo h ’

sgh ((14+h)(1 — (1 +h)%)) +1

VI . sgn(—2h—3R*—h*)E1 . FlEl.
Jx(1) ~—hlindl;o h -hh—ﬂo h _.hlindl:o h =0
Gy e g (LR - (ST R 1
Fx(=1) = llli}lﬂl:o h -
_ 2 33
- lim sgn (—2h 4+ 30° — h°) %1 = Im Fi+1 _
R0 h h—to R

20. MoxeT au hyHKUMS f B TOUKe ¢ pa3phlBa HMETh KOHEYHYIO POUBBOMHYIO, 6ECKOHEUHYIO
MDOUZBONHYVIO?
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« UssectHo, uT0 QyHKIUSA, HMEIOA KOHEMHY IO MPOM3BONHYIO B HEKOTQPOH TOMKe, 06A3aTe b=
Ho HenpepbiBHa B Heil. (lleloBaTenbHo, B TOYKe Pa3pHBa KOHEUHOH MPOU3BONHOW MYHKIUA HMETD
He MOJKeT.
Yro ke kacaercs GecKOHEUHOM ITPOM3BOXHON, TO, KaK MOKa3HBAIOT MPUMEPH, OTBET ITONOXKH-
TeJIeH.
HejictButenrHo, B3aB f(z) =sgnz npu ¢ = 0, uMeeM
sgn b

1 s 1
"(0) = ki 3 =— )i —_ = ' = h = =} - = X
£-(0) ho R nh—}l—lo R = oo F1(0) hh_ﬂo h hh_}l-;o h too. >

21. Moxkwo au yTBepxmaTh, uTo cymma F(z) = f(z) + g(x) He uMeeT IPOU3BOKHON B TOUKE
T = zo, ecau: a) GyHKUUA [ HMeET NPOM3BOHYIO B TOUKe o, a PYHKLUWA ¢ HE MMeeT IIPOU3BOTHON
B TOYKe Lo; 6) o6e dyHKuun f U ¢ He MMEIOT MPOM3BOXHON B TOUKe Tg?

< a) Ucxomgs us onpenenenus 3, m. 1.1, umeem
A
Fl{wo) = tim 2EE) _ gy, (AF(20) | Ag(zo) ) (1)
hes0 h hes0 h h

Ilycte nmpoussomuas ¢pyHKuuH f B TOMKe To CYWIECTBYET, a Mpou3BomHas QYyHKUUKH ¢ He Cy-

mecrByer. Torma hm Migl = f'(z0), llm M:—Dl He cymecrsyeT. CaegoBaTtenbHo, npexen B (1),

Kak JIeTKO yCTaHOBMTb OT TIPOTHBHOTO, He cymeCTByeT, T. e. mpoussogHas F'(xo) ne cyuiecrsyer.

6) B nexoroprix cayvasx mponssoanas F'(xo) MOXKeT CyliecTBOBATE HECMOTPS Ha To, uTo ofe
dynxinu f u g ee me umeror. Hampumep, ecin F(z) = ¢(z) + (¢(2) — ¥(2)), Tne ¢ umeer
TMTPOU3BOHYIO B TOUKe g, & ¥ HEe uMeer. P

22. MoXHO 1M yTBepXXaTh, 4TO IPOM3BETCHUE F(z) = f(2)g(z) He uMeer npousBofHoN B
TouKe & = Zg, ecan: a) QyHKUMA [ MMeeT NPOMBBONHYIO B TOUKE Zg, a QYHKUHA g He MMeEeT;
6) ofe pyHkuuM [ M g He UMEIOT MPOM3BONHOH B TOUKe Zo '

<« a) Boo6ue rosops, Her. Ho onperenenuio 3, m. 1.1, nmeem
A
F'(xo)zgin%)( 1(20) ) 20) + f(z0 + ) ”(x")) (1)

Anamusupys (1), IpUXOXHM, B YaCTHOCTH, K TakoMy BHBOLY. Ecan QyHKuus g onpefereHa mpu
|z —zol < & (6 >0), fzo) =0, l—g—(il £ M (M = const), o F'(x0) cymecrsyer. Hanpumep,
ecmu f(x) =z, g(z) = [z], 0 = 0, To F'(0) = 0.

AR . A

6) Ecnu npegenst lim Aflmo) 4 jiyy 29E0) yo cymectByIOT, HO BHITOMHAIOTCS, HATIPHME, yCIO-
hoo M h—o b ’

BUsA

Ag(xo)
h

dyuxkuuu f M g HenpepHBHEHL B TOUKe & = Zo,

g(ze) =0, f(zo)=0, < M,

To npegein (1) cymecrByer. 1o BUIHO Ha nipuMepe pyHkuui [ : ¢ — |z}, g : & — |z|. Obe pyuxumnn
He MMEIOT MPOUBBOGHEIX B Touke % = 0, offHako ux npousseneuie f(x) g(r) = z°, oueBURHO, MMeeT
NMPOU3BOTHYIO, PaBHYIO HYUO. P

23. ycre f: E CR — R, rre MuoxkectBo £ nMeeT nmpegeasHyo Touky zo € E. Koneunsni

npegen
lim ________f(x) — f(20)

z—xq T — Ig
(z€B)

Ha30BeM npoussodHoti pynkyun f B Touke zo 1o MHOXecTBy E.
HaiiTu npousBoHyIo o MHoXkeCTBY E B Tovke To Aast GyHKuuu f, ecau:

2
a) f(z)=1 na E‘={x z:O,x:l,%,%,...}; 6) f(x):{g” ;gg’\@’ Ha F = Q.

« a) MuoxectBo E umeeT exMHCTBEHHYIO MpelenpHylo Touky o = 0. Wcmonpsya dopmyny
(1), monyuaem

= fh{20) (1)

, . ~1
fe(zo) = lim =0.
-0

(=€E)
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. . tr
6) Mo6as Touka us MHoxecrBa R sapmsercsa mpemensuoit mas mioxecrsa (). Cormacuo (1),
paccMaTpiBaeM TONBLKO Te MpefelpHEe Touky, koTopre npuHagiesxar (. Hycts 2o € Q. Torpa

_______f(z) — flzo) = lm ————xz ~ s

fE(z0) = Lim = 2z0. P
S r — o z—=zg T — To
(z€Q) (z€Q)
24. Mycte a,b: R — E™ a = (a1(z), a2(z), ..., an(z)), b = (bi{z), b2(x), .. bn(:c))
z € Je, df. Komnonentst a,, b; uMeloT xoHewHkIe NPOU3BONHEE Ha |c, d Hoxaaan, yTO cxanapnoe

npousiefiende (a, b) Takke MMeeT MPOM3BONHYIO M €€ MOXKHO HaiTy no dopMyie
(a, b)' = (a', b) + (a, b').

<« Ilo onpepenenuso 3, m, 1.1, umeem
L1
(, B’ = lim L((a(xo + k), bizo+ 1)) = (a(z0), blzo)) =

= lim + ((a(zo + k) — a(z0), b(@o + ) + (a(zo), blzo + ) ~ b(zo)) =

limn ((Aa}(fo), b(zo + h)) + (a(xo), é_@f(%o_))) = (a'(20), b(20)) + (a(z0), b'(z0)) -

h—0

I

IIpu ycranosaennu sroro pesynpraTa ME BOCITOIB30BANKCE CAEHYIOIUMY yTBEPKIECHUIMMU:

a) [Ipoussogueie a’ u b’ cymecrsyior, MOCKOIBKY, 10 YCIOBHIO, CYIECTBYIOT TPOM3BOAHEIE OT
UX KOMITGHEHT.

6) CransgpHoe nmpousBefeHue o6nafaeT CBONCTBOM HEMPEPLIBHOCTH, IIO3TOMY MOYKHO COBEPUIUTD
MpefeIbHBIN NepeXof IO 3HAKOM CKAJISPHOTO MPOKH3BeleHHUs.

B) CranspHoe nponssegerne o61afaeT OFHOPOTHOCTEIO, MOITOMY MHOXKXHUTENb B! MoxHO BHe-
CTH MOJ 3HAK CKAJSIPHOTO IPON3BENEHMUA.

r) Bextop-dyHkuus y HenpepmsHa B Touke Tg. P

25. Iycrs £ :]a, b[— F, rge E — esxaupoBo mpocTpancTeo. IIpuMem, no onpenenenuio, B
KauecTBe nMpou3BomHon GyHkuuu f B Touke xo € Ja, b] npemen

/(o) = Jim = (£ (0 + Az) ~ £ (20)) . 1)

IMoxasare, 4to ecit A(2), ¥(2) — cooTBeTCTBEHHO (DYHKIUMOHAIBHAS MATPHI(A H BEKTOP—(DYHKIUA,
MMeIoniue KOHEUHEE Pou3BoatEe Ha |u, D[, To npoussogxas A(x)}y(x) BEuKcadeTca 1o popMyre

(Alz)y(2)) = A'(z) y(z) + A(2)y'(z).
« Ucronssys onpepeinenne (1), umeem

Az)y(@))'|

. A
Hockonpky cymecrsyior mpoussopinie A'(zo), y'(%0), To cymecrByioT mpemestt ’1le —‘4%29-?- =
—0

= },iﬂ) 71{ {(A(zo+h)y(zo +h) — Azo)¥(z0)), 20 € ]a, b[. (2)

=39

A'(zo), lim Ayhmu) =y'(20), u u3 (2) MpeeNbHEIM MEPeXOIOM HAXOTHM
B0

= lim AA(zo) y{zo + 1) + lim A(xo)éxw—) = A'(0) y(z0) + A(zo) y' (o). »

r=Zy h—0 h h—0 h

z)y(2))

26. HyCTb A(x) — xpagpaTHas MaTpHlla, MMEIOWAd KOHEUHYIO [IPOUSBOIHYIO K oﬁpa’r}{ylo
matpruy A~'(2). Mokasats, w10

(A7 (2)) = =47 (2)A (z) A7 (2).

« [lonbaysace onpepenenvenm (1) ua npuMepa 25, cHavaIa ycTaHaBIMBAEM, UTO U IIPOH3BETe-
Hus MaTpul A, B, HMeomuX KOHeuHble MPOM3BOIHEIE, ClIpaBeInBa opMyra

- (A(2)B(2))' = A'(2) B(2) + A(z) B'(2),

Ha OCHOBAHWH KOTOPOH

(A(z)A™(z)) = A'(2)A7 (z) + A(2) (A7 (2)) .
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Otcona, B cuay Toxaectsa A(x}A~ (2) = [ (emunuynasg MaTpuia), CIenyer
Al(z)A™ (@) + A(w) (A_l(x))l = 0 (HyTIp-MaTpHLA).
Haxomel|, yMHOXUB citeBa o6e yacTH 5Toro pasexcrna Ha A~'(x), mpuxogum x TpeSyemoii dhopmy-

1e. »

27. TNyers A(x) — Marpuna, uMeromasd KOHEUHYIo MPOM3BOLHYIO. Bcerza mu crpabegnusa
dopmyia -
(A%(2)) = nA" (2)A'(z), neN? (1)

<4 Yxe 1pu n = 2 3aMevaeM, 4TO NpHBeneHHasd GopMmyia, BOOGILe TOBOPS, He BHIIONHIETCA.
B camom geae,

(4%(@)" = (A(x)AGR)) = A'(x)Alz) + A(2)A'(2).
Orciona Takxke BUIMM, uro (opmyina (1) Gyger ciupaBelIuBoH, ecin MaTpuus A(x) u A'(x) ne-
pecraHopounpl. OXaspiBaeTcd, YTo i B oBlieM clydae TepecTaHoBouHocTh mMaTpuy A(z), A'(x)
ABNSETCA JTOCTATOMNEIM yclIoBheM mpaBuiabHocTd (opmyns: (1). B camoMm meie, nockoavxy B cu-
ay (1)

(A7 (2)' = (A" (2)A(2))' = (A"(2)) A(e) + A" (@) A (2] = n A" (2) A (2) A(z) + A"(2) A' () =
= A" 2)A(2) A (2) + A" (2)A'(z) = (n + 1) A" (2) A (2),
TO, B COOTBETCTBHH ¢ MCTONOM MaTeMaTHM4ecKol MHAYKLMM, sakiliodaeM, 4To dopMyna (1) cupa-
BexauBa Vn € N. »
28. Haiitw cymmy 17 + 22+ 3" + ... + 2%
« Hocxoapky 1% 4+ 2%¢ +3%2% + . + izl = = (zQn(z)), roe

) W2 —2at L 2n - D™ e+ 1P -z~ 1
Qulr) = : ) Cag

(em.: Ngmko U. U. u xp. Cupasounoe mocobue o MareMaruyeckoMy anamusy. K., 1978, H. 1, ¢
220}, To

Pr2243% 4 2t = lim1 (xQn(w))’ = Iim1 Qn(2) + lim @, (z) =
T T r—1
_u(n+1)(20+1) n '.'L(n2 —1)(3n+2) 7L2(n +1)?

= i
6 12 4
29. Mycrs
sin waz COoS W
Alz) = ( —~ COSWT  sitwz ) » W= const.
Ioxasars, yro maTpuua A(z) ymosiersopser mnddepedinalblioMy ypPaBHEHHIO
/
Ay + Ay =0, A'(z)= (A’(r)) .
o Nmeem
1N coswe —sintr eoN 2 sin Wz  COSWIT
A(I)"w(sinw.r COS WT )’ Az) = —w <~coswz sinww)’
OTKylda M cilefyeT yKazaHHoe ypaBHeHHe. P
2A2 ann
30. Ilycts Sn (.I: =[4rA+" + ...+ ~——, Tne A — TocrosfiHHas Marpula. YCraHOBUTh
n!

puddepeHiiMaibHoe ypaBHeHHe, Ko”lOpOMY ymornersopser S,{z).
« BrIYMCHAS TPOM3BOINYIO, HAXOLUM
In-—l
(n —1)!

llanee, ymMuoxas BHpaxeHue MU Sn(2) Ha A M BEIUMTAA NoTy'eHHoe u3 Sy, (1), nMeeM

R T 2 v’ 3 n
..SH(z):A—}-ﬂA +5!—A + ...+ A",

Sh— ASn+ = A =0,
7%,
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DTo u ecTh Tpebyemoe ypaBHeHue. P
YropaskHeHHS QIS CAMOCTOSNTEIbHON paboThl

Halitu npounssonsbie CIIF‘JI_YIOII[]/IX dyHKLWi:
1. fior—

5 l l t _ %5 _ S
128 T 64 AICIB T — §a 1) — 3a(ai—D)

2. fra d\/VEF2—1-22arctg /\ﬁ_-rf—l_*_l'

1
3. f:.’EP—'rhl ‘tg (§+2§)I_ sin2:c _3Sln :c+4 .
X x x~
X 4 41 B -1 cal -1
4 from Logpei VIl 41 1 : (20 +1) " 3.
82 = 22 4ﬁ
2 2¢4 +1 fez

5. fiz+— arctg \/cos 2z —+/cos2x. 6. f:x+— sin®(wcosae) +cos2(w sint oz ).

—ax?

7. f""_‘;;W‘ 8. firwrs S:—:i%z—; 9. f:z + arcsin (cos ne + sin nz).
10. f:z +— sin(arcsin ag + arccosaz). 11, f:o— Asin®(fz 4+ 7).
12, f:z '{24.—:23 13. f:z > H_Lmy 14. f:z — ctg(atg (barctg (cz))).

15, fiz— (logw / :—:—i) . 160 fix— e—tisin(ay) g7, fiz ln“(lnb(]ncx)].

18. fiz— 5% 4 (sinz)*. 19. f:z 25 . 200 fizes BT ‘
Halitu nmpouspogHEBle clegyonux BeKTop—hyHK U

p . ) p—y
21. f:2— (arccos <, arcsin {sin z), sin u(z), cosu(z)).

22. f:z— (e‘“z(”;), thu*(z), chu*(z), sh u(z))

23. £z (2tz, 3t — 2°, sinwt, coswz). 24. £t (e“tcost, e*“sint, u (1?) , u(sint)).
25. £: 0 — (p(p)sin g, p(p)cos ¢, ¢* — 29, ¥> —2%0p).

26. f:p— (ﬂsim9 p) peos e(p), °(p) — ze(p), ©*(p°) — 2%0(p?)).

27. f:z (b esn v ap(sin® z), L,Q(COS2 £))

28. f:z+— ( u(z) +v(x), arctg ‘U‘(t—g%j’ e*u(x)v(r)>.

29. f:a (f (:E;) fa(u(z)e(x}), fa(sin u(v(x)})).

30. a)f: oz (1 / Z f3(x), x); 6)f:z— (%lf(a:)l, #¥sinz, £ cosa).
k=1

31. Ha xpusoll HAWTH TOYKU, B KOTOPHIX KacaTelbHad K JeH KOJLJIMlleapHa YKa3aHHOMY Bek-
TOPY, a KPUBadg ONMUCHIBAETCS CIEQYIOIMM DPAjMYCOM—BEKTOPOM (B €RKIMULOBOM KOHEMHOMEPHOM
mpocTpaHcTie E):

a) f:1— (3cost, 4sint, 5t), 0 <t < 2m, a = (0, 4, 5);

6) fitm (¢, 15, t%), 0<t< 4, a=(2 4, 6);

B) £t (e, e7% sht), —oo <t < +o0, a=(1, —1,0).

32. HauTu BeNuYMHY CKOPOCTHM NBMIKEHUS MaTePHalbHOM TOUKM HO KPMBOM, ecium pagMyc—
ueKTop ee UMeeT BUJ:

a) £(t) = (bint 3cost) BMoment t=m: 6) £(t)= (sint’, 3cost®) n Moment t= /T;

B) f(t)= (sln , COS %, %) B MOMeHT t = %

33. Ha maHHBIX TpaexTOPUAX HAHTH TOUKH TIOXOS, ECAH TPACKTOPUHU ONMCHIBAIOTCH CIeXyOLU-
MM BEKTOP—(PyHKI[UAMH:

a) f:tr (sin(tzz), cos(tr), cht); 6) f:t— (%tz + (1 =), 267 —at+1, t—;— + 2%t — 17t>;

B) f:tro (vt+ 262 43¢, 20t + 26° — 4t 4 3).

34. Iloxa3aTh, YTO TPAEKTOPUM, KOTOPLIE CIHHCHIBAIOTCH CHCAYIOUHMH BeKTOP-(pYHKLUAMY,
OPTOTOHAJBHBIL:

a) fy it (tsint, tcost, 1) u fo :t— (tcost, —tsint, 2);
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1 2 2 ! 4 S
6) fl = (Elfl(t)lv U (t), u (t)) u f2 1 (—\/_5’ -3 1) 1. l
35. HaliTu xuMHETHYECKYIO WHEPIUIO CUCTEMHB MaTEpPUaNBHBIX TOYEK C MacCCaMM Mk, MBHXKY-
UIMXCA TIO CAEIYIONMUM TPaeKTOPHAM:
a) fx: t — (k=1,n; mp =1);
6) fi : t — (arcsin (sin kt), arccos (coskt)) (k =1, n; mr = kp).
36. Hautu npousBoJgHbIE CASTIYIOUMX KOMNIECKCHO3SHAUHEIX (DYHKLIMMN:

k
t .
T s wt, coswit

P
a) frxwzlnz ™"

B) f: x> cos?(z +iz”);

6) f:z > e“"(cosax + isin av);
r) f:z In*(2z + “:2)

Haittn npoussogneie ciegyommnx MaTpuyHeX hyHKIKNA:

x sin x

shz® chz? Tz z
87. frzr— ( thz? cthz? ) 38. fizr ( e“(®)  y(e®) )
224y s x 1 .
39. fiz— oy Snt(ey) . 40, frio 2lf(2)] sinwa .
(Iy)sin Yy qsin(zy) CoOsSwr T

41.

f:x|—»<

\/.’E+ v/ z2

arccos (arctg (arsh z))

R

sin”(sin” )
1

In*(In® z)
[z — |z[|

In (u(z)In u(z))

)

u(@ . u(z) ﬁ-%%j
0 >oIn 'cosz'ikl 3 uF(z)
k=1 k=1

Brruucaurs npoussonnbie pyHkumit f o MHOMXKECTBY, €CIu:

42, f:2—

43. f(z) = e’ npu w = =< neN.

44. f(z)=sin2z mpux € £, £ = {1,2,2,§,;,i,.,,

45. ()—zlnl+z)npua€EE {1 \/—,3,\/—,6,\/— }

46. f(z) = 1+‘ —npux € E, E=Q.

47. Ilycts a = a(2), b = b(x), ¢ = ¢(z) — sexrop-¢dyuxunn (a(x), b(z), c(z) € E*),

MMeloliiMe KOHeYHble MpoussogHbre, [okasars, uro:
a) [a(2), b(z)]" = [a(2), b(2)] + [a(z), b'()];
6) (a(z)b(z)c(z))’ = (a/(z)b(z)c(z)) + (a(z)b/(z)c(x)) + (a(z)b(z)c'(z)).

48. HauTi NpoM3sBOAHBIE OT CHEAYIOUIUX ONMpeeIAuTENeH:

.9 2 v 22 2P S
a) sim J:, 2 (L.Ob ?2 ) T L L P B I S A
—cosz® sinz JERPE JE P
sIn & sin 2z sin 3z  sindzr
r) s?n 2z s'{n 3z s?n 4r s%n 5z
sin3r sin4x sinS5z  sin 6
sind4zr sinSr sin6r sinTr
49, Ilycte A(:z:), B(z) — dyHxuMoHaIbHBIE MaTPULBI, UMEIOUWME KOHEUHEIe MTPOM3BONHEILE.

Iloxasars, yTo
(det (A(x)B(z))) = (det A(z))" det B(z) + det A(z) (det B(z))'.

Haiitu npounssogunie Gpyuxuuil f, ecau:

sin®re, = €,
50. f#)=19 |, v € R\Q.
51. a) f(zx)= inf {cosé}; 6) f(z)= sup {cosé}. 52. f(zx) =cos"2—"”~ lim 227",
0ége géfél n—oco
53. a) f(z) = ¢(#(2)); 6) f(2) = ¢(¥(2)); B) f(2) =v(p(x)); 1) f(z) = 9(d(2)), re
N )z ecm |z <1, o) €T, ecml £ & < 400,
w(2) = £?,  ecam |z| > 1, ¥(=) = 1, ecam —oo< <0,
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. - x . - mn34daka?

54. f(z)= 71121(10 H ch . 55. a) f(z) = nh_l};o Z In arctg yr e

k=1 k=1

n 52 X n—1 k
6) f(z)= lim J] (1 + sin —3’5), B) f(z)= lim Y sin (— + xz).

n—oo k=1 ™ n—co k=0 "

Brruncnurs npaByio M 1eBYI0 MPOUBBOIHEIE CAELYIOUNX DYHKLNN:
56. a) f:aomr o (i), The ¢(t) — paccTodHMe 1O GIMKalilIero Leloro Yucia;

6) f: 2 min(tg z, 2 — sin 2z), —% <z< %; B) fror max(4lz|—1, zz).

57. f:2+ [2%]|sinws?|. 58.a) f:izrm ——-I—_E—, z#£1, f(1)=1;
1—-21-2

z N\ =1
6) f:z (1—2175) Lz #1, f(1)=0.

. — g . o,

59. a) f:o— Tm et 6) £ g lim e*50 ¢
e =

3

60. f:om[2)?, 221, 61. fiz— |sinz|z, z€Q,
z 0, z € R\Q.
62. Haiitu fL(zo) u fi(zo) B Touxax paspuiBa To byHKUUM f, eCam:
— lf. _ 1
a) f(z) = 12" 6) f(2) = mima -
63. [Ipu xaxoM ycaoBuu pyHKUUS

f::xr—»[z[lza [lx]w], z#0, u f(0)=20

UMEET KOHEYHYIO TIPOU3BOJHYO Nipu 2 = 07
64. Ilycts

72 N . R .
fa@)=Y (%) Caz'(—z)*™, kel

=0

BriBecTu pexyppentHoe cootHoulenue gust yuxuun fi.

65. Hautu uucaa Junn

'Dif(:l:) = Tim ﬂf‘f'_’%:ﬂi)_’ Dy f(z) = lim ﬂfﬂ%ﬂﬂ
h—+0 h—E0
19 Py HKLIMU:

2

a) fio xsin_%, z >0, 6)f”“_*{a:z?si112%+b:ccos %, z #0,

0, z £ 0; 0, z=0.
66. Haitti Djo(z), ecan

D}(z) 0
_ k= = D
(1 —22D%(2)) Dr—1(2)’ L1, D=1 D

™=

Dk+1(1‘)

Yrazanne. Pyuxnuio Dj mckath B Bune

7

Aak
Dy(2) =

1—ba2k?

rae A, a, b — pyHrnuu, DonsIexaine onpeneaeHIIo.

Brrumcnuts npounssogHeie pyukuuu f, ecau: ’

z, ecmu |z| € 1,

67. f:zx+— 68. f:z+— [—:l ([z] - (—1)[”] cos7r:c), z>0.

2 2
%+ 5senz, ecau|z|> 1
z 1 1 1
69. f:z+— 1—+Z(x——[z]—5) (1—2'17—[17]—5‘).
70. JloxasaTh, YTO MHOYKECTBO TOYeK, IfMe (bYHKuMA f MMeeT HepaBHEE NpaBylo M JIeBYIO
TpOU3BOJHEIE, He Bolslee yeM CYETHO.
71. [loxasaTe Ha mpumMepax, YTO B obLIEM CIyYae

Fi(z0) # F'(z0 +0) u f(z0) # f'(z0 — 0).
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72. MoxHa mu yTeepskiath, uro ecan f'(zo + 0) = f'(20 — 0), To dynxuna f nempepnisHa B
TOYkKe Zo?
73. IlpoussonHas RAS MOCHENOBATENLHOCTH (T ) ONpeenseTcs no dopMyiie

s def
Ip=4=ny1 —Ln, nEN

Hautn:

8) (Enyn)'s 6) (M 2a)'s ) ()5 1) (Entwa)s 1) (o(zn)s @) (22) 50 @27

Yn
: 23/ !
3) (sin n°)’; n) (arctgn)'.
74. Hamucars ypaBHenune xacaTexbHoll K XPUBOH, paguyc—BeKTOp KOTOPOM

a) (1) = (sint, cost, 4t), B Touke M (%g, %Z, 7r);

6) f(t) = (arctgt®, arcsint, sh¢, cht), B Touxe M(0, 0, 0, 1).
75. Hanucark ypaBHenne HOpMalXbHOM IIOCKOCTH K KPUBOM, PaguyCc—BEKTOP KOTOPOH
a) £ (1) = (1, ¢, t*), B Touxe M(1, 1, 1);

6) f(t)= %-—, In|f(t)], at®, tcht, sht) nput=1,rge o = f;— —e~2 1.

76. Hailitu yron Meskay KpMBEIMU B TOYKE MX NepecedeHMs, eClIH paguyChi-BEKTOPEl KPUBHIX
fi(t) n f2(t) onmuceBaoTca opmysamu:
(=2 ¢ : h
a) fi(t) = (e £ o tht), f2(t) = (t + 1, sin 3¢, te***);
6) fi(t) = (t, t*, ¢*, ¢*, t°), f2(t) = (sin ¢, sin 24, sin 3¢, sin 4¢, sin 5t).
77. IloxasaTk, uto BexTOp—pyHkuua X : ¢+ (sint, —cost, e_t)T YyIOBIETBOPIET YPaBHEHUIO

X'(t) = A(t) X(t) + £ (1),

rme
et 1 —sint 2cost

Aty = | cost sin t t* , f(t)=| sint—te"

In|t] tgtln (¢ t —e (1 41)

78. llomoGpars BexTOp~hyHKipmo f Tax, uTobu Bexrop—dyHruMa X : t — (1, *, t*) ynomue-
TBOpsAJa ypaBHEHHIO

-2t 2 7
X'(t) = A X(t) + T (1), rae A(t) = 0 -t 1 .
™t 00
79. Iloxasars, uro BexTop-thyHxunst X : t — diag A(t) ygoBaeTBoOpier ypaBHeHHIO

X' (1) = A®)X(t) +£ (1),

A(t):<smt cost ), f(t)z(cost—i—coslt).

sint —cost sint—1

rae

80. Y6exuThcs, UTO KOMILIEKCHO3HAYHEIE PYHKIUY

22 + 31

2 — 31

firrscosAz+isindr u f:x—

COOTBETCTBEHHO yJOBIETBOPAIOT YpaBHEHUIM:
a) f(z) —irf(z) = 0; 6) (2 +3i)f'(z) + 12zif*(z) = 0.
81. Haiitu npoussontbie oT COGCTBEHHBIX Yuced MaTpuusl A(t), ecian:

2
a) A(t) = ( tt3 14 )5 6) A(t) = ( —g};lhtt 3:: >;

Tt t sint cost 0
B) A)=| t ¢ t ; r) A(ty=| —cost sint -1
T A 0 1 t
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82. HaiiTut yron Mexngy NpemedbHBIMU NOSOAKEHMSMHA KaCATCIbHBIX B TOMKRe TepenoMd Henpe-
PBIBHOM KPMBOW, OMUCHIBaeMOM BEKTOP—(hyHKIUEN:

41, 1, t4+1)> mpit —oo <10,

27 2

. i T T 1) . ( ]
ayf it (sm COS |t 1|), 6)f: ¢t < (28, €2, 2, ety pi 0 < £ < 400,

§ 2. uddepennuan GyHKIUU

2.1. OCcHOBHEIe ONpeTeTeHNus.

Ompenenenne 1. dyuxyus f: F — R naswisaemea dudpdepenyupyemoti 6 mouxe o € E|
npedeavrod das muonecmea £, ecau ee npupawenue Af(xo}, coomeememeyouiee npUPaeHuw
apeymenma r, moxem Ovime npedcmasaeno 6 sude o

Af(20) = Alzo)(z = 70) + w(z ~ 20), 1)

2de w(r —xo) = o(r — %o) npu r — ro.
Onpenenenne 2. Omobpasenue d : h — A(zo)h, h € R, nasvisaemesn dugpdepenyuanon
dynxyuu f 6 mouxe wo, a seavuuna A(xo)h — 3nauenuem Jugdepenyuaaa ¢ smod mouxe.

Jas sHaveHus auddeperimana dpyHxiuu f npuusTo ofosHauvenue df wan df(xo), ecau Tpe-:
Oyercd 3HaTb, B XaKOWM MMEHHO TOUKEe OH BHiUMCIeH. Takum oBpasoM,

df(zo) = A(zo)h.

Pasmenus B (1) Ha = — zo U ycIpeMuB = ¥ o, Moayunm A(zo) = f'(zo). Iostomy Yh € R
uMeeM

df(zo) = f’(zo)h. (2)

Conocrasus (1) 1 (2), BUguM, uTo 3HaueHue gudbepenumana df(zo) (rpu f'(z0) # 0) ecrs rnaBHas
4acTh IHpupalieHus (hbyHKIUU f B TOUKe Tg, TMHEHad U OJHOPOTHAS B TO e BPeMs OTHOCUTETIBHO
fpUpalleHnd h = ¢ — xo.

2.2. Kpurepuit pudPpepenuupyemMocTn GyHKILHU.

Huast Toro 4To6w! dpyHkiug f aBaainack AuddepeHIMPyeMOR B JTaHHOI TOUKe g, HEOBXOAMMO
¥ DOCTAaTO4YHO, YTOBBI OHa MMea B 9TOM TOYKE KOHeUHYIO IPOU3BOIHYIO.

2.3. InBapuaHTHOCTE POPMEH nmepsoro guddeperyuaia.

Ecau # — HezaBucumas nepemenHas, 1o dz = z — ro (duxcupoBaHHoe TpupaineHue). B sTom
cllydyae uMeeM

df(zo) = f'(z0) dz. (3)
Ecau z = ¢(t) — nnddepenuupyeMas dynxima, to dz = ¢’ (to) dt. CregosarensHo,

df(p(to)) = (f(e(to)))i dt = fr((to))pi(to) dt = f'(x0) dz,

T. €. nepBHN gUddepeHuan obIagaeT CBOMCTBOM WHBAPHALTHOCTH OTHOCHTENBHO 3aMEHHI apry-
MeHTa.

2.4. PopMyNa MATRIX OPpUpPaUleHUH.
[MoncraBus (2) B (1) u o16pocuB wW(x — o), NonyvaeM GOPMYIy MaJEIX HPUpPalLiEHNI:
Af(xo) = df(zo)
Hiu
F(z) = f(zo) + f'(zo)(z — za), 4)

TIO3BOJIAIONYIO TIPM MaJBIX 3HAMEHUAX T — Lo TPUGIMIKEHHO BHIYMCIATEH 3HaYeHus PyHKLuM f B
TOYKax &, GAMBKMUX X TOUKE To, TAE 3HaUEHUA PYHKUMU f U ee NPOU3BOTHON UBBECTHEL
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2.5. IIpaBuna gudpepeHqUpPOBAHUA GYHKIHHA.

Ecan cxanapuroie pyuxuum v u v qudepeHIIMPyEeME], TO:

a) d(u+v) = duxdv; 6) d(uv) = udv +vdu;

p) d(3) = S5 0205 1) d(f(w) = f'(v) du.

Ecau pexrop—dbyHkiuu u u v guddepeHuupyeMs, To:

a) d(uxv) = dutdv; 6) d(u, v)=(du, v} + (u, dv);

B) d(Au) = udA + Adu (A — cxanapHas dyHkuma).

Ecau v n v — cxanapusle gudpdepeHuupyembie pyHKLMH, TO

dlutiv) =dutidv, i¥=-1

Ecau A, B — mguddepeHimmpyemble MaTpuuaHbie QYHKIMU, U — AUddepeHupyeMas BeKTop—
dDYyHKUHKA, TO:

a) d(Ax B) =dA+dB; 6) d(Au) = (dA)u+ Adu; B) d(AB) = (dA)B + AdB.

HuddepeHuupyembr au dyHxuuu f, ecm:

31. Af(zo) = 2sin{z — 20} + (V1 + (2 — 20)2 — 1) ¥(x — 20), TR

d)(l‘—xo)={ In|z — zo}, z # o,

0, T = Zo.

« Tax xak CyllecTByeT XOHeUHBIN mpemed

. . 3/1 o 2‘__1
lim m: lim (25111(z Zo) + + (2 —20) lIl'-’E—.’EOI) =

x—xg L — X r—xzy £ —ZXo r — Xg

3

. 1+ k-1
= 2+ lim ——+———ln [h| = 2,
h—0 h
To pyHkums f pudpepemmpyema B Touke xo M df(wo) = 2dz. »
5 2
32, Af(1)= (- 1)3 4 (2 —1)3.
« [locxonbky
. Af(1) . 2 L
= — 3 r — 3 =
ilinl — llinl (z=1)3 +(z—1) 00,
To OyHruuA f He nuddepeHunpyema B Touke r = 1. P
33. Af (x0) = (sin Jn(1 4 (2 —20)?), 5T 1).
r — Xop
<« Paccmorpum npepen
Af (x In(1 + (£ — 20)° 1 =T
lim 2100 _ ( i ROEE—207) g, , lim 6———) .
L—=iyg L = g T—xqg r — Io r —Irg =z—xzg L —Ig
Nockoapky
1 )2 T—zg _ |
hm M =0, lim " = 1,
r—2q r — Io z—xTq r— Tg
TO CYHECTBYeT KOHeuHas TIPOU3BOAHAA BekTOp—dyHxuus f:
£'(z0) = (0, 1).
CaegosarenbHo, BekTop—pyHkiug f nuddepenupyema u
df (20) = (0, 1) dz = (0, dz). »
S S
arcsin (e (e==0)? ) le — zo|* + 2 — zo
34. Af(l‘o) =

_1
I —1z0 °s n (t L \ (5‘“l§$f?qﬁ\ (z—=0)?
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« Brrunciaus npegens ‘ " a

1 1 i3
lim L) arcsine A% = lime Rh! = 0, ' l =1, lim hsgn (tg l) =0,
h—o h he0 h_.o h0 h \

1 1
1 (sinh?2\r® sin k2 \ B2 A,
1 i (e _
lim h( ] ) hfz( 7 ) Yo, (' r Sg“h)

' . Af(zo ¢ 1
f{zo)= lim —(-—)=<0 0):

x—xg T — Tg

HOMYyYuM

T. e. MarpuyHasg dhyHkuus [ auddepeHupyeMa B TO4YKe To, ¥
0 1 0 dz
df(zo)—(ﬂ 0 >d:c—(0 0 >.>
Hann:

5. a) d(ze”); 6) d (atcsm ﬁ)
« 1-i cnoc06 (/ornacno onpenenenmo 2, m. 2.1, HaxoauM
a) d(ze‘ )= (ze”‘ Ydz =e” (2z +1)dz;

6) d (arcsm B I) = (arcsm le) dz = —;7'21.
2-#1 cnocob. a) Cormacuo dopmyxn 6), . 2.5, umMeem
d(ze”g) =e drta d(emn).
Ilo ¢opmyse r), m. 2.5, d(e’z) =% d(z?) = e**2¢ dz. Taxmm o6pasoM,
d(zezz) = e dr +2z%® dz = e”a(21;2 +1)dz.

6) HMoanasyscs dopMyioil 1), n. 2.5, umeem

d (arcsm B |> = (arcsinu) du, u= L du=d <—i—> = —;},‘,—d(lzn = _sgnz dz,

=)’

IIO3TOMY OKOHYAaTeJbHO

‘ d
d (arcsm ) : 8 z ——z—. »

|17l / |£L‘ zVz? — 1
36. d(uv™?).

« [lo npasuay muddepenuuposanus gpobu (cM. B), m. 2.5), Haxogum
d(i):vzdu——‘;ud(vz):ii}i_Zusdv, v £ 0.
k)

02 02 v

37.4d (arctg %) .

« Ucnonnays dpopMynw B) U r), . 2.5, uMeeM

d(arct ﬁ)- 1 d(_zi)_vdu—udv >
gv —_1+(u)2 v) T w4z

v

38. ) 755"~ 22 = 2%); ) 4(12) (222).

| HOCKOJILK_Y

d df(u)

!

) = —f(u) = , 1
7(w) = - f(w) = L ()
rae ¢ — gupdepeHuupyemast GYHKIMS HEKOTOPOH MEPEMEHHOM, TO HAHHEIE MPHMEPHE MOXKHO pe-
IIUTL ABYMS criocobaMu.
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a) OBosHauasd u = 2> U NOAB3YSCh MepBLIM paBeHcTBOM (1), MMeeM

d ) )
d(x3)(z3 —2at -2 = diu(u —2u® —ut) = (u—2u® =) =1 —du—3u® =1-42" - 325 z#0.
Taxoit e pesyapTaT MOMKHO IMOLYMHUTh, NONB3YIACh BTOPEIM paBeHcTBoM (1):

d (z3 — 0% —2%) = d(z* — 22% — 29 - (327 —122° — 92%) dz
8 d(z3) 322 dz
2

=1—4z® —32% z#£0.

6) Bons obosmaveHue % = £° M MCIOAB3Ys TIepBoe paBeHCTBO (1), NMeeM

d (sinx)__il_ sinyu ) _ [ sinyu /_\/ﬁcos w—sin/u _ zcosz —sing £ 40
dz9)\ = /  du\ Vu /T \ Vu - 2uy/u - 223 ’ '

Ecau xe Bocnonpayemcs BrophiM paBeHcTsoM (1), To moayvunm

d sin _d(ﬂ'l;i)_i%_s‘—nzdf_xcosz—-sillx
d(z?) ( > d(22) 2z dx B 223
39. 3amenss npupamenue gpyHKIuY TuddepeHLmatom, HailTi NPuGIKeHHo sin 29°.
« 3HaueHue sin29° OTHOCUTENBHO MaJjlo OTAMYaeTCa oT sin30°, Tak xaxk u a = 29° orHo-
CHTEIBHO Majlo OTauyaercd of «o = 30°. IlovTomy Ana NMPUBIMIKEHHOTO BBRIMHCIEHUS sin 29°

BocmoassyeMcs qopmyion (4), m. 2.4, saas f(z) =sinz. Torza noay4um

1 /3
R L S A Y VI
L7 180 2 360 >

. ~aa0 T . !
sin 29° =2 sin i (sin z)

2
z

40. Ookasats dopmyay \/a2+a,—a+——r a>0,z>0,mme 0<r< Fper

« Ecan cuutats @ mManev (2 € @2), To no ¢dopMyne MatEX TpHPaIeHHIl HOLYUHM

Vit trxa 4 —

[Torpemnocts 3TON MpUGAMEKEHHOU DOPMY BT

a-{—x
Lp = =
2a

zf

t=a?

1 1 Vai+z—a z?
7‘=a+—z——\/a2+z=z — = =z + = (1)
2a 20 Va4 zr4a 2a(va2 +z+a) 2a(a?+z+a)
. 2
TEeM MeHble, yeM meHbme 2z > 0. OaHaxo gas q06HX * >  oHa MeHbIIe i3 M, KaK ClellyeT us
(1) Vat+zr=a + = r, uTo u Tpebopalock foka3aTh. W
41. oxasars npu6nn>xe}{}{ym dbopmyny va® +z = a + s @ >0, roe |o] € a”.

« [lockonpky |z] € o™, 10 x GyHkun f:y— Y1+ y, roe y = a" , 3bPekTUBHO IIPpHMEHUMA
dopmyla MaabIX NPUPAIEUMIL
!
fly) = F(0) + f (D),

n - Y
Vity=1l+ -,

Vaotz=ul/1+ = za( +——> —at ——.»
a™ nan na"—

42. Haitru df(r), ecau:
a) f(z) = (e—“a, Sin(mvlz), cos(az’), sh (%)), 6) f(z)= emﬁ;

_ 41 ) [ arcsin (tz*)  arctg z* 1
8) f(z) = 4+ 3ic 4145’ r) fle) = 0 %]f’(0)|2“ sin wz

OTKYHa

Ha OCHOBAHMUH YIETO

« Hcnoavsys dopuyny df(z) = f'(z)dr, umeenm:
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a) df (z ( 3ka’e ™" 20z cos(az?), —4az® sin(az?), ich(%))dx;
6) df(x) = (cos(az?) + isin(a2?)) dz = 20z (—sin{az?) + i cos(az?)) dz;
x4 / —z +21!5+41 +3
B) df(z) = ( ?+3u+4z+5) dz = (23 43ix+4i45)2 dz;
2
- 0
r) df(z) = \/l—tsrs Ta dz.
0 %[f’(0)|211n2 W COS WT
Hox |A|, A = (us;), NOHMMaeM BEINUNHHY
|Al =
[Tockoabxy

e 0 0 oo fm?2
f(U)'— ( 0 lnT2If/(O)I w )7 TO [f (0)|" 4 ’

w

otkyma |f'(0)] = . Taxum o6paszom,

In?2
==
4t 2z
_atr_ == 0
1-t8z8 4z
) = n2
df(z) 0 wior 1 coswg | 9T P

43. Mycrs npu BerucIeHUn QYHKINOHATBHON MaTPUIEL A(t) 6Blma MOMyIEHa MOTPEIIHOCTE
A(t). Tpemmosaaras, 4TO CymwecTByeT A—l(t), HAWUTH NMPUGIUKEHHO HMOTPEUIHOCT: BHIYUCIEHHS
A'l(t), xoTopas GymeT coorsercTBoBaTh dA(1).

« [ockoasxy A(DA™H(t) =1, 1o
(dAA™ + A(A™) = 0) = (d(A7}) = —A7HdA)A™H. »

44. Ilycrs A(t) — xBafipaTHas pyHKIMOHalbHas MaTpulla c Moayiem |A| =

rae aij — ee 31eMeHTH, M depeHIMPYyeMble Ha HEKOTOPOM MHTepBaje. OueHnTL MOny b qu)(pe-
peHllMalNa ee coGCTBeH}{bxx Yyucen Kak yHKIUH ¢,

« CobcrBennnle BekTOp—(pyHKIMU X M COOTBETCTBYIOUME UM CODCTBEHHEIE YMCIa A, KaK CKa-
ASpHEIE (QYHKIMM NIePEeMEHHON ¢, YIOBAETBOPAIOT CIEKTPANLHOMY ypPaBHEHHIO:

A X(t) = A(#) X(1). (1)

Cuuras mia onpegenernocty, uto | X(t)| = 4/ Z jzi(1)|? = 1, u ymHoxkas pasexcTtBo (1) cxanspHo
Ha X(t), monyuaem '

(A X(t), X(t)) = A(3). ?)

€

Huddepenuupys (2), Haxogum
dX = (d(AX), X) + (AX, dX) = ((dA)X, X) + (4dX, X) + (4X, dX),
OTKYLa
[dA] < [(dA) X|[X| + |4 dX[| X[ + [AX||dX]| <
< AKX + |AldX[[X] + |A||X||dX] = |dA| + 2| A]|dX]. »

45. Ilycrs mupgepenuupyemas byHxiua @ Taxosa, uto f(p(t)) = t Ha [to, t1], TRe f —
mudpdeperiupyeMas pyHKIMS U f;, He pasHa HyJro. Halitu de.
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4 Iockoabky pyHxuuu f u ¢ mudgepeHIUpPyeME], TO CIoKHat PYHKUMA f 0 ¢ Takke pud-
depeHLMpyeMa U

(d(f(p(1) = dt) = (fo(o(t) dio = dt) = (W - _fé(it(t))> a

YopaskneRHs A1 CaMOCTOSTEIBHOR PaGoTh
Haittu audpdeperymnans crepyomux GyHKLUUN:

83.a) fizr— 715 arctg % - -—l—ln Ea(“;tm_z):ijﬁ)ﬁ + 3@2::“ + 3;

6) fiz— —arctg ($+2)2 +1; 8) f:x— Z sm}'x

84. a)f:zw%}i%—‘—i:;:(f}, 6) f: z;—-»z/;(v(m))

8) f:z - In(u®(2) + ¥*(2)); 1) f:z - w’(lnz) + ¥ (Inz).
85. a) f:e > p(p)cose; B) f:o plo)sin(w(p)e).

n
86.a) f: it cx_'?z—*? 6) f:t,_>kz_:1 cosg:m);

v
B) f it % 41y + ¢t r)f:zr—-»—;——r——m:; o

2
87.a)f:zv—-¢——+z(x +3); 6) f:z E}i—:::.ii;
B) f:z > cosz® 4 isin 3z%; 1) £ et SO,

e] €2 e3
88,a)f:z— (1, ,2% ..., 2"); 6)f:xr—~<u(x) v(z) w(z));
' sing cosz 1
B) f:2— (sinwiz, sinwsz, ..., sinwnz); 1) f:iz u(z)(e*®), tgu(z), u(z));

m) £: 2 (31f(2)], u2(x)).

In <l ) ‘ -
88. f:z 2341 . 90, — | sgnx e =l )
frz ( u(z) sinu z) fie ( [z] sin[z] )

e [ B S V9 tg(y, sa))
_, ?1: f -’ <Sin?tyr) COS(ty)) ( sh(¥, ¢) ch(¥, 9} )’
a11(t)  a12(t) ... a1n(?) z1(t)
5. g1 | 2 0o ) |70
ami(t) amz(t) ... amn(t) J:n.(t)
94. Iycrs f(z) = (fi(z), f2(z), ..., fn(z)), THE fi, i = 1, n, — muddepeHuUpyeMble DyHK-

uum. Haitru d()f(z)]).
958. Mycrs f(z) = (aij(z)), i, j = 1, n, — nuddepeHimpyemas PyHKIMOHaNbHAA MATPULA.
Haitru d(|f(z)]). '
96. [IpubavoxeHHO BHIMUCIUTD:
a) sin 16°; 6) arctg 100; B) arcsin 0,99.
97. Ilokasats, 40 MIPU T > To > 0

‘gz T 1
arc - ——.
& 2 =
98. [loawsysack npubakeHHBIMU PopMyTaMu
2
T . 3
cosle—;, sinz mz+az”, |r|<1,

HaMTH K03 PULMEHT .
Ykazanne. Brectu B paccMorpenue roxRrecTBo sinz = 2sin ;cos ;
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Haitru df(0), ecau: o
_ [ 22 o4, ’

99. f(r)= { 1, 0.

100. f(z) = (u(=))"™, du(0) =5dz, dv(0) = 2 dz, u(0) = ¢, v(0) = 1.

101. f(z) = arcsin :(%%, du(0) = 3dz, dv(0) = v2dz, u(0) =1, v(0) = V2.

() £0 Y 1+sint o4 /1432902 z£0
102. f(z)= arctgz "~ 103, f(x) = ex® 1 ’ ?
0, z =0. 0, z =0.

. 22, 22
104. f(z) = (-T”‘Q 2—;13—) T #0,uf(0)=(0,1).
105. £(2) = (s 52, SRR Jofo), 2 £0, w £(0) = (0, 0, 0).
cos(zez“)—cos(ze_zz) ]n(1+z2ch 0 0
106. f(z)= a? n{z44/1432?) |,z #0,u f(0) = < o 0 )
0

’lnz

107. Ilycrs ar = (@1, @k2, --., Gkn), ax € E™, k = 1, n, — pextopH, MMelolMe obiee
Havalo. ABcomoTHOe 3HaYEHMe ONpPefeTuTe s

G111 @12 ... Gin
az1 a22 a2n
Gnl @n2 Ann

HazoBeM obvemonm Queypns P ={zlz € E™, s = 61a1 +b2a2 + ... +0nan, 0 0; <1, 1= rﬁ},
KOTOPYIO MPUHATO HAa3BIBATh NAPAAAEACNIONOM. ‘

Haiitit 06beMbl 6eckoHeYHO MadBIX Mapa/IeJ0TONOB, MOCTPOSHHBIX HA KaCaTeJbHBIX BEKTOPaXx,
NMPpOBEJCHHBIX B TOUKaX IepeCeYeHUd CAEeRy X KpUMBBIX:

a) fi(t) = (¢, 1), Ba(t) = (¢3, t); 6) fu(t) = (¢, 3, %), fa(t) = (¢, 1%, 1), fa(¢) = (sin wt, ¢, t*);

B) fi(t) = (¢, %, 3, t*), fa(t) = (£, &, ¢4, 1), £a(t) = (£, ¢4, ¢, ¢%), fu(t) = (¢4, &2, &%, ).

§ 3. IlpousBognas o6paruon ¢pyuxuun. IIpousBognas
bYyHKIMU, 3aJAHHOU [TapaMeTPUIECKH.
ITpousBonuast pyHKuuu, 3aJaHHON B HesIBHOM
BUJIE

3.1. IIpoussogHasa o6paTHOU PyHKIHH.

Huddeperuupyemast MoHoToHHas Qyukuus f :]a, b{— R ¢ HeoGpamaonieiica B Hyab NPOH3-
BOTHOM MMeeT 06paTHyO nuddepeHMPyeMy 0 PYHKIHIO f’1 , IPOU3BOAHAA KOTOPOH BHIYHCIAETCH
no cdopmyie

1
fi(=)

3.2. IIpousBogHas napaMeTpPUYECKH 3aJaHHOM PYHKLHH.

() (=) =

Ecnu bynxuusa f 3agaHa mapaMeTpUHeCKM
T=p(t), y=9(), a<i<f,
rne y = f(z) v bynkuuu ¢ u ¥ muddepenuupyemst, npuieM ¢’ (t) # 0, To

‘@) = £
F@ =
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3.3. TMlpousBoaHAasA HEABHO 3a]aHHOH (DYHKI[HM.

Ecan y = f(z) — muddepenunpyemas pyHxums, 3ajannas ypasuenueMm F(z, y) = 0, 1. e.
F(z, f(z)) = 0 Ha HexoTopoM uHTepBale a, b[, To Bo MHOrMX coyuadx e€¢ NMPOUSBOAHYIO MOXKHO
HalTH U3 ypaBHEHUS

L (P, @) =0.
46. Hoxasate, uro cymecTnyer ¢hynxiua y = f(z), onpenensemas ypaBHeHHeM
y—esiny =1z, 0Le<1,
u HalfiTi mpoussonuyio f'(x).
4 Oyuxuns ¢ : y — z = y—esin y — nuddeperiupyemas Ha | — oo, +0o[, U ee NpousBogHA
o yr—1—ccosy

nonoskurenbHa. (lefoBare/NbHO, (DYHKLHS ¢, GYAyUM CTPOTO MOHOTOHHO BospacTalomel, NMeer
o6paTHYIO, Tak’ke MOHOTOHHO BoapacTawoulyio u audgdepennupyemyio dyukuyuo f. Ee nponssopn-
Has

1 1

©'(y) = 1—Ecosy"

fiz) =

47. Onpepemnre 061acTh CYMECTBOBAHKA 0GpPAaTHON (ByHKLUMM T = o(y) M HailTH ee MpoHU3-
BOHYIO, eClIH
y=z+Ine, x>0

<« Hockonrky (2 +lnz) =1+ f > 0, To byukuus f : ¢ — z + lnz CTPorc MOHOTOHHO
Bo3pacraer npu = > 0. (CrefoBartelbHO, CHa MMeeT OGpaTHYIO U
1 T
I3 = = "
P = Fe T i

Ipu 0 < 2 < 400 umeem —co < ¥y < +00, T. e. o6paTHad (QYHKUMA CYIECTBYET Ha BCEM
YMCNOBOU MpAMOH, P

48. Brigeaurs HeIIPePBIBHEIE BETBH 06paTHRIX GyHX1IMil 2 = ¢(Y) U HaliTH UX NMPOU3BOIHEIE,
ecnm y = 2z% — z*.

« Dynxuus f: ¢ — 222 —z* — nuddepenuupyemas, u ee mpoussoguad f : T — 4:::(1—:::2) co-
XpaHieT 3HaK Ha uHTepBanax |—oo, —1[, ]—1, 0], 10, 1[, 11, +ec[. CnenoBarenrHo, Ha KaskaoM U3
COOTBETCTBYIOLIMX MHTepBauoB |—oo, 1], 10, 1], ]0 1], ]=o0, 1] cymecrsyer mnudpdepeHumupyemas
o6paTHas dbyHKuuA. O6osHauns uepes @i, 1 = 1, 4, oT1 QyHKUIK (z = pi(y)), umeem

w1 1) —o00, 1]~ ]=o0, =1, ¢2:]0, 1[—]-1, 0f,
@3 :]0, 1{4]0) 1, P4 :] — 00, 1{—=]1, 4ocf,

NMpUYeM, CyId Mo 3HaKy MPOU3BOXHON

Pty

1z (1 - 22)’
DYHKUMM ) U 4,93 MOHOTOHIIO BO3pPacTaloT, a ()YHKUHH ¢2 U Q4 MOHOTOHHO y6piBaiorT. Peurus
ypasuenue z* — 22% 4+ y = 0 oTHOCHTeIBHO T, MOYKHO MOAYYUTEL PYHKUUU @; B IBHOM BHJE:

i

p=pi(y) =—\/1+1-y, 2=p2(y)=—\/1~/1~y,
r=@a(y)=\/1—-V1-y, z=ei(y)\/1+V/1—y. »

Haiiru nmponssopueie f'(z), ecm:

49. x=\3/1—\/f,y:\/1—\3ﬂ(y=

« Hajimem cuavara
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Hanee, moansyscy Gpopmynoii myHrra 3.2, vMeeMm
1
/ _}_ 1— l 4 %
poy= 2ot (L),
1=y

Ty
50. y = (¢'sint, e'cost, e'), s=t+ 1 (y =f(z)).
<« Ilockomnky dy = (d(e‘sint), d(e’cost), d(e')) = (sint + cost,cost — sint, 1)e‘dt, dz =
(1 +5t*) dt, To

tr s ¢ . t
£(x) d_y_(e {(sint+ cost) e'(cost—sint) e ) >

T A T+5t8  ° 14568 ' 1+58
51. y=cos®t+isin’t, z = 2t — cos t (F=-1,y= F(z)).
o Ilockoanky

dy = (-3 cos® tsint + 3isin®t cos t)dt, dr ={2+sint)dt, ¢

TO J
, y 3sin 2t - _,;
== =—r———e . p
F(=) dx 2(2 +sint) ¢
t—sint 1—cost
52. y:( S}:t cht >) 13:3t+t3 (y:f(i‘))
o Unmeem
_ 1—cost sint _ 2
(ly-( ht sht >dt, dr =3(1+t7)dt,
1 l—cost sin ¢
' _ 1412 1482
f(l?)—'g cht sht g
14¢2 14¢2

Haiitu npowssoanue f' gpyuxumit f : v — y, 3alalHBIX ypaBHEHUAMM:
53. x2+2xy—y2=4x. ‘
« Ilycrs y = f(x) — nuddepeHumpyemoe pewenne naHHoro ypapHenus. Torma
2 2
t” 420 f(x) — (f(x)) =4z (1)
Ha HekOTopoM HHTepBaie. [[ockoInKy Bee e B TokpecTBe (1) nuddepenuupyemsr, To us (1)
nmociae AudPPepeHIiipoBaHUA MolyHaeM
2z + 2f(z) + 2z f'(z) — 2f(x)f'(z) = 4,
OTKY/la
fley+z—2
7wy = L&)

—m, flz) £z »

2 2
54. 3 +y3 =1.
« llopcraBus B nanHoe ypaBHenle gu¢pdepeHMpyeMoe pellieHue y = f(a:), NOaYyUMM TOXKAE-
CTBO )

S

W
i

:c%—k(f(:c)) 1, | .

mippepermpy s koTopoe, MMeeM

x—% + (f(:c))_éf/(:c) =0.

f'(:c):—(f—(;—))g, r#0. p

55. Haiitu f'(2), eciu y = f(z) u p=ap (p, ¢ — NoaAPHLIE KOOPIUHATEHI).

OTcrofa HaxoqMHM
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< [lockonbky y = pcosp, 1 = psin¢p, To y = apsin g, ¢ = apcos ¢. Hanee, dy = a(sinp +
pcosp)dy, de = a(cosp — @sin p)dp. Orciona, eciu a(cos ¢ — psin p) # 0, HaxomUM
d sin ¢ + @ cos
fay=dy snptpcse
dx Ccos @ — @sin

56. Haiiru f;(a:) u ff_f(x), eciu GyHKUMM fi M f2 3ajanbl HEABHO CMCTEMOM ypaBHEHUMH
v — 93 +30 =2,
v 4yt +2z =1

« llopcraBaas sHavenua y1 = fi(z) u y2 = f2(%) B MaHHYyIo CMCTeMy ypaBHEHUH, MPUXOAUM
K TO’KAECTBaM

fi(z) — fa(z) + 3z = 2,
fl@)+ )+ =1,
I depeHIMpys KOTOPHIEe, NMONyvdaeM
F@)fi(z) — f2 (@) fale) + 120,
H(@)fi(z) + fa((r)fa(z)+ 1= 0.
Orcioga, ecv onpeneauTensb

fi(z) —fi(z)

f@) @) |70
Haxofum
') = 1+ fa2(z) ) = 1- fi(z) .
= 5o+ A 0 EpGm + se)

YropaxxHeHMs AJIS CAMOCTOSTEIBHON PaGoTH

108. [Tokasarh, YTO clenyoIMe YPABHEHUA UMEIOT €GUHCTBEHHEIE NENCTBUTENbHEIE Pell€eHUs
y = f(z):

a)z =3y +siny’ +cosy—1+ %ys; 6) = = 12y° — 30y* + 40y® — 30y* + 15y + 1.

HaiitTu ognocroponHtow npoussonHyo GyHkuuu y = f(2), 3afaHHON NapaMeTPUUYECKHU, eCIU:

109. z =2t —t2, y =3t —t*, B Touke t = 1.

110. c =t + 3148t y=2t— 10T+ 1, B Touxe t = 0.

111. z =sin’t, y = cos’ ¢, B roukax t =0 u t = 7

Haiitu f'(z), ecan y = f(2) w:

112. arctg (z® + y2) —In(zy)—1=0. 113. sin fyi + f; + /22 +y?2 =0.

114. Fﬁ-ﬁ’_{_—l +Y(z+y+ yz) =1 (¢ — nuddepeHimpyemas hyHKUM).

115. ¢ (i—;g) o (%) =2. 116. $((siny)+ 2y ~ 3) — 8z +4 = 0.

117. arcsin (2y + 2° + 1) = arctg (y°). 118. e~V Wta® gy ¥,

Breruucaurs f'(0), ecan y = f(z) w:

119. z2sin§+ Lsing =0, v #0,u f(0) =0.

120. z?arctg £ +tg(z+y) —1=0, z £ 0, u f(0) = 7.

Haittu fi(z) u fi(z), ecmu y1 = fi1(z), y2 = f2(zr) yAOBNETBOPAIOT ypaBHEHUAM:

121, et o g g b oy =0t 1220 pige s — 2 =0, i + 43 =%

123. y1 + (¥ + y2) +y2 +sinz =0, ¥(y? +u5 + xz) =z.

Beruncmure Af(0) u df(0), ecou y = f(z) u:

124. s = 4 |t], y=+t, At=dt=1. 125. s =t* —44>, y=1t" —5t, At=dt = 1.
126. z = y° + 5y.

Haiitu f'(z), ecau y = f(z) m:

127. y = (sint, cost, t}, t =3t +¢>. 128, y = (51121!, ch’t, th t), £ =sht.

242043 -2 2i —t2 t+i
129y=m,x=t+zt . 130,y =€ e, = z2+'1'
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_ 1t e _ sin 2t cos 2t _
131. y = ( A ey 132. y = ( —cos2t  sin 2t ), xr = 2t + cost,
133. y = (sin(y® + t*), cos(y® + t*), t), = = 5t + ¢°.
134. y = (¥(|y]), t, £7), z = 2tp(¢?). 135. y = (¢(t), ¥(t?), ¥(t%)), v = ¢(t*).

§4. IlpousBoauble n qudpepeHUNANLI BRICITHX
MOPSITKOB

4.1. OCHOBHEIE OIIpeneIeHU.

Omnpepenenne 1. Ilycms npoussoduas nexomopot pynxyuu f OJuddepenyupyesma. Tozda
npoussodnas om npoussodHoti smoll Gynxyuu Hasvisaemes emopoli npouseo0dnot Pynxyuu f u
o6osnauaemcsa f". Taxum o6pazox,

(=) = (f'(=))"

Onpepenenne 2. Ecau duddepenyupyema (n — 1)-2 npouzsodnas dynxyuu f, mo ee n—i
npoussodHoli nasvisaemca npoussodnas om (n — 1)-d npoussoduoti pynxyuu f u obosnauaemcs

£ Hmax,
@)= (@), weN, fO) = f(a).
Yncao n HasbIBaeTcsa nopadxom npoussodwuotl.

Omnpepenenue 3. Jupdepenyuarom n—20 nopidxa Pynuxyuu f nasvicaecmcs duddepenyuaa
om duddepenyuana (n — 1)-20 nopsdxa smoti xe Gynxyuu. Taxum obpazom,

d"f(z) = d(d" "' f(z)), d°f(z)=f(z), meEN.

Ecau £ — Hesasucumas nepemenHasi, o dr = const u d’c = d’z = ... = d"z = 0. B s1om
cnyvae cnpaBeniuBa dopmyia
d" f(z) = f"(z)(dz)".

4.2. TIpoM3BOAHEE 11—T0 NMOPAAKA OT OCHOBHBIX 3JIeMEHTAPHBIX DYHKIUIL.
Cnpasenaussl GopMyasl
@)™ =a®In"a, a>0;
(sin )™ = sin (z + %) ; ‘
(cos )™ = cos (z + HTW) ;
(™™ =m(m —-1)... (m—n+ g™

(lnzym = EV"" (=1
" )
4.3. ®opmyna Jlenbuuna.

Ecau v u v — n-xparHo nuddepeHuupyembie GyHKIUHUHU, TO

n
(uv)(") = Z C:;u(i)v(n_i).
=0
4.4. TIpou3BoaHKIe N—T0 NOPAAKA BEKTOP—PYHKOUH, KOMILIeKCHOBHAYHON M MaTpHUYNOR
PYHKRUMH.
Ecnu xomnonents sexrop-gyuxuuu f: ¢ — (fi(z), fo(x), ..., fu(z)) n-xpartHo puddepen-
L{UPYEMEL, TO

£ (z) = (f§">(x), £, ..., f,{,">(x)) o d M (z) = (d" fi(z), d" fo(z), ..., d*fu(2)).

AHaJIOTMYHO I/ KOMILIEKCHO3HaYHOM QYHKIMU f U MaTpUUYHOH GYHKIMH A vMeeM QopMYyaHI:

f(")(x) = u(")(x) + iv(")(x); d" f(z) = d"u(z) +1d"v(z);
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a(ff)(x) a(lz)(x) dayn(z) ... d"a1x(x)

Haittu f''(x), ecou:
57. f(z) = sin(z?).
« ITo onpegenenmo 1, n. 4.1, umeem ]
fi(z) = (sin(zz))/ = 2z cos(z”);
(z) = (f'(z)) = (2z cos(z?)) = 2cos(z?) — 427 sin(z”). »
58. f(z)=(z+1)e™.

<« [ockonexy (u(z) +1w(z)) = u'(z) +v'(z), To Mpu gUbDEPEHUNPOBAHNH KOMILIEKCHO3HAY-
HOW YHKLMM UHCIOC { UTpaeT Poib OGBIKHOBEHHOM NMOCTOAHHON, NOITOMY

fl(z)= e 4 i(x + 1) e’ = ie'u;
@) =ie'® —ze'” = (i—z). >
59. f(x) = (sin2°, cosz?, 2°).

o [lna HaxoXAeHUs. NMPOU3BORHOM OT BekTOp—(hYHKUMH cileayer mpoauddepeHUnpoBaTh Ka-
KAYIO €e KOMIIOHEHTY, IO3TOMY UMeeM

f'(z) = (2c cos z?, —2xsin z°, 2z);

. 2 . 2 . 2 2
£(z) = (2cos 2 — 4 sin ¢®, —2sin 2? ~ 42° cosz?, 2). »

60. f(z)= ( tez the >

chz?

o« [119 HaX0XKOEeHUA NMPOUBBOJHOI 0T MaTPpUUHON DYHKLUUM claenyeT nmpoaud depeHyUpoBaTh ee
MaTPULY MOIIEMEHTHO:

1 1

sin __sha
fI(CC) — cos? z ch2a ' } fll(x) -9 ' cos3 2 ch3j'r
2xchz? 2zshz? chr® 4+ 2z%°sh % she? + 2z°ch2?

61. f(2) = <l’”’(x)’ w=), Ef;)

f'(z) = ((lw(x))', u'(z), ng;) >

(n o)) = £

o Ilockoanky

1 ! —_ 1
10 f'{z) = (%, u, %2—“—')—) Hanee,

N ' /AN " "2 Iz 7 1yt /
@ w'v — uv 0o —(9) (u"v —uwv" Yo — 20" (u'v —uv’)
o= (2] o, (£ o (25, ot

62. Haittu ym, ecin ¥y = f(e*).

« Ilo npasuny puddepenimposanusa caokHoi QYHKLUH HUMeeM
' ! ! T x
y = f(e)e
(B vroM mpumepe wTpUx Y f o3HauaeT MPOU3BOAHYIO IO apTYMEHTY e”).
Tl BEIMMCIEHNA BTOPOI MPpOM3BOXHOM Nonbasyemcs onpenenerneM 1, n. 4.1, ykasaHHBIM BHIIIE

NMpaBUIIOM, a TaKXe NMpaBiioM AU depeHMpOBaHUA IPOUBBETEHUS.
B pesyabrare nmoayuum

yu — (f/(em)ea;)/ —_ fu(ex)e2x + f/(ex)err.
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AHAaIOTMYHO HAXOAUM TPEThIO MPOU3BOJHYIO
ylu — f///(ea;)efir + 3fll(ez)e2x + fl(ea:)ez. >
63. Haiitu d*y nua gysxipn y = €%, ecan:
& — He3aBMCUMad NMepPEMEHHAdA; T — [POMEsKYTOUHBIH apryMeHT (3aBUcHMad MepeMeHHas ).
« IepBrni mudpepenunan obnagaer cBOICTBOM MHBAPMAHTHOCTH, NOSTOMY B 0BOMX CaydasX
dy =d(e”) = e dx.
Hanee, mo ompegenenno 3, n. 4.1,
d*y = d(dy) = d(e” dz).
HuddepeHuupys nociefHee Npou3BeicHUE, MOIY1aEM
d(e¥dz) = d(e”)dx + ¢” d(dz). (1)
Ecau z — HesaBucumas, To dr = const = h. Caeposarenbro, d(dz) = d°z = 0 u us (1)
HAXOAMM
d*y = d(e") dz = * dr de = " (dz)*.
Ecau ske £ — MpoMeskyTOMHBIN apTyMeHT, To d«, Boobule ToBOP#A, He ABIAETCA MOCTOSTHHOM U
nosromy d(dz) = d*z # 0. Torma us (1) nomxyuum
Py =e'(ds)’ + ¥ d’x = € ((dz)® + d’z) . »

“ 2 (4
64. Haiirn d°y, ecam y = arctg —, rfe %, v — ABaxAb AucddepeHuMpyeMile GbyHKIMH
v
HEKOTOPOU INepeMeHHOM.
« Hcnoapsys mHBapMaHTHOCTH GO0PMBI MepBoro auddepeHynara, UMEEM

u u\', (u 1 vdu —udv vdu—udv
dy =d (arctg —> = (al‘ctg —) d (—) = = 3 =—7
v v v 1+ (1:_) v u’ 4+ v

Iie WrpuxoM o603HAYeHa NPOM3BOLHAL IO (%)
Hanee, no onpenenenuro 3, m. 4.1,
vdu —udv )
a5 )

d? :d(
Y u2+v2

OTKYAQ, MO NpaBHiIy KipepeHUUpPoBaHUA YaCTHOTO, UMEEM
d(vdu —u dv)(u2 + vz) — (vdu—u alv)(al(u2 + UQ)) (1)
(u2 + 22)2 .
Iockoasky d(v du—udv) = dvdutv d*u—dudv—ud?v = vd>u—ud?v, d(v®+2°) = d(v®)+d(v?) =
2udu + 2vdv, us (1) oxoHUATEALHO HaXOAUM
vd?*u —ud?v _ 2(uv((du)? — (dv)z) + (v* - u2) du dv) >
£ v2 (u? + v2)? :

Py =

d*y =

65. Haiitu npoussomuuie ¥y, ¥oz, yos or dyuxumu y = f(z), sanauHON NapaMeTpUYECKH,
ectmz =2t — 17, y=3t—¢°.
« Tockoapry yh = & (f(x)) = Ul —

dz dr T da’

,_dB3t—1%)  (3—38)dt 3

TO

= = =—(1+t t#1.
Ve = =) T @=mar 20T
Hazee, y', = <L(y') = d(y%) NMo3TOMY
» Yo a a0 :
L _dGa+y) a3
PRt -2) T 2(1-0dt 4(1—t)
dfy"
Auanoruuno yhi = ‘—;l;(y;’z = ((1;2) , TLOITOMY
3 3dt
mo_ d <4(1—t)) _ T1i-nz  _ 3
a3 =

doi—) " a(l-tdt s(I-tp "
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66. Haiitu y,, > or yHxuHU y = f(x), 3amaHHOM ypapHeHMeM
22 + y2 . 5xy3

< Iycrs y = f(z) — ABakAB AP depeHuMpyemoe pemenye nammoro ypasmenus. Torza
nmpq;epenuupys[ tosxpectso t”+(f(z))? = 52(f(z))’ no =, monywaem 2z+2f(z) f'(z) = 5(f(x))>+
15z f*(z) f'(z), orxyma
, 2z — 5f%(z)
) = 5 — 21 ()

Hanee, no onpeneieHUIo BTOPOil IPOU3BOTHOMN U MpaBUIy AU PepeHIMPOBAHUA 1aCTHOT O, MMe-
eM

" _ ' ' 21—5f3(13) ’_
fzy=( =)= (m) =
_ (22 = 5£°(2))' (152 % (2) — 2f(2)) ~ (22 — 5% (2))(152f*(2) — 2 (2))' _
(152 f(z) — 2£(=))
_ (20£%(z) — 752 f*(z) — 602> f(2) + 42)f'(2) — 4f(2) + 75f° (=)
(15zf2(2) — 2f(z))?
Hopcrasasis sHaveHue f'(z), OKOHMaTENBHO MOMYTaeM
w1500z f(x) — 1202° + 15022 f°(z) — 250 f°(x)
re= {5272~ ° 1 (0) i
Haitu npoussonnsie u nuddepeniman ykasaHHOTO NOPALKa:
67. y= \}l-k_x Hanru y(loo).

ecau 15xf2(x) —2f(z)#0.

« IIpeoBpasyem gannyio GpyHkiuo x BURY, ynobuomy miast qugpepeHiipOBaHUsA, U NPUMEHUM
OmHY M3 dopMyT MyHKTa 4.2:

Si=

y=2(1-g)" 2 ~-(1—-x)2,

1\ (100) 1\ (100)
o2 (a-a3) - (0-0t)

(199)”( x)_"’g_l 4 (197)1! _199 0 (197)H o 39—¢2
299 9100 (1-— z)loo,s’

r<1l. p»

68. y = zshz. Haitru y*°.

o IIpumensem popmyny Jleibuuia, nonoxus u =z, v = shx, u nonyuaem

100

(1°°) = (zsh x)(wo) = Z oo ( ('”)(sh x)(loo K = = Clpoxshz + Cloychz =zshz + 100chz. »

69. y = «*. Haiitu d°y.
o [Ipumenas popmyay Heﬁﬁ]—mua K IIPOUBBENEHUIO ¥ = U, NOJYyYdaeM
10
°y=> Clodud*u= 22( dud® " u+ Cfo(d°u)? =

i=0 =0
=2ud®u+20dud®u+ 90d*ud®u+ 240 dPud u +420d* u d®u + 252 (dsu)z. >
70. Bupasurs npoussogubie y”’ u y"' or ¢pyuxuuu y = f(z) uepes mocremoBaTerbHEIE

muddepeHUHank TePEMEHHBIX £ U Y, He Tpefnojaras £ He3aBUCHMOMW NePeMEHHOM.

« Ucnoaesys onpenenenue 3, m. 4.1, a Taxxke npaswio nugdepeHIMposaHUs POU3BEREHUA,
nojaydaem

dy = f'(z)de, (1)
Iy = f'(z)(de)’ + f'(z) &=, (2)
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d*y = f"(z)(dz)® + 3f" (¢) d*z dz + f'(z) d’z. S 3)
" Us popmyx (1) — (3) umeeM MoCITENOBATEIBHO
‘/_ y _ dy
v =)= 3%, .
d’y—y'd*z  ded’y—dyd’z
"o et . _
e A P B S LR
1

y" =" () = W((dzf d*y — 34 de d*y + 3 (d’z)’ dy ~ dz dy d’z). »
r

Haitru ¢\, ecan:
Tl y= ———.
y 22 -3z 42

« [IpencraBnagaa maHHyIO BpoGb B BUME
1 1 1
2 —3r+2 z—2 z-1

M MPUMEHAA OgHY U3 pOpMYI nyHxTa 4.2, moayvaem

n noy 1 1
y( ):(——]) n. ((:c—2)"+1 — (:C—l)"+1>"

=(@z-2"" = (z-1)""

72. y = sin® .
« IIpencraBasas y B BUAE
= 3sinac 1sinBac
v=tmE Ty

M MOIXb3YACh OMHOU U3 hopMyr nyHkTa 4.2, HaXonum

3 "o
o = Zsiu <x+ E;) ~ 3Tsm (3x+ %) . >
73. y = sin* £ + cos* 1.
« [Ipeobpazosas y x BULY
3 1
=24 - cosd
y=3 +4CQS T,
nonxy4aem
, y(") =4""cos <4x + %) , nxlp

74. y=lna+bx.
a— bz

« [lepsyo npousBomHyo 3ToM GYHKUUU 3aNMILEM B BULE

=)o)
V=G b '
Haree, no omHoit u3 Gopmy nyukra 4.2, nocie (n — 1)-xpaTHoro guddepeHUUPOBaAHN OTYHaEM
-1 —-n
g™ = (=" (n - 1) (%-}-x) + (n = 1) (%—x) =
(n = 11"
(a? — b2z%)"

((a +bz)" + (=1)"(a — bz)"). »

75- Hoxaaarh PaBEHCTBaA!
1) (e““sin(bzr + c))(") = e“z(a2 + b2)? sin(bz + ¢ + ne);
2) (e cos(br + ¢))\™ = €**(a® + 8%)2 cos(bz + ¢ + nyp),

e
b a

sin @ = ———=——, COS @ = —————==.
RV A
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<« YMHOXMUB JI€BYIO HaCTh MEPBOTOC PaBEHCTBA HAa © U CIOXKUB C 1eBOU YaCThIO BTOPOTO paBeH-
CTBa, MOJYYUM

(% cos(bz + c))™ + (1€ sin(bz + c))™ = " (el FI) M) = g1¢(g 4 i)™ (HH)T =
= (a® 4 b?)2 elettietiotine — (42 L12)3 6% (cos(br + ¢+ np) + isin(bz + ¢ + np)).

OTCIOJIa 110 aKCHMOMe€ paBE€HCTBa KOMNJIEKCHBIX YUCe] U CICAYIOT JOKa3blBaeMEIC Cl)OpMyJ'ILI. »

.2
76. Hpeobpasosas yHkuuio f : © + sin®” z, rge p ~— HaTypalbHOe YUCIO, B TPHIOHOMETPH-
yeckMM MHOTo'JIeH

p
f(z) = ZAk cos 2kz,
k=0
naiirn F"(z).
<« Cuayana ¢ ToMousky opmyn Jitnepa u 6uHoMa HrroTona mpeoBpasyem dyHxumio f B
TPUTOHOMETPUUECKHiT MHorowaeH. UmMeem

ia -\ 2V 2p

i —12 p
.2 e —¢€ -1 k o1k ihr —i(2p—h)a
sin? z = <_—_‘7i > = (22]]) E (=1)FCE, eFTe PR -

k=0

p—=1

])P 1k 2l(k JED vk _2u(k—plz Cg)p
e | 2 P 35y ) G
k=p+1

Bo Bropoit cymMMe, cTosmel B ckoGKaX, BBeTeM HOBHIH MHmexc cyMMupoBaHus k', momaras k =

2p —-k’. Ipu sToM, Ucnonb30BaB U3BECTHYIO hOPMYITy C’;“], = ";‘;)’_k, MHOJY YUM
p—1 p—l P
(=1n* ko 2(k—p): K 2p—k! 2i(p—k &
sin®? ¢ = 222 G R A N I G D e St il IS =
k=0 k'=0
(1) = 2i(k—p) (h=p) & %4
_\~ _ ? pyx —2i(h—p)r r - 3 <P
= Z( D Cay(e +e )+ Ty = 72]} T Z( e /2;, cos2(k — p)z + o

k=0
Llanee, mo ogHoit u3 hopmya nyHkTa 4.2,

p—1

(sin®? z)(") = (2;)]_)1) Z( nH* (,21,~ (k ~ p)" cos ( (k—p)z + n_7r_> =

k=0
p—1
= D (MO, 2 T (k= ) cos (2(k — o+ ) e
k=0
77. HCHOHLBY}{ TOXKIECTBO L = —]‘ ( L T = ) JOKas3aTh, 4YTO
: 241 2 \z—1 z41/)’ ’

1 (n) —1)\*n! .
(-—m) = —-(—)—%1— sin((n 4 1) arcctg ).
(2> +1) 2

« CHayvana n pa3s mpooH(ppepeHLUpyeM yKa3aHHOE TOXKIeCTBO:

( 1 )"”-l( (=1t (—1)”n!>
2241/ " 2i \(z—0)Fl (4ot )

—_n—1

Hanee, npuMenss K KOMILIEKCIHLIM YucIaM (& —i)—"_l u (z+1) dopmyny Myaspa, umeem

1 () (=" n! g —DtL ..
(1;2+1) = ((1+27) 2 (cos(n+1)p +isin(n +1)p) —
poontl . (-1)"n!
—(14+z%) 2 (cos(n+1)p —isin(n +1)p) = ——n—_‘_l-sm(n + 1) e,
(] +1;2)_2—
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rae ¢ = arg (z 4+ 1) = % —arctgz = arcctgz. »
- 7T8. Haiirit f"(0), ecu f(x) = arctgz.
« [Iludpdpepennupys f apa pasa, nomy4yaem

fl(z) = 14}x2: ey = —2 = ~2¢f

(1+22)2 7 1+42%
orkyma (1+2°)f"(x)+2zf'(z) = 0.
[TpuMeHss K ToNyYeHHOMY TOXaecTBy (popMyay JleiiGHuIa, HaxoTuM

1+ @) +2(n = 2)2 (@) + (n = 2)(n = 3) () +
+ sz("—l)(z) +2(n- 2)f("_2)(z) =0

ToncraBus 21 = 0, HMeeM pekypPPEHTHOE COOTHOUIEHNE

f70) = ~(n = 1)(n = 2720,
M3 KOTOPOTO NpIl 7 YEeTHOM HAaXOIHM f(z"')(()) = 0, a npu n = 2k + 1, mocaegoBaTeabpHO TMoOJaras
k=0,1,2..., — dopmyny

FED0) = (=14 @2k), ke€Zo»

79. Berncmirs f0(0), ecan f(z) = cos(marcsin z).

« [Iudpdeperipipyem f 1 BO3BOTUM HalileHHOe BHIpa’kKeHUEe B KBaJlpaT, a 3aTeM Imcpcpepemm-
pyeM HojlyueHHoe ele pas M IMPUXOIUM K TOXKIECTBY

(1 -2 f'(z) = zf'(z) + m* f(z) = 0.
uddepeHIupys 3TO TORLECTBO © — 2 pasa ¢ MOMoIbIo hopMyasl JeibHula, morydaeM
(1=2%)f (@) = 22(n = 25"V (2) = (n = 2)(n = 3)F" " (z) -
— 20D (@) = (n = 2)f"D(z) + m? D (z) = 0,

Orciona npi & = 0 caegyer pekyppeHTHas dopMyia

70 = (0= 2)° = m) (), ”

u3 Kotopolt npu n = 2k, k € N, ¢ yuerom nayansHoro sHaueHus f(0) = 1 Haxogum

f(2k)(()) = (=1)*m2(m?® = 2%) ... (m® — (2k — 2)).
Awuadoriraro, nonaras B (1) n =2k + 1, k € N, u yunurusas sHauenue f'(0) = 0, npuxonum x
PaBeHCTBY
f(2k+l)(0) = 0. >

80. [lokasate, uTo yHKUIA

f~z+—>{ $2"sini, x #0,
: 0

z =0,

n € N, B Touke 22 = () MMeeT NPOUSBOTHELE 10 7-T0 MOPAIKA BKIIOUHTENLHO U He HMeeT IIPOM3BOJ-
Hoit (n + 1)-ro mopsgxka.

« Tlockomrky lim I-(f—) =0, to f'(0) = 0. IIpennonokKNM, UTO KA HEKOTOPOrO HATYPATHLHOIO
k<n—-1(n=2 I, ) f(")( } = 0. Ilokxaxem, 4ro Torga u f(k“)(()) = 0. eMcTBUTEIBHO,
TIOCKOIBKY

) . 2n—kt 1\
) = T 2n(2n — 1 2n — k414 1)2°"" '(sin—)
F(x) an(z ... (2n +i+ )z . )
i=0

e £0, o

TO MO OMpeeTeHHIO TIPOH3BOIHON
£z — f B (0
FAY(0) =lim ————( )

x—0

i 1
_ _ A 2n—k4i—1{ . 2 =0.
hm E C 2n(2n—1) ...2n—k+i4+1)z (sm z)
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s 1y (F) 11 1 1
3neck yUUTHIBaeM TO, YTO DYHKLMH (sm ;) COMEPIKUT "IeH BMAA —3r Sin - WM -3¢ cos (B
3aBUCUMOCTH OT TOTO, YeTHOEe WIM HedeTHoe k).
Hrax, ¢ moMompio MeToma MaTeMaTHUYeCKOM MHAYKIMM MEI TIOKa3alM, ITO f(k)(O) =0 Vk =

1, n.
Hakoneu, nonaras s (1) &k = n, sameuaeM, uto lim f(")(z) He Cym{ecTByerT, T. e. dynxuus Fi™
x—0

paspuiBHa B Hyiae. (ClemoBaTeNbHO, OHa He MOYKET UMeTh NMPOM3BOTHON B »TOM Touke. B
YnpaskHeHUI A CAMOCTOATEIHHOR paGOTH
Haittu n-10 npoussoguyio qyHxkuuu f:
1
136. f(z) = 612. 137. f(z) = #j_f]z_é 138. f(L) = 1;299”(1;)_ 139. f(z;) =" lex.
140. Haiitn f'(z), econ
f(z)  f(z) ... falz) ()
! 14
filz)  f2lz) ... fa(z)  @'(2)
PG #7=) . K@) ()
Haittu n—10 npoussogHyio:
. . re(r) =~ costz
141. f(z) = (sin2z, sin’z, z¥), ke N. 142, f(z) = ( <P1( ) :}?;; (=)

143. f(z) = sl 144. f(z) = 2%,

z2427°
1 T z"
. . T z? "
145. f(z) = zsin(3z +21). 146. f(z)=| T 7. ... RO
" zn+l z'Zn

147. IIycts u = u(z), v = v(z) ecTs n-kpaTHo nuddepeHmypyemste BexTop—~byHrmuu. Torma
(u(z), v(@)™ = 32 € (u)(z), vi* =9 (2)) .
k=0

Hoxasars s1o0.
148. Mokasats, uTo hopMyina Jeibuuua (n—-xpatHoro muddepeHUMPOBaHUs TPOHIBENEHUS)
CripaBelIMBa TaKxKe L4 MaTpU4HBIX pynxiuit A = A(z) u B = B(z), 1. e.

(A(2)Bz)™ = 3> C AW (2) B (z),
k=0

ecit A U B ects n—xpatHo quddepeHLupyeMEle (DYHKLUHU.
Haiitu n—io npousBogHyIo, MCHOIEL3Y % HpuMepH 147, 148:
149. f (z) = (u(z), v(z)), ecan:
a) u(z) = (sinz, sin 2z, ..., sin nz), v(z) = (¢, €**, ..., e™);
6) u(z) = (cosz, cos 2z, ..., cosnz), v(z) = (z, 2%, ..., z™).
150. f(z) = A(z)B(z), ecnn:
sin nx Cos NT shnz chns
a) A(z) = < —~cosnz sinnz >’ B(e) = ( —ch nz shnz )’

12

z 2 2z 3 3z 1::,; (1+x)2
re roe xre
nr n-r

151. IlokasaTs, yro hyHKIMA
y=f(z)=Ch €T 4 Che™? (w, €1, ¢z — mocroAHHEE)

ylOBIeTBopAeT ypasHenuo y’ 4 w’y = 0.
152, Ilokasars, 4yTO PYHKLMI

s=s(t) = :—zln ch (k,/gt),
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rae k, § — MOCTOAHHEe, SBASETCA pellleHMeM YpaBHEHHS ‘ R
d?s ds\ 2 — ‘
moz =mg -k (d_t) ,  m = const.

153. [lokasaTk, YTo BeKTOp—(hyHKIHS

0 2cost 2sint
x:t+—C| 1 et + s 2cost + Ca 2sin t , Ci = const,
1 3cost —sint 3sint 4 cost

d
YIOBJIETBOPSET yPaBHEHHIO :’:— = Ax, rue

-1 -2 2
A= -2 -1 2
-3 -2 3
154. Iloxasars, uro BekTOp—QyHKLHA
1 1 1 0
x:t=sC | 1 Jef+C| 1 Je+CG| 0 Je¥+a| 1 |+
1 1 -1 -1
1 _ 0
+Cy Q e % + Cg 1 e %
-1 -1
d?x
YAOBIETBOPAET YPABHEHUIO = = AX, rie
3 -1 -1
A= -1 3 -1
-1 -1 3

155. Iloka3aTk. YTO €CIM HekoTOPas BeKTrp- BYHKIGIT X = X(1) ynoBIeTBOpAET ypaRHEHHIO
dx

= = Ax, rze A — mocroAHHas MaTpulla, TO OHa ABIAETCH PElIEHAEM ypPABHEHHA

24X —A"x VneN. Co e e

dtn

2
156. Halitun :TQ(A_I(Z:)), roe A™'(z) — obparthas x A(z) maTpuua.
157. IlokasaTs, YTO pemleHHs CUCTEMH Y paBHeHMIl ':—f =13 —y, % =1 +y° aBagIOTCA TakKe
pPelIEHUAMH CUCTEMBI
s
dt2
158. Haiitu f"(0), ecan f(z) = z®(sin(ln™|z|) + cos(ln™ |z])), = # 0, u f(0) = 0, rme
m=sts;p g€ L
ABasercs aM HempephIBHOM BTopas TpousBogHasi B HylZe? Moskno au momgo6pats 3HadueHue
NapaMeTpa m TakMM ofpasoM, 4To6H cymecTsoBarta f'''(0)?
159. [Ipu xaxux 3HaUYeHHSIX « (YHKUuI f : T +— (zl"‘sin—i-, z # 0, u f(0) = 0 umeer
HETPEPHIBHYIO BTOPYIO MPOU3BOTHYIO?
160. Haiitu f"'(z), ecn f(z) = o(¢(z)) n ’

Y lel <2, I R )
w(z) = { sinz, |z|> 2, (o) = cosz, |z|>2.
161. BerumcauTh BTopy1o B 06061EHHOM CMBICTe TPOM3BONHYIO PYHKUMH f B Touke ee pa3phl-
Ba, ecin f(z) = 222,

162. BHuMCINTE BTOPYIO TIPOM3BOLHYIO (GYHKUMM f ' :  +— gy, ofpaTHoit Amt dyHKmuM
fryw z, ecan:

= 3z° — 3z%y — z — 3°, %:zs—y+3zy2+3y5.



146 I'n. 2. JuddeperunansHoe HCIUCIeHHe (PYHKIHI OTHOH MepeMeHHOM
a)z=y+y°; 6) r=y+siny.
163. Brrancairs d° f(0) dyukuun f 1z — |z|* arctg I—;—l, z#0,u f(0)=0.

164. Haiitu f"(0), ecnn y = f(z) m 2 =2t —*, y = (t - 1)*.
165. Haiitu f''(x) dyuxuun y = f(x), 3agaHHON napaMeTrpuvecKH:

2, t<1 arcsint, |t <1
=1 ’ 1) = )
z(t) {tz, i>1, YO {1+t—t2 lt] > 1.
166, BbI‘[I/[CJII/[TL BTOPYIO IIPOU3BOAHYIO byHkIMu y = f(z), 3amaHHON HeABHO ypaBHeHUEM
sin(zy) =z +y—Z,y >0, BTOUKE T = T.

167. Haitu f.5oo(a }, econ:

foar() = 2fb(z),  filz) = Hzuslaiesll)

(1~2)2

168. Buruucautrk f'(0), econ byuxuus f : z +— y 3afaHa ypaBHeHMEM Yy +zi+2? -yt =0n
ABaKABl HeMpepbIBHO TH(bdepenipyemMa B OKPECTHOCTH Touku £ = 0.

Brruncnure f(‘r’o)(()), ecaun:

169. f(z) =sin(z”). 170. f(=

171. f(z) =

L
atyl
o 42
Haiitu df;’), ecIM:
&

173. f(z) =sin(u(z)v(z)). 174. f(z) = arcsin %}‘{-3 175, f(z) = u(z)e"“z(”).

176. f(z) = In(u(v(z))). 177. f(z) = (u(x)+v(z), %%—3) 178, f(z) = < ((zz)) ;’;(?))

179. y = f(z); a) y(t) = tsint, z(t) = tcost; 6) y(p) = p(w)sing, z(p) = p(p)cos .
180. y = f(z); y(t) = (sint, cost, tgt), z(t) = 3t + 1°.

¢t e -3t Y\

181. y = f(z); y(1) = < tl ;2 :3 }, o{t) =5t + .

182. y = f(z); y(¢) = (77, 7 W(®I), =(t) = 4t +sint + cost.

Brruncanrs d—zﬁq}l B YKA3aHHOH ToUKe:
183. y = f(2), * + y* = 32%y% + 1 B TOUKE M (0, 1).
184. y = f(a), 32° —2y° — 2° + y* + 1 B Touxe M(0, 1).
185. y = f(2), y = 2 In(2% + ¢°) B Touke M(1, 0).
186. Ilycrs xommnonentst fi(w) Bexrop-dynxmmn f: z — (fi(z), fo(z),..., fn(z)) ynosre
TBOPAIOT CHCTEME YpaBHEHH

—a:+a.~ N

x)
172. y = f(x), ¢ =2t —t*, y = 3t — ¢*.

S @)1 42 = sin(in) fy(z),  F=Tm

Haittu £"(x).
187. Ilycrs hyHxuuoHaAbHAY MaTpULa A(r) YAOBIETBOPAET ypaBHEHHIO

A*(2) B(z) + A(2)C(2) =

rne B(z), C(a) — gpaxan quddrepeniupyemuie MaTpuLsl, £, — eIMHUYHas MaTpHIa.
Haiitu A”(2), ectut A(z) xoMMyTHpYeT co cBOell MpON3BOLHOIL.
188. Haiitu d*f(x), ecn f(x) = v’ (z)v®(x). :
189. Haiitu d°f(x), ecnu f(x) = A(u(z))B(v(z)), rne A, B — Marpuunble dyHKIHH.
190. Haiitu d°f(z), ecnn f(x) = |@(u(z))|, rue ¢ — BekTOp—dyHKLUS.
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§ 5. Teopembr Pomrsa, Jlarpanska, Komu

5.1. Teopema Pomxas.

ITycrs dyuxuus f: [a, b] — R Henpepbibua Ha cerMenre [a, b] u uMeer xoHeuHyIo uiau Gecko-
HEYHYIO [IPOM3BORHYI0 BHYTPH 3TOT0 cerMenta. Ilyctn, kpome toro, f(a) = f(b). Torma Bryrpu
cermenta [a, b} Halimerca Touka ¢ Takas, MTo

f/(E) =0,
5.2. Teopema Jlarpamxa.

Ecau dbyuxuus f : (¢, b)) — R HenpeprisHa Ha cermente [a, b] u uMeer koHeunywo uau Gecko-
1leYHY10 HPOII3BOLHYIO BO BHYTPEHHHX TOYKaX 3TOTO cerMeHTa, ro 3¢ € Ja, b[ Takoe, uTo

Fb) = fla) = f1(&)(b - a).
5.3. Teopema Kouru.

Ecian xaskgas na pyHkuuid f M g HenmpepwisHa Ha [a, D] M MMeeT KOHEUYHYIO WM 6ECKOHEUHYIO
HPOUBBOAHYIO Ha J¢, b[ 1 ecuu, xpome Toro, mpoussognai ¢'(z) # 0 ua Ja, b, To 3¢ €]a, b[ Takoe,
YTO crnpaBeddiiBa QopMyaa

f(8) = f(a) _ f'(&)

g(d) —g(a) — 9¢'(&)
Ecau gonomiuirensiio norpeGosath, utobi g(a) # ¢(b), To ycnosue g’ (x) # 0 MOXHO 3aMEHUTD
Melee JKeCTKITM:
(F'@) + (' @) #0  Vz €la, b,

81. Overy gyuxuns f umeer KOHE'UHYIO NPOU3BOIHYIO f B KaskEOH TOUKE KOHETHOTO MIU
GecKOHeUHOTO MHTepBala Ja, O] u

lim f(z)= lm f(z).

r—a+40 z—b—0
flokasary, * ey =1 o — Y b
I arp, uto f'(¢) =1, rae ¢ — HexoTopas Touka WHTepBaJia la, b[.
<« [ycrs unrepsan Ja, O] xoneven n Hm  f(z) = lim f(z) = ¢, C = const. Paccmorpum
T —a+40 2—b—0

oy HKINO
f(z), ecomz €la, b,

F.zw .
C npuz =auz =D
OHa HenpepsILHa Ha CerMeuTe [d, b] I MMeeT KoHEeMHyIo POH3BOTHYIO Ha HHTepBaie a, bf, mpudem
© ’
F(a) = F(b). Ilo teopeme Ponnx na wureppane Ja, b maiigercst rakas Touxa ¢, uro F'(c) =
l( —
f'(e)=0.

Ecnu uitreppan Je, b[ Geckoneunsiii, To, B cUIy CyDlecTBOBAHNUA KOHEUHOH TPOM3BOLHOM DYHK~
wnt f, HenpepbBUOCTH QYHKUHH [ M CyleCTBOBaHUSA KOHEMHBIX, PaBHEIX Mexmy coboli, ee rnpe-
ReNBHBIX BHAMeHIH pi T — a + 0 U z — b — 0, npu HocTaTouHo MajgoM € > 0 npamas y =C + ¢
wmit npamas ¥ = ' — ¢ nepecever kpusyw y = f(x), 1o MeHblleil Mepe, B ABYX TOYKaX, KOTOphIE
oGosHayumM ¢y 1 ¢z. Has dyukinu f Ha cermente [c), ¢2) BBHIHONHEHH Bee yciaoBus Teopemsl Por-
13, HOYTOMY M InfTepBaie Je1, c2[ (a swauuT, u Ha unTeppane Ja, b} HaligeTcs Takad Touka c, YTO
flle}y=0.

Paccmorpun Terteps ciydvait, korga lin}rﬂ flz) = lilbnof(z) = oo. Torma xak B caydae
r—a r—b—

KOHeWHoro, Tak U GecKOHeYHoro HHTepBala la, b{ ypasueHwe f(z) = A (tme A > 0 — mio6oe
utcIo, kcupoBaHHoe, Korma  lin  f(z) = lixbn f(z) = 400) wiu ypasuenne f(z) = —A (B
+ r=+b—0

r—a+0

cayuae, korga lim f(z) = lim f(z) = —oc) Becerma HMeer IBa PasIMUHBIX KOPHs, KOTOPHIE
a—a<40 +—b—0

ofosuainM ) 1 az. [Ipusensas Teopemy Pomna x dyuxunu f Ha cermenre [ay, @2], TpUXOEUM K
BLIBOAY, UTO HA liHTepwate Jai, 2] (a amauur, n Ha Ja, b[) cylecTByer, Mo MeHbIIEH Mepe, OgHa
takad Touka c, «wro f'(¢) =0. »

82. Hycte: 1) QyHkuus f onpemeneHa M MMeeT HENPEPHIBHYIO MPOH3BOMHY IO (n - 1)—ro
NOpPALKA Ha CeIMeHTe [Zo, T,); 2) f NMeeT TPOMBBOTHYIO N—TO IOPAAKA B UHTepBale |To, Tn[; 3)
BLINOMHeHB! paBeHcTBa f(zo) = f(z1) = ... = f(zn), o < 71 < ... < z,. Moxasars, 4YTO B
WHTepBane |To, T,[ CyECTByeT, Mo MeHbIIEH Mepe, ogHa ToMKa § Takas, uTo f(")(E) =0,
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<« Ha xaxmoM u3 cerMenToB [2;_1, Z;], 1 = 1, n, BEINOJHEHE BCe yCIOBUS TeopeMbl Polnst gias
dbyHKIMY f, CleToBaTeNBHO, CYECTBYeT He MeHblle n Touek &, € |%q, Tn] Taxux, uro f'(£;) = 0.
Ons pynxuuu f' wa xakmom us cermentos [€5, £541], J = 1, n — 1, BHINOJHEHE Bce YCIOBUA
TeopeMsl Pomnd, nosroMy cywecrByer, no MeHplied Mepe, n — 1 Touka )y € |To, Tn[ Takas, 4TO
F’(m) =0, k=1, n—1. [Ipogomkas paccyRaaTh TaKUM ke o6pa3oM, HIPUXOTUM K BEIBOIY, UTO
B n—(n—2) =2 Toukax uurepana Jro, zn[ f(¢) =0, i =1, 2. lpumenss reopemy Pomms x
odyrximn £ Ha cermente (¢1, (2], mony4aem, 4To cymecTByeT xoTsi 6 ogHa ToukKa £ € |To, Tal
Takas, 4TO f(")(E) =0. »

83. HOK&S&TL, YTO €CJIK BCe HYJIH MHOr'o4yjeHa

+ ... Fan, ao # 0,

P.(z) = aoz™ + arz™ !

C NEMCTBUTENLHBIMU Ko3duiMeHTaMu ak, k = 0, n, HeHCTBUTENbHBI, TO €ro MoCIeToBaTelbHEIE
1 —_ [

npoussonnsie P, P! ... P{"™Y Takske uMeroT MHIIb TeHCTBUTeNbHEE HYIH.

<« Ipegnonaras, yTo Bce HyIM pasiauyHbe, 1o Teopeme Ponund nonyuaem, yro Py (z) nmeer n—1
meiicTsuTenbHENL Hyan; P, (z) Gymer uMers yxke n—2 HelcTBUTEIBHBIX Hyld M T. 1. Ho Tax xak npu
mnddpepeHupOBaHHH MHOTOWIEHA CTENeHh MHOTOY/IeHa YMeHblllaeTcd Ha eqHHULY, TO HOJIYYaeTcH,
YTO BCE HYIU ITPOM3BOIHBIX GYAYT JEHCTBUTENBHEL. ECIM Kakoii—To HYJIb MHOrOYI€HA KPAaTHEIH, TO
OH 2Ke BYaeT HYJIEeM U A MPOM3BOTHON OT MHOTOWIEHA, T. €. TaKXKe MeHCTBUTEThHEIM. P

84. Iokasats, uTo y MHorouneHa JlexxaHgpa

] n n
Pa(®) = oo (3 = 1))

BCe HyJIM ReHCTBUTEIbHBL M 3aKIMIOMEHE B MHTepBate | — 1) 1].

« Muorownen Uy (z) = (2° —1)" umeer Ha cermente [—1, 1] 2n gellcTBUTENBHHX Hylel: T) =
Tz2= ... =2Zpn=—1; Tpy) =Tpy2 = ... = T2 = 1. CornacHo npemsigymen reopeMe, MHOro4JIeH
Pn(z) umeeT n gelCTBUTENBHBIX HyJlel, pacHoIoKeHHBIX, Ho TeopeMe Poins, B untepsane | —1, 1[,
4TOo U TpeboBajoCh HOKa3aTh. M .
-
85. Hoxasars, uro y MHoTOUnEHa Ye6runepa—Jlareppa

2 d"

La(z)=c¢ dz"(z e™ ")

BCe HYJIN TOIOXKHTENbHBL.
4 Pacemorpum dynkiuo @z — z"e”*. Hockoaeky ¢(0) = lim ¢(z) = 0, To cymecTByer
T =400
Takad Touka & €0, +oof, uTo ' (1) = 0 (cm. mpumep 81). OuesnpHo, ¢'(0) = lim ¢'(z) =0,
X~ 4 00
TI03TOMY, B CHJIY TeopeMbl PO 1t Ha OCHOBaHU U pelleHus npuMepa 81, Halimyrca touxu &2 €10, &1

u &3 €)1, oo Takue, uro ¢"'(&) = 0, i = 2, 3. Kpome roro, ¢"(0) = 0. Taxum ofpasom, p"
ofpamaercad B HyanL B Tpex Toukax noayocu z 2 0. ITockombxy go(J)(O) = lilil ap(’)(z) =0
T = OO

npu j = 0, n — 1, To, npuMeHsia TeopeMy Polisd H moib3ysich n — 3 pasa pe3ylbTaTOM pPellleHUd
npuMepa 81, nonryvaem, UTo (PyHKUHA ap("_l) ofpamaeTcs B Hya1b B 1 + 1 Touykax, JeXKamux Ha
moiyocu = > 0, mpuYeM ogHa U3 »TUX Tovek £ = (. DTH TOUKM ABIHIOTCH KOHIAMH Tt OTPE3KOB,
Ha KaKJOM 113 KoTophix K GyHkin ¢ ") npumennma teopema Pomsi, nosToMy cylecTByer, To
MeHbleil Mepe, 1 Takux Towek 7x > 0, wro @™ () = 0. OuennpHo, ap(")(()) # 0. IMockompky
La(z) = exap(”)(a:‘) €CTh MHOTOWIEH N—# CTeNeHH, UMeoUM 1 HYJIeH, TO ero HyJIu — TOUKHU Tk,
apuueM g >0, k=1, n. »
86. Jlokasars, w0 y mMHorowrena Ye6rmena—IpMura
2 4™ _ 2
Ho(z) = (—1)"e" (e )

BCe HYJU HeliCTBUTEIBHEL.

x

2 . .
« Paccmotpum byHkuumo % : £ v+ e ° . OuesugHo, Lm u(-’)(z) = 0, nostomy ynxumn '’
r—00

7 =0, n, ynosaeTsopsioT yciaosusam NpuMepa 81 Ha unreppane | — 0o, +00[. [losropas paccysxme-
]

HU, NIPOBOIHBIIMECS MPH pelileHnu NpeIbIAyIero NpuMepa, HpUXoGUM K BRIBOLY, 4To 4 oOpalma-

eTCH B HyJIb, 10 KpaliHell Mepe, B O[IHOI TOYKe 3TOTO MHTepBala; u'' — B IBYX TOUKAX; ... ; ™ —
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B n TouxaX. [lockonbky Hn(z) = (—1)"em2u(")(z) €CTh MHOTOWJIEH N—H CTeNeHH, MMeIOIMil PORHO
n Hyileil, TO €ro HyIM COBNAfAIOT C HyXaAMu (yHkumu ul™) ¥ BCe BTH HyIM HENCTBMTETHHH. P -
87. Haiiru dpynxumio § = 8(zo, Az) Takyio, uro f(zo+Az)— f(z0) = Az f'(z0+6 Az), ecom:
a) f(z)=az’ +bz+c,a#0; 6) f(z)=z% ) flz)= pe r) f(z) =¢€".
« IpumeHnss dopmyny xoHeunbix nmpupamenuii Jlarpamka k kaskmoil u3 GyHKIuit a) — T),

HMeeM:
a) a(zo + Az)? 4+ b(zo + Ar)+c— (ax® + bz + c) = Az(2a(xo + 0 Ax) + b), oTkyma § = %;

—xzo+4/ 20 Az+§(Az)3+zg
6) (zo + Az)® — 23 = 3Az(zo + 8 Az)?, o1xyma 8(z0, Az) = ey , Tg > 0,
Azr > 0,

Az / A
B) ;Eﬁ; - x—lu- = —m, OTKYOa 0(1}0, A]I) = %};( 1+ Tz —_ 1), Z‘o(z‘o +A.’E) > 0;

zo+Az . »

—1

—e® = Aze®®t?4% orkyna 0(xo, Az) = leln =

I} e Az

88. Mycrms
{ 3-a? mpul €z <1
fizr 12 =TED
= npul <z < 400.
OmnpenenuTh NPOMEXYTOYHOE 3HaYeHUe ¢ (POPMYIBI KOHEUHHIX TIpupameHui mis oyakmuu f Ha
cermenre [0, 2].

4 Uccnepyem gynuxuuio f Ha guddeperHuupyemocts B Touxke z = 1. [lo onpegenenuio oguo-
CTOPOHHUX HPOU3BOTHBEIX, HMeeM

N 1 (3-(14+A4a2)} |\ _ oy 1( 1 _)_
f_(l)—mlzlgl—o Az( 2 1)=-1 f+(1)_Allln+oAz 1+ Az 1)=-1

Oyuxiua f oudpdepenumpyema Ha cermente [0, 2]. [Ipumenss dopMy1y KoHeUHHX MpUpalTEUHI
K ¢pyukuuu f Ha cermerte [0, 2], Haxogum
f2)=f(0)=2f'(c), O<ec<?2.
Hocxonsxy f(2) =3, f(0)= 3,
, —z mpu O0<zgl,
f NN e d 1
——z mpu 1<z <2

TO
1= —220 npu 0<ecg1,
T -5 mpu 1<c<?,

1 .
OTKyfla €1 = 3, C2 = V2 — nBa MPOMEXYTOYHEIX 3HAUYEHUA. P

!
89. Iycrs pynxuus f MMeeT HeMpephIBHYIO MpousBonHyio f B untepsate Ja, b{. Moxmo mu
[ Beaxow ToukH & M3 Ja, b yxasars mBe mpyTMe TOUKM T3 M T2 M3 DTOrO MHTEPBala, €CId

Fa)=FE) _ gy 2y < <ot
T2 — Ty

« Eciu na unrepsane Ja, b f'(z) > 0 u f oramuna or MoCTosAHHON Ha MOGOM OTpeske,
ABIAIONMMCA 4acTeo |a, b, To f Bospacraer ua |a, d{. Torma mus MmobmXk 1, 2 €1a, b, z2 > z1,
nMeeM

z2) — f(z
fa2) = @) |
T2 — Ty
M IA TeX TOueK MHTepBaia, B KorTophix f'(z) = 0, paseHcTBO

f(fl?Z) - f(zl) - f’(f) =0

r2 — Iy
HeBo3MoxHo. Hanmpumep, gnst gyHxwnn f : ¢ — £°, —1 < £ < 1, npn mo6mx z1, 22 €] ~ 1, 1f
BEITIOJHAETCH HEPABEHCTBO
1}3 1}3 2
32— 2
———— =z3+ 122+ 2] >0,

T2 — I
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clemoBaTeNbHO, 11 ToukK § = () 3HaUeHUU apryMeHTa £1 U T2, O KOTOPHX roBOPHJIOCH B YCIOBUM
3alayM, He CylmecTByeT. llpuBeIeHHBIE PACCY>KIEHUS He HCKIIOYAIOT, OFHAKO, TOJOXKHUTENBHO-
TO OTBETa Ha TOCTaBJIEHHBII BONPOC I HEKOTOPHIX KJIACCOB (PYHKIIMH, YIOBJIETBOPIIOUX BCEM
YCIOBMAM TeopeMEul JlarpaHxa. »

90. oxasars HepaBeHCTBa:
a) |sinz —siny] < Jx—yl; 6) prP (e —y) < 2P —9yP <K p2® (2 —y),ecm 0< y<zUp>I;

4= <ln%<g-;—-—b,ecm/[0<b<a.

B) larctga — arctg bf < le — b]; T)
< ITo gopmyane Jlarparoka, umeem:
a) sinz —siny = (z — y)cos &, orkyna [sinz — sin y| = |cos€f{z — 3] < |z —yl;

6) ¥ =y’ =pt" N2 —y), ¥ <E<e orxyma (z—y)py" <o — 9P < (2 -yt
B) arctga — arctgh = (a —b), orxyna |arctga — arctgb} < |a — bj;

»>.

1
i+e?
r) lna—lnb:%(a—b), a < &< b, oTkyna i;—b<ln%<

a—b
b

91. [oxasars, wro ecin QyHKIMA [ muddepeHLMpyeMa, HO HE OpaHEYeHa Ha KOHEUHOM
unTepBaile la, b[, To ee nmpoussonHas f' Takke He orpaHHeHa Ha MHTepBane |a, b[.

« Ilycrs dyuxiua f auddepenuupyema Ha Ja, [ u He orpanndeHa npu z — b — 0. Boss-
MeM TIpOM3BOJIBHYIO MOCIEI0BATENBHOCTD (£5), cXxogamylocs k b ciena. Torma cymecrsyer Taxoit
HoMep N, uro npu Vn > N smiNonHsercs HepaseHcTBo |f(xn)| > A, xaxuMm 661 A > 0 Hu GHllo.
Duxcupyem mo6oe uncao m > N u paccMOTpUM Tipu 1 > m pasHocTh f(zn) — f(zm). Ipumenss
Teopemy Jlarpamka x QPYHKUMH f Ha CErMEHTE [Tm, L], HAXOTUM

f(2n) = f(zm)

In

= |f'(€mn)l,

rae Ty < Emn < z,. Illpu gocratouHo GonbmMx n JNepas MacTh, B CMIYy YCIOBMA 3agadi, Goabuie
J060ro Halepen 3a7aHHOTO TOJOXKMTEIBHOIO YUCIa, OTKYyIa ClexyeT HeOoL paHHUeHHOCTh TPOU3-
sopgHoi f' mpu z — b — 0.

O6paTHoe yrBepokeHHe HelPABUIBHO: W3 HEOrPaHMHYEHHOCTH IPOM3BOTHON B MHTEpBanme HE
clenyeT HEOTPaAHHUYEHHOCTD PYHKUMM Ha 3TOM UHTepBale, HampuMep: f :z +— 1/, 0 <z < a. P

92, Hoxkasats, 1ro ecan GyHkius f nuddepennupyeMa B 6ecKOHEYHOM HHTEpBale |To, +00]

u
lim f'(z) =0,
Z =400
TO
. T
lim 1) =0,
T— 400 T
T.e. f(z)=o0(s) npu =z — +o0.
« Ilycte (2.) — MpOH3BOIBHAS HOCIETOBATENLHOCTh 3HAYEHHH apryMeHTa Takas, YTo Tn —
+o0c. Torma Ve > 0 3N :Vn > N cnpaBegiuBo HepaBeHCTBO
’ €
[f (zn)| < 9 (1)

$uxcupyem ne > N u, B3IB n > 0o, IpHMEHUM TeopeMy Jlarparka x ¢dyHxlMH f Ha oTpeske
[Zng, Tx]:
f(&n) = f(Zng)

Tn — Zng

= Ifl(€"710)|) (2)

TAe Tny < Enng <Zn.
B cuny nepasencrsa (1), us (2) uMeem

fzn) = f(2no)

Tn — Tng

<& | 3)

H3 (3) nony4aeMm HepaBeHCTBa

fod(1-22) 5 < S (-2

Tn

(4)
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[Ipu GoapurHx n, oHeBHIHO, CIPABEIIHBO HEPABEHCTBO

€ f(znu) €
— < oo
2 Ty 2
. TR G
Tn "
a (1 — l—“-) 5 < 5 BCerma mpu m > no, TOIla, HCMOTh3y: HepabeHcTso (4), mpu no > N w'mpu
- .
MOCTATOUHO GOTBUINX N 3> Mo HOSYYUM HEePaBEeHCTBO

flan
<L) (5)
Ty s
WM ‘f(“) <e.
. r
[lockoapky (rn) — nmpoussoabHast GeckoHeuHo Gonbliast MOCIAENOBaTEIbHOCTD, BCe WIEHHL KO-

TOPOIl HONOKHUTENBHEI, TO UMeeM

=400

< lim f—(;—) = 0> = (f(z) =o(z)) npu = — +oc. »

93. IToxasath, uro ecnu pyuxuus f ouddepeHuupyeMa B GeCKOHEUHOM MHTEpBaJe ]zo, +oo[
1w f(x} = o(x) npn ¢ — 400, TO
_lim |f'(z)|=0.

J.—‘ (o]
B uacruocri, ecmu cymecrsyer lim  f'(z) =k, 10 k= 0.
Tt 0O

« [lonycrum, uro
lim |f'(z)]=A, A#O,

e e

rorga Ve (0 < € < A) 3B rakoe, UTo npu & > B BEINOIHHAETCS HEPABEHCTBO

If'@)>A-e 1)

ukcupyem z1 > B u BosbMeM z > x;. [Ipumensis reopemy Jlarpamka k dyHkuuu f Ha ceTMeHTe
[21, 2], nomyvum, npHHIMad Bo BHUMaHHe HepaBeHcTBO (1),

[ )- f(z1)

-

[f(f)[>A—e T <€<z. (2)

[lepexops B HepaBeHcTBe (2) K TpeRely NPH T — 00, TOLY UM

=)

T

liin
T =400

>A-—e¢

a 310 mpoTuBopeynT ycionio f(z) = o{z). Taxum obpasoM, A =0, 1. e. _hm |f'(z)]=0.

a:—>+00
Honycrim Tetieps, urto cywecrsyer lim f'(z) = k. Torma mis npoussoiabHoH r[oc.rlenoBa-
Z—sd 00
TENBHOCTH (T ), Lm > 0, Tm — +00, UMeeM
lim f'(zm) =k,
m—oo

T. e. Ye > 0 IM rakoe, yro npu m > M BHINONHAETCA HEPaBEHCTBO
k—e<fl(zm) <k4e (3)
Basas mqg > M u m > mo, HOTy4nM, IPUMEHUB Teopemy JlarpaHxka X dyHKuuu f Ha CeTMeHTe

[151710, zm],
f(zm) - f(zmn)

Tm — Tmy

= fl(fm), Ty < Sm < Tm.
W3 nepasencrsa (3) cnepyer HepaBeHCTBO

k_5<f__($71)_—_j(_zn}.°_)_

Tm — Tmy

<k+te. (9)
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[Tepexons x mpeneny B HepaBelcThe (4) NTpU M — +00, MOLYUMM

k—e< lim (zm)

m—+ 0o Tm

<k+e

Tlockonpky lim ﬁ}'ﬁ = 0, To nony4aem k — e < 0, k 4+ ¢ > 0, oTKYIa, B CUJIy HPOU3BOJNBHOCTH

m—00 m
€, cnemyer, 4to k = 0. »
94. loxasats, uTo eciu GYHKIMI f HenmpepHBHA Ha CErMEHTE [a, 3], MMeEeT KOHEUHYIO IPOU3-
BOJHYIO BHYTPHU HEro U He SBISETCS TMHEeWHOI, To B uHTepBale |a, b[ HalieTcs, o MeHblleil Mepe,
OmHa Takas TOYKa ¢, UTO

' f(b) - f(a)
@) > |10 =1
« Pas6unas Mpou3BONBHBIM 06pa3oM CETMEHT [a, b] Ha n HacTeW ToUKaMH ag = o < %1 <

To < ... < zTn=>, monyuaem
n—1 n—1
150) = J(@)l = |3 Fzinn) = S| € D1 (wia) = S0l
=0 i=0
IIo popmyie Jlarpanska umeem
f(zigr) — flzi) = f{(&) Ay, 2 <& < zipr, 1=0,n—1,
rne Az; = ;41 — L.
Takum 06paszom, IPUXOIUM K HEPABEHCTBY
n—1 .
1£() = f(a)l < D1 (&)] Ami (1)
=0
Dyuxus f oTIMYHA OT JTMHEHHOMN, MOITOMY CYUIeCTBYET Takoe pa3bueHue cermeHTa [a, b], uro

cperu yucen |f'(£;)] Haiigercs HanGonsmee, OTAMMHOE OT Hy s, KoTOpoe o6osuadum | f'(€)]. Torma
u3 (1) monyun™M CcTPoroe HepaBEHCTBO

n—1

[F(b) = F@I < £ (€D Ami = (b —a)|f'(&)],
=0
orkyma |f'(£)] > MQ%{L{M’ a<é<h »
95. JlokasaTs, 4To eci pyuKLus f uMeeT BTopYyio TpOU3BONHYIO Ha cermenTe [a, ] u f'(a) =
f'(b) = 0, To B unTepBaNe la, b cymecTByeT, MO MeHbIIel Mche, OHa TOUKA € Takad, 4TO

£ > Gl - 1@

« Ecan f(z) = const, To yrBepskueHue odeBumHo. Ilpenmonoxum, yro dpyukimus f ornuina
or nocroaiHoi. Hs yenosus f'(a) = f'(b) = 0 cxenyer, uro f oTiudHa OT JMHeNHON PyHKUMU.

—a)2
[Tpumensist popmyny Kol KoHeUHBIX IPUpalleHui K DyHKIMSM [ U @ @ T Lz—zal— Ha CerMeHTe

[a, “—2—b] u K pyHkuusM f u ¢ 1z — Lb—_?ﬁf- Ha CeTMeHTe [i'zﬂf, ], noayvdaem
g(f(g;ﬁ)‘f(a)) _ (&) a+b
(b_a)2 —fl“‘a’ a<£l< 2 3
s8I0 =1 () _ (&) a+bd
Goar  Ti-g Tz <e<t
CxnagbiBast MONyYeHHEE PAaBEHCTBA, HAXOTHM
8(f(b) - f(a)) — fl(fl) + fl(&.?) (1)

(b—a)2 f1-—(l b—fz'
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Tockonsxy f'(a) = f'() = 0, To IPaBYIO YacTh TMOCHEAHEr0 PABEHCTBA MOJKHO 3amUCATE B BUIe

FE&) | F(&) _ f'&) = f'@) _ FOY = FE) _ iy
fl—a+b—€2 - fl—-a . - b_€2 _f (771) f (772)y (2)
e a < < &1, & < 2 < b. Ouexusasg mo abcomoTHolt BemnuuHe (1), ¢ yuerom (2), umeem

817 (0) — f(a)} _ \pn
—_—r a2 7 7
=0 < | )+ 11" ()]
Ipennoxoxum, uro f(b) # f(a) (B IpoTHBHOM Clydae KOKa3aTENHCTBO TPUBHANLHO: TOYKOH C
MOXeT Cily®uTh To6as Touka UHTepBaxa la, b[). B cumy namero npennonomenna X0Ta 6B OFHO
us yucen |f'(m)| wau | f"(n2)| ormudmo or nyms. O6osznaumum

[F"(e)} = max{| f"(m)], |5 (m)I}-

Torpa umeem

81/(8) — £(a)]

= a)2 <2l
OTKyRa
()] = = )2 [£(8) = f(a)l
(3HaK paBeHCTBa He MCKJIIOUaeM, Tak Kak BO3MOxeH caydair, korma (£ (m)| = |f"(n)]). »

96. [oxasars, uro ecou Bextop-bynxiua f : R — E™ UMeeT HempepHBHYIO MPOMBBOAHYIO Ha
cerMeHTe [a, b], To cpaBeRIMBO HEPABEHCTBO

[£0) ~ £(0)] < (b = 0) max. [F(z)]

<« Dynxuusa F : v (f(b) — f(a))(z — a) — f(2)(b — a) pubdepenuupyema Ha cermenre [a, b],
Ha KOHLaX CelMeHTa TPMHMMAET OFHO M TO Ke 3HauyeHWe, T0IToMy No TeopeMe Posuas 3¢ €la, bf

Takoe, 4To
F'(€) =0, wan (£(8) —£(a))* = (£'(§), (F(b) —£(a)))(b - a).

OuenuBas o6e 4acTU MOMYUYEHHOIO PaBEHCTBa MO MOAYJIO, MPUXOOUM K HEPaBEUCTBY

I£(8) — £(a)] < E' (I — a). 1)
Mockoneky ¢yHrius |f'| HempeprmHa Ha [a, b], To no Teopeme Beitepmrpacca oua mpuHHMaeT
MakcumankHoe sHauenue max |f'(z)| B Hexoropoit Touke z € [a, b]. Cneposarensmo, |f'(¢) =
max |f'(z)], ¥ Ha ocHoBanuu (1) MOXyYaeM IOKa3EIBAEMOE HEPABEHCTBO. W

97. Hoxasars, uro ecin Bextop—pynkiuus F : R — E? a) nenpeprsHa Ha [a, b]; 6) mudde-

peHIHpyeMa B uHTEpBane Ja, b; B) npoussonHas F'(z) # 0 B la, 8], To 3¢ €]a, ¥[ Takoe, uro
F(b) — F(a) = AF'(¢),

rfie A — HeKOTopasl MOCTOTHHas.

« Mycre F : 2 — (f(x), 9(z)), (f(z), 9(z)) € E*. Torna dpynkumu f u g, B cuny yciaosuit
a) u 6) HETIpePHIBHEL Ha cerMeHTe [a, b] u nuddepeHunpyemsr B unrepsaie Ja, b[. Kpome Toro,
(f'(2))* + (¢'(2))? # 0 no ycrosuto B). CreposaTensHo, no reopeme Komu, 3¢ € Ja, b[ Taxoe, uro

(F(8) = f(a))g'(€) = F'(€)(9(b) — 9(a))-

Ecnu, Hanpumep, f'(£) # 0, 1o ‘

P(1) ~ F(s) = () - £(a), 9(t) = a(a) = LT 6y, g 6) = 290,
rge
_ 0@
A= e

YnpaskHeHUd [JIS CaMOCTOSATeNbHOU paGoThl

191. Y6egurbcs Ha npumepe MyHKUUE f, g, ¢, YTO HH OFHO U3 TPEX YCIOBMU TeopeMbl Pomis
He SIBJSeTCH M3MMIIHAM, eCITH: :

a—x

1 1
—~— 4 —, ecmma<z <8,
fiz— b~z
0, ecnuz =a, ¢ = b
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~N

. T
gior—lo|, —-1<s<1; ¢:x—sing, 0<m<z.

192, Jlna sexrop—yukiyu f: ¢ — (zsinz, xcosz), z € [0, 2] HaliTu Takoe £ € ] %[, 41O

f(§>——f(0)._)\ TEE), AeR.

193. [okasars, uto ecau f € CU™V ([a, b)), o 3¢ €la, b Taxoe, YTo

{m41)e
f(‘l') - Lm'(x> = f(m.-{»-l);s Wm+1(x)7
rie
wmpt(z)=(z—zo)(z—21) ... (2 —2Zm), a=c0< 21 < ... <Zm =b,
m z f x, _&.ﬂﬂ_i_

1 (Ti)E—z4)

YxasaHue. Bsectn B paccMorpeHme ¢yERmmo z : ¢ = f(z) — Lm(z) — k(Z)wmy1(x), roe k(T)
BHIGEpaeTcs us ycnosma z{(%) = 0.

194. Iycte BexTop-yuruus f : R — E™, n > 3, HenmpepriBHO AuddepeHlupyeMa Ha Cer-
Menre [a, b], @ < b. Bcerma mu moxHo Haittu Takoe & €la, B[, urobm1 BexTop () — f(a) Grun
xonnauueapel f'(£)?

Paccmorpers npumep

f(z) = (cosz,sinz, z), =z €0, x].

195. Cnpaseganusa au teopeMa Jlarparxa mis guddepeduupyemoit Ha cermenre [a, b] dyHx-
win f:z— fi{z)+ifo(x), tne i = /17

Paccmorpers npumep
fiex—coszr+ising, ze[O, —72[}

196. Iycrs f — nuddepeHipipyenmas na uHTepBae Ja, b] BexTop—byHKus Takas, 4ro f'(z) =
0 Ha Ja, b[. Yro moxuo ckazars o pyHkmu f7

-197. Ilycre A — puddepenuupyemas Ha uHTepBaie |a, b[ MarpudHas QyHKUUS Takasd, 4TO
A'(z) =0, = €]a, b[. Yo MoxHO ckasaTh 0 pyHKIUM A7

198. Ilycte ¢ : 2 — x — fﬂ,(—%—, rae f — aBamasl auddepeHuupyemad Ha [a, b] dyHrLus,
npuieM f'(z) # 0. [las mannoro 6 u dyuruuu f Haiitu To MHoxectBo X C {q, b], mast xoToporo
BEINOIHAETCS HEPABEHCTBO

le(z) —oy) < 8le—~yl, =z, yeX,

ecnu:
a)f:wn—*z—cosz,(i:%,ze[(), %], 6)f:zv—>ztgz——1,9=l—,ze[0, %]
199. Iycrs ¢ : t— f(z)= ft) = F' ¢z —t)— ... —f(")(t)(j%ﬁ—)\(x-t)p, t€lfa, z],p>0,

A = const; GyHrunx f umeer (n+1)—to npoussonnyo Ha [a, #]. lokasats, 4To Vp > 0 3¢ €la, 2
u Takoe A, 4Tu
(k) « pe— n41 .
Z FANRAC)] (L) a) + ( ) (x—&) f(n-}-l)(f)

pn!

((popmyna Teitnopa ¢ ocTaTouHBIM 1ileHOM B o61iel hopme).
200. Iycre marpuunas GysHxuus A : z +— A(z) HenpepoBHo Iuddepenuupyema Ha CeTMeHTe

[a, 8] n |A(z)] =

OLlEHKa

Y lay(z)]?, e ay;(z) — snementer marpuitr A(z). Torma crpasemiuba
1,0=1 '

|A(b) — A(a)| < a12$2b|A'(z)|(b - a).

[lokasare »1o0.
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201. [Joxasars, 4Yro ecau Bekrop—pyHKkuuu f u g HenpepriBHEI Ha cermeHTe [a, b] u nudde-
PeHUUpPYeMH B UHTepBare |a, b[, To 3¢ € la, b Takoe, uro
(£(b) — £(a), &'(€)) = (8(b) — &(a), £'(€)).

202. Ilycte Gyukuun f u g BMecTe Co CBOMMHU MPOU3BOTHBIMYU [0 N~TO MOPAAKA BKIHOUUTEIh-
HO HEIPEPHIBHEL Ha CeTMeHTe [¢, b) M uMeoT NpousBonHyio (n + 1)-To nopafka B MHTepBae Ja, b[.
Torga 3¢ €]la, b[ Takoe, uto

W

(s - £ 2902 = o) 00 = (100 - £ 2586 -t ) do 01

Hoxaszare sTo0.
Yrasanue. PaccMoTpeTs QyEKIHIO ¢ @ T — (T), e

¢(z) = Ru(b)rn(e) ~ rn(b) Ba(z),

< ¢*)(a
Ru@) = (6 —Z“’—k—,(—l(w—a)",

(k
'I‘n Z f )(fl )k.

203. Hycrs: 1) f € C(z)(] — oo, +0[); 2) Vz, b € R BEINONHSIETCA TOXKEECTBO
flz+h)— f(z) =hf'(z + 6R);
3) f'(z) # 0. HoxaaaTb, yr0: a) ecnu 6 = f(z), 1o f(z) = 3; 6) ecmu |6'(2)] < 400 u 6 = 6(h),

TO ’lnn 6(h) =
—0
204, HyCTb
1 r 1L
(2 +1)7 =27 = 2@ +0@) 7, 220, n>1.

Haittit npepeabnbie sHavueHus #(z) npu ¢ — +0 u z — +oo.
205. Ilycre dynxuus f u g nuddepeHnupyeMs Ha cermenre [a, b}, npuuem g(z) #°0, g'(k) #
0. Torpa 3¢ €la, b Takoe, uro : ’

1

ela) o) | _ 1
g(b)—g(a)

gla) g(b) | 7@

[lokasate sT0.
206. IloxasaTe, uTO NMpousBoNHasdA ¢yHKIMU

3
f:zH{ x§sin(%lnx), x #0,
0, r =0,
HeNpepbBHa Mpu z > 0, ofMako dyHELus &, yioBNeTpopsiomas cootHomernio f(z) = f'(£(z))z,
0 < &(z) < ©, ABIsETCA paspHIBHOM.
207. JJoxazaTe, uTo ecau f' HempephiBHa H MOHOTOHHa Ha cermente [0, k)], npuuem f(0) =,0,
TO DyHKUMs & HellpephIBHA Ha »ToM cermente (cMm. mpumep 206).
208. /loxasaTh HepaBeHCTBa:
a) Ix—yl < 2P lnx——y Iny| < 3elz —y| Vz, y €[1, €);
6) |z? arctg s — y? arctg y| < ——2—|x -yl vz, y €10, 1].
209. [lokasats HepaBeHCTBa'

a) sin r—sin y I-l'_y, Vx ye] o0, +OO[,

ay T Cosy

< He =yl Ve, y € [1, +oof.
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210. JoxasaTh, uTo NMoCHEHOBaTENbHLIE IPUGIUIKEHUA, ONpefendeMble GOPMY IOl
»

x
Tpyr =€€77, 2o = 1,

CXOHATCA K KOPHIO YPaBHeHus ¢ = ee” | ecan 0 < ee < 1.
211. Joxa3aTs, 4TO NoclenoBaTedbHbLIe TTPUGTUKEHUS, O pefenieMbie (hOPMy T0H

rneA:(

§ 6. BospactaHnue um yGniBaHNe (PYHKIIMU.
HepaBeHncTBa

Xn+1 = AX, +I’ Xo = (1) 1)T’ I= (1’ O)T,

[N
TN

5
) , cxomares B E? k pewenuio ypasenus X = AX + 1, ecin €2 < 5

6.1. Boapacranue 1 yOrBaHHe QPYyHKIUM.

Onpepenenne. Pynuxyus f Hasvicaemcs sospacmarwujeti (y6visawueti) na ceemenme [a, b),
ecatu f(z2) > f(z1) (uau coomeemcemsenno f(zr2) < f(x1)) Va1, 22 € [a, b] u z; < 2.

6.2. Kpurepuii Bospacranus (yGhBaHMA) QYHKIUMU.

Hdnst Toro 4To6n MMeoHmas KOHEUHyIo WM GeCKOHEYHYIo Ha NPOMEKyTKe X TIpOUSBOJHYIO
dyHkuus f Bozpacrana (y6eiBana) Ha HeM, HEOGXOLMMO U KOCTATOYHO, YTOGHI BEITIOIHIUCE YCIIO-
sus: a) f'(z) 2 0 (f'(z) < 0); 6) f'(z) He o6pamaeTcd B HyJb HM Ha KakoM cermeHre [w, ],
cocrasmsiomiem yacth npomexyrka X ([a, g} C X).

OnpenenuTs NPOMeXYTKH BO3PACTaHUA M yORIBAHHS CIEHYIOMMX YHKLMIL

z
98, f:z 7
« Ilockonexy f'(z) = 227"(2 ~2In2) mpu = € ]0, ,n%

2
f Bospactaer. B umnTepBanax ] — oo, 0[ u ]ﬁ’ +oo[ npousBogHast GyHKUMU [ OTpPHUATENBHA,
cllenoBaTepHO, [ yOblBaeT Ha Ka'KEOM M3 3TUX MHTEPBAJNOB. P

99, f:izrz \/%-}-sin(lnx) yecmm z >0 u f(0)=0.

[, TO Ha MHTepBane ]0, l~:—2[ yHKIUS

<4 Judbdepenuupys f, noxydaem

f'(a:):\/g-}‘\/fsin (lnx-}-%), z >0,
V3

. 3
orkyma f'(x) > 0, ecan sin (ln T + %) > —=~. Pemas nocnepnee HepaBEeHCTBO, HAXOMM MHTEpBa-
JH BO3pacTaHusa pYHKUMuU f:

7 13
——n42k ~—m4+2k
]6 121r-l- ",812"+ ﬂ'[-

13

—r
B unrepBanax ] €12

+2km -1—?:7r+2k‘1r /
, e12 dbyukuus f y6eipaet, mockoabky Ha Hux f'(z) <0,k € Z. »

x
100. Hoxaszars, 4T0 GyHKIMA f : 2 +— (1 + —) BO3pacTaeT Ha MHTEPBanax | — 00, -1 u
z

10, +ool.
« TlokaskeM, YTO B yKa3aHHBIX MHTEpBaJax Npou3BofHas byHKUKHH onoxurenbHa. llpu £ > 0

f'(z) = f(2) (ln(z-}-l)——lnx—;lTi).

[Iprimenus dopMyTy KOHeuHHX Npupameluit K QyHkuyy z — ln 2 Ha cermenre [z, z 4 1], noayunm

1
ln(x+1)—lnx=g, rie t<&<z+41,
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B cuay uero f'(z) = f(z) (— — z_-a-T) >0 npu z > 0.

Hanee, nycts —o0 < ¢ < —1. Torma
1
f'(z) = f(z) (ln(t —1)—Int— —-t)
riet = —z, 1 <1< +oo. Ilo dhopmyae Jlarpanxa
n(t—1) —lnt=——,
&

re t — 1 < & < t, nosromy f'(z) = f(—t) (ﬁ - é) >0 mpu 1 <t < +oco, unu f'(z) > 0 mpu
—o<z <=1 p»

101. O6sa3arensHo nu NPOM3BORHAT MOHOTOHHON (DYHKLMM ABIAETCH MOHOTOHHOM?

<4 He o6azatensno. Oyuxuus f : z — 2z + sin £ MOHOTOHHO BO3pacTaer Ha BCell YHMCIOBON
TPAMOIi, TOCKOJBKY €€ MpousBogHad f' : « — 24-cos r TonoxurensHa Vz € R. B 1o xe Bpems cama
NpPOM3BOAHAS, PACCMAaTPHBaeMas Ha HHTEpBale |—00, +00[, 04eBUIHO, He IBITeTCS MOHOTOHHOH. P

102. Jloxasars, 4To eciu ¢ — MOHOTOHHO BO3pacTaiolias KuddepeHURpyeMas QYHKIHUI U
[f'(z)] € ¢'(z) npu z > z0, TO
[f(z) = f(z0)] < ¢(z) = ¢(20) mPH = > Zo.
JaTh reomeTpuecKyio HHTEPIIPETALUIO 3TOTO (HAKTa.

< [Tockoneky dyHrkumuu f M @ yHOBIETBOPAIOT BCeM ycnopuiaM Teopemul Komn o cpenneM
3HaYEeHUM, TO CIPaBEeJINUBO PaBEHCTBO

f(z) = fzo) | _
p(z) = p(zo)

o) ¢
o'(c)} =

orkyna [f(z) — f(zo)| < le(z) = ¢(zo)| = v(z) — p(0).

l'eoMeTpuuecku 3TO HepaBEHCTBO 03HaYaEeT, UTO MPHpallfeHUe MOHOTOHHO Bo3pacraolleir qud-
cdepenuupyemMol (byHKIMM 6ylIeT He MeHbUle TpMpalieHus BCAKoM Apyroi auddepenuupyemoit
@YHKIMH C MEHBIIUM WU paBHBIM abCOMIOTHEIM 3HAUYCHHEM TIPOUIBOTHOM. b

1, zo<c< <z,

103. Mycre dyukimus f HempepriBHa B TPOMeXyTKe @ K ¢ < +00 H, cBepx Toro, f'(z) >k >
0 npu £ > a, rie k — nocroduHas. [lokazaTh, yro eciau f(a ) < 0, TO ypaBHeHHe f(x) =0 umeer

fa)
k

OMMH M TOJBKO OfMH HEUCTBUTENBHEIM KOPEHb B MHTepBaie |a, a —

« [Ipumenss reopemy Jlarpamoka x dpyHkuuu f Ha cerMeHre [a, a+ MELM] , uMeeM:

k k k
Uz ycnosus f'(z) > &k > 0 Haxopum

f ( + '—f%l‘) - f(@) > |f(@)

. f<a+@l—)>0‘ .

DyHruua f Ha KoHaX cerMeHTa [a, a+ I_f%ﬂ] NMpUHUMaeT 3HaueHUs Pa3HEIX 3HAKOB, MO3TOMY,

OTKYHA

1o Teopeme Kolili 0 NMPOMEXKYyTOUYHBIX 3HaYEHMIX, CYUeCTBYeT Takai Touka § € ]a, a-+ M: [,

uro f (f) 0. Hoxaokem, 4yro oHa SIUHCTBEHHAL Ha 3TOM uHTepBade. Eciu pgomycrurs, 4To Ha
HeM Halifiercss Takas touka &1, uro f(£1) = 0, To mo Teopeme Pojnsa Ha HHTepBale 1€, &i[ (ecom
€1 > £) unu Ha uHTepBane )&y, £[ (ecam & < €) KaiineTca Takas Touka €2, uro f'(£2) =0, a 310
npotusopedur ycaosuo f'(z) >k >0 npuz >a. »
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104. Ooxasars, uTo ecau: 1) dyHkuumM ¢ u P r-XparHo MucdepeHUpyembr; 2) w(k)(zo) =
1/)(k>(xo), k=0.0n-1; 3) 99(")(x) > 1/J(n>(x) OpH T > Zo, TO CIPABELIHBO HepaBEHCTBO () >
P(z) npu = > xo.

<4 [Ipumenum x (pyHKUMH ) = =1 (=1 peppemy Jlarpanika o CpellHeM Ha CerMeHTe
[zo, z]. UMeem

W (2) — 2D () = WV (€) (z — wo),
OTKYHa, B cunNy ycaoBuii 2) — 3), Haxomum u(""l)(x) >0, £ > zo. AHaJOTHYHO NOKa3bIBAEM, ITO
u™ () >0 mr ., w(z) >0, 1. e ¢(z) > 9(z) npu z > z0. W
105. JoxasaTe crenymoline HepaBeHCTBA:

2

a) ¢" > 1+ npu x # 0; 6)x—£2—<1n(1+x)<xnpnx>0;
3 3

B)x——%—<sinx<xnpum>0; T) tgx>x+%npn0<x<g—;

1 1
K (2% + 9% >(eP+y?) P mpuz >0,y>0 u 0 < a<p.

4 2) O6osnauus ¢(z) = €, ¥(z) = 1 + z u sameyas, uro p(0) = P(0), ¢'(z) > ¥'(z) npu
z > 0, Ha OCHOBaHMI HPEIHIYIIEro IpuMepa 3akdodaen, 4to ¢(z) > ¢(z) npu z > 0.
Hoaaras ¢ = —t npu z < 0, nmoay4aem
e(ty=e"", Yt)=1—-t, t20.
Mockomexy @(0) = ¥(0), ©'(t) > ¥'(t) npu t > 0, To (t) > ¥(t) ipu t >0, 1. e. € > 14z upu
z < 0.
6) ObosHayum

p(r)=1z~ f,)—, P(z)=In(l+=2), #u(z)=z, =20
Ouesumno, (0) = %(0) = 5(0), ¢'(z) < ¥'(z) < »'(z) npu z > 0, mosTOMy, Ha OCHOBaHMM
HOpeRbIAYILEro TpUMepa, UMeeM
o(z) < ¥(z) < y(z) mpu = > 0.
B) Honesysice obosHaueHUsI MU
23
_6"7
umeem ©(0) = ¥(0) = 5(0), ¢'(z) < ¢¥'(z) < 9'(z) mpu = > 0 u z # 2kw. Ha ocHoBanuu
NpeRbIyIero pUMepa CNpPaBeAIMBE HEpaBEHCTBA
o(z) < ¥(z) <n(z), >0, z#2kw, kel

IIpu z = 2kT uMeeM HepaBelCTBa
47
2k7r<1— = ) <0 < 2k,

T. e. p(2k7) < P(2k7) < y(2kx), k € N. Taxum o6pasom, npu z > 0 BHINOIHAIOTCA HEPABEHCTBA

ez) < ¢P(z) < a(z).

ple)=z — Y(z) =sinz, n(z)=ux,

r) OfozHaymMM
. z? T
o(e) =tge, d)(x)=w+—é—, 0z < 5
Ouesumio, ¢(0) = ¥(0), ¢'(z) > ¢'(z) mpu 0 <z < I (rak xak ¢'(z) =1+ tg°z, §'(z) =
1+x2, tg2x > g2 npu 0 < ¢ < %) TToapsysace npegbayiuM PUMEPOM, MOXKEM YTBEDPXKIATD, YTO
p(2) > P(z) tpu 0 <z < 7.

1 EY
) Hepagencrpo (¢ + y*)a > (2” + y”)# npu mo6bix duxcuposaunbix z > 0, y > 0 1 Beex
a, 0 < o < 8, 3XKBUBAJIEHTHO HEPABEHCTBY
1
2\’ P
> -~ +1 .
Y

() +)

Q=
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s qokazaTenbcTBa HOCHETHErO 0603HATUM f = { U paccMOTPUM PYHKIHIO

1

pizm (7 4+ 1)z, 0 <z < 4o0.

Ee npoussognas

ooy [t () e(z) "
o 1z ‘P( )(z(l—{»t") 22 ) - 22(1+t")1 (1+t"’)1+"

oTpuuarensHa npi 0 < 7z < +00, N03TOMy QyHKUUA @ YGHIBAET; CleRoBaTeNbHO, p(o) > ¢(f) mpu
0< a< f < +00,T. e, CIpaBeqIMBO HEPABEHCTBO

. 1
(2% +y%)a > (z° +y%)5

npu z >0, y >0, 0 < a < f, 4T0 u Tpe6OBaIOCH NOKA3aTh. B

106. JJoxasaTs, uro npu z > 0 crpaBeIMBO HEPaBEHCTBO

1\# 1 z+1
(1-}-—) <e<<1+——) .
z z
« Ecnu HepaBencTBo BRIMOAHAETCS, TO, NOTapUdMUPYS €r0, MPULEM K HEPABEHCTBY
1 1 1
—_<Inf{1+~ =
o) < n( + z) < e
KOTOpoe TpebyeTcd HOKa3aTh. O6o3Havas ~ - =1, t >0, noly4aem HEPaBeHCTBO
<Iln(1+1¢
1+t (1+#)<

[IpaBas ero 4acTs fokasaHa npu peme}{pm nmpHMepa 105; mokaskem Telepp JEBYIO YacCTh HepaBeH-
crBa. OBosHayum e(t) = t+1’ z/;(t In(1 4 t) u paccmorpum dyHkuuK ¢ u % npu t 2 0.

1
Ouesumto, (0) = ¥(0), ¢'(t) = (1+t)2 <Y (t) = =
HepaBEHCTBA, NOKA3AHHOIC B TpuMepe 104, MOKHO yTBepmaTh, uto ¢(t) < 9(t) mpu t > 0, T. e.
ﬁ? <lIn (1 + —i-) npu ¢ > 0, 4ro U Tpe6OBaIOCE [OKA3aTH. Wb

upu t > 0. CuegoBaTenbHo, Ha OCHOBaHHH

107 Hoxasatk HepaBeHCTBa:
a)z® —1>a(z—1) mpua 22, z>1;
6) V- vVa< Vr—anpun>1,z>a>0;
B) 14+ 2Inz < 2 npu x> 0.
« a) ObosnauuB ¢(z) =% — 1, ¢(z) = a(z — 1), umeem: p(1) = (1) =0, ¢'(z) > ¥'(z) npr
« > 2, > 1. Ha ocHoBaHuM HepaBeHCTBa, HOKa3aHHOrO B IpuMepe 104,
o(z) > P(z) mpu a22, z>1

6) AHaJOrHYHO OKa3aTeNbCTBY a) HMeeM NIpU = > 1, £ > a > 0:

o) = Vi— Va W)= Vi ele)=v(@) =0,
o'(z) < ¢'(z), mosromy @(x) < P(z)

B) OBosHaume ¢(z) = 1+ 2Inz, ¢(z) = 22, saMevacM, MTO Mpu & = 1 sHavenus dyHkupi
© U % COBNANAT, a MPU £ > | BHIIIOJIHEHO HepaBeHCTBO ¢'(z) < ¥'(z), MO3TOMy Ha OCHOBaHMM
npumepa 104 crnpaBennuBo HepaBeHCTBO (z) < #(z) mpu ¢ > 1. Ilyers 0 < ¢ < 1. Torpa,

1

mosaras t = -, 1 <t < 400, uMeem

p(z) =1-2Int = (), 1/’(’3)———1/)1(75) pr()=w:(1) =1, i(t) <¥i(?),

otkyma @1(t) < ¥1(t) mpu 1 < t < 4oc, 1. e. (z) < Y(z) mpu 0 < =z < 1. Ilpunss eme Bo
BHMMaHMe 0UeBUIHOE paBeHCTBO ¢(1) = (1), IPUXOEUM K BHIBOLY 0 ToM, 4To ¢(z) < ¢(z) Yz > 0,
4TO U Tpe6oBaJOCH NOKas3aThk. P



160 . 2. fuddepenuuaisioe ucyucienne PyHxUUi ogHON nepeMeHHOR

Ynpaxkuenus gjis caMoCTOATeNBHOH paGOThH

HajiTu uHTepBadsl BO3pacTaHUS CHENYIOMMUX (hyHKIMI:

212. f:x + arccos ::: 213. f:xs—>]zl°‘e_’2, a>0. 214. f:x»—>x(l+—i—)1.
215. f:z > arth—2% _ 216, f: X — Y, s =tlnt, y = 2%,

sin (a:-}--}) : t

217. f: X =Y, 2 =141, y = exp(v27t —sin t* + cost?), 0 < t 5

218. f: X - Y, z=a(t—sint), y=a(l —cost), 0 <t < 27.

218. f: X Y, z=uasin’t, y=beos®¢, 0 <t < 27.

220. f:<pr-—>v;f‘_1. 221. f:<pr—~>gae“”2. 222. f:pr—~singp.

223. f: XY, x=pcos<p,y=psinga,p=-1%p-,<,o>0.

224. f: X =Y, z = pcos(4p — p*), y = psin(4dp — p°).

225. f: X =Y, 2> +y° —32y =0 (y >0, f — muddepenumpyemast byHKIUS).

228, f: X =Y, 2% — 22 +4° =0, 227. F: X =Y, 24 y=ze®V.
228. f: X - Y, z+y—cos{z+2y) =0.

HccneopaTs Ha MOHOTOHHOCTE Cleflyiomue (Y HKIMU:
229, f:zw (2+2)ln(14+2)~2z. 230, f:z+ ﬁ)‘

281, f: X =Y, c=sint—t+ 5, y=46 —5t* +1.

282. p=ptgp, ¢ >0 (p, ¢ — MOIAPHEIE KOOPAMHATEI).

233. AsnsioTes IM Bo3pacTalOMMH Ha orpeske [1, 2] dyuxiyn: a) f:z v+ [z]; 6) f: o=
(z~-1)[z}; B) f:z—z, ecou z € Q7

234. JloxasaTh, 4TO cyMMa M NpOUBBeHeHUE TONOXKMTEIBHEIX (DYHKUMI, ogHa U3 KOTOPHIX
MOHOTOHHO BO3PAcCTa€T, a npyrad He ybhiBaeT, ecTh GyHKIMA MOHOTOHHO BospacTawolias.

Jokasars crepylomue HepaBeHCTBA:

235. M—(—%?y>0npnx>0.

x

236. —2~ln(1+i-)+ln2(1+};)——ﬁ'9—>0npux>0.

z>21,

z(z41) z(x+1)?
3 5 an—1 . 3 5 4n=3
237-2—%!— %!——...——i—;:-)-!-<smx<x——-§—!+%—...+(~i;—_—3—)!,z>0,n€N.
2 4 IQn—2

z 2 4n
238. 1 -5 4+ 5 ~ scosxsl—Z—!+...+(—jn—)!,neN.

© T (an—2)
2 n
239. e“>1+x+-;—!-+...+%—!~,x>0, n € N.
240. sinxgg(w——z),()gxgw. 241. cosa;gl——'%z, z] € 2.
242. a) tgw}ﬁ;npnogxg%; 6) tgxgq_rz_—znpn%<$<
2

ol

2
243, T2 Ca+ A0 122 251, a2 2. 244, sine +tge > 2, 0<z < L.
1 n .
245. 22 <1+ 7 =mpul<z<e 246. ) TEE S0, o] <.
k=1
247, Ilycre a = (a1, a2, ..., an), b= (b1, b2, ..., bn), ¢ — BekTOpHI M3 E”. Jloka3aTh, uTO
ToTHa
A F FE
det| F B G | >0,
E G C

rie A=a’, B=b? C=c? E=(a,c), F=(a, b), G=(b,c).

248. Ilycre f muddepenmnpyema Ha [a, 8], f(a) =0 u 3A € R Takoe, uro |f'(z)] < A|f(z)]
Ha [a, b). Joxasats, uto f(z) =0 Yz € [a, 8].

249. IIycrs x, y € R™. Bynem cuntate x >y (X < y), ecnu zx > yx (zx < yx) Vk =1, n (z2-
KO€ OTHOIICHIE MEKIY HEKOTOPHIMM BEKTOPAMH Ha3biBAeTCH UX YaCTHUHBIM yilOpsoYuBaHKeM). B
CBASH C AAHHBIM OTHONIeHueM GyleM Ha3pBaTh BEKTOP-GYyHKIMIO Xt (21(1), z2(1), ... , £a(?)),
t € [a, b], MoHOTOHHO Bo3pacratomeii (y6uBatomeir) Ha unrepsaie T C [a, b], ecnu Vi, t2 € T us
(tl > t2) = (X(tl) > x(t2)) (X(tl) < x(tz)).

Moxasars, uro BeKTOp—byHKIMA X : t > (sint, cost, te"'z) BO3pacTaeT Ha ]0, %[

Hna sekrop—yHKkuuu f HaliTH MHTEPBaILI MOHOTOHHOTO BO3pAcTanHd (yObIBaAHMA), €CHu:
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250. f: ¢+ , Sty Lsindt+1).
t2 t 12 3
251. f: tH(z 12— 1’2—t+7_?)‘

3
2

252. £t <“+" \/W+_1)3’ VB - P +1)).

253. Marpuunyio dyurmmio A : t — (ai;{t)) (i, 5 = 1, n) 6yneM waspIBaTh MOHOTOHMO
Bo3pacralonieil (y6riBatouleit) Ha uHTeppade Ja, 8], ecnu Vi1, @2 €la, b[ us (81 > £2) = (A(t) >
A(tz)) (A(il) < A(tz)) ‘

Has marpuy A u B cunraem A > B (A < B), ecau aij > bij (ai; < bij), i, 5 =1, n.

Ha¥itu uHTEepBaNBl MOHOTOHHOCTH AAd CHELyIOIUX MaTPUYHEIX (DYHKIKIK:

sin® ¢ t e~t?  Hnt Vilnt
a) Avt— | ; 6) Attt t ;
) [t| 4382415t ) ) sh®t ch’t [t)+t )’
B) At ( sint+ |sint] cost+ |cost )

t + arcsin t° tsint

§ 7. HampapJjieHHe BBHINYKJOCTH rpaura QyHKIHH.
Touku neperuba

7.1. Brunyxaocts rpaduxa hyHKIUH.

Onpenenenne. [osopam, uno zpadux dJuddepenyupyenmot 6 unmepsane ja, b[ pynxyuu f:
Ja, b — R umeem Ha nem evinyxaocniv, HANPASAEHNHYIO 6HU3 (68ePT), ecau on Aewum 6 npederar
YKAIAHHO20 UHIREPEANA HE HUNE (He oviwe) moboll ceoell Kacameavrod.

Teopema. Hocmamounvim yeaosuem svinyxaocmu epaduxa dynxyuu enus (eeep), ecau dynx-
yus ecwdy na unmepoane |a, b umeem xoneunyw emopyw npPou3zccINY0, REAREMCR BHINOAHEHYE
nepasencmea f'(z) 2 0 (f'(z) €0) npua <z <b.

7.2. Touxu neperu6a.

Onpenenenune. Touxa Mo(zo, yo) epaduxa dynxyuu f, umewuezo xacameasHyw, Hasviea-
emca mouxot nepeeuba 3moeo 2paduxa, ecan cywecmMeyent MAKAR OKPECTMHOCMY TROYKY Tg OCU
abcytice, 6 npedeaar xomopot epadux Qyrxyuu f cresa ¥ CrPAGE OM To UMEEM PA3HBLIE HANDA-
BAEHUS BBINYKNAOCTNU.

Teopema. Touxa Mo(xo, f(zx0)), das xomopoii aubo f"(xo) =0, aubo f''(zo) me cywecmey-
em, ecmy mouxa nepeauba, ecau f'(x) menaem 3nax npu nepezode uepes Mouxy To.

Hairru poMeRyTKH BHIYKJIOCTH OMPEfEIEHHOro 3Haka U TOUKY nepernba rpadHKOB ClIeLyo-
IWUX PYHKLIUHA:

9.2 3

108. f:2+— 32" -2, 2 € R.

« Bropas npoussonnas f"(z) = 6 (1 — z) monoxurenbHa Npu £ < 1 M OTPHUATEIBHA IIPH
z > 1. CaenoBaTessHo, COTIACHO Teopeme MyHKTa 7.1, Ha MHTepBajie | — 0o, 1] rpadux dynxuun f
MMEET BHINYKJIOCTh, HATIPABIEHHYIO BHU3, a Ha MHTepBajie |1, +00[ — BRILYKIOCTH, HANPaBIEHHYIO
BBepx. CormacHo onpeneneHnio yHkra 7.2, Touka Mo(1, 2) ecrs Touka nepernGa rpaduka. b

109. f:z— 2" (2>0).

1 »

« Tlockonbky Bropas npoussofgHas f"(x) = z° ((ln e+ 172 4 ;) > 0 mpx z > 0, To, corifacuo
TeopeMe 1. 7.1, rpachuk FaHHOU DYHKIMU UMEET BHINYKJIOCTH, HaIPaBIE€HHYIO BHU3. P

110. IIpu xaxom BrIGope mapamerpa b “KpuBas BepOATHOCTH”

h —h222 v
y=—=e "5, k>0,

h —h2g52
uMeeT TOUKU neperuba | o, —e

7T

~ o I _ 243 2,2
<« Cyna 1o 3Haky BTOpO#t mpoussogHoit f''(z) = -\/—17(2h z¢ -1

N
-3 3

—h?z?
Je , 3aKII0UaeM, YTo IpH

1
T = :tm UMeIOTCH eperubsl (P mepexofe Yepes 9TH TOYKM BTOpas NPOU3BOAHAA MEHAET 3HAK).

IToaTomy Tpebyemoe sHaueHUe b MOMYyYMM U3 paBEeHCTBA (-\712; = a) (h = 7—) a>0.»
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111. Iycrs dymkums f mBaxas guddepeHnrpyeMa B IPOMEXYTKe a < T < 400, MPUYEM:
1) f(a) = A >0;2) f'(a) < 0;3) f'(z) <0 npu z > a. [lokasaTs, 4To ypaBHenue f(z) = 0 umeer
OIMH ¥ TONBKO OTHH JeHCTBUTeNbHEIN KOPEHb B MHTepBale Ja, +o0ol.
« Ilo dpopmyre koHeunrx npupaleHui Jarpatxka npu ¢ > a noayvdaem
fr)= A+ (x—a)f'(&(x), a<é&<u, (1)
F'@) = f(a) + (& — ) f (&), a<é& <z (2)
Hs ycuosusa f(£2) < 0 caepyer, wro f'(z) < 0 mpm z > a, mosTomy (yHkumz f yGmBaer Ha
unrtepsane Ja, +oo[. Ua dopmya (1) u (2) Haxonum
f(2)= A+ (z—a)f'(a) + (z — a)(&1 — a) f"(&2(&1)). (3)
B cuny ycmosuit f'(a) < 0, f"(£2(£1)) < 0, us bopmynet (3) crefyer, YTo NPU JOCTATOYHO GOMBIIOM
To > a 3HaveHMe QyHkuuu oTpuiaTenbHo. [lockoabky dyHkims f HempephbiBHa Ha CeTMeHTe
la, 0], To Mo Teopeme Komm o mpoMesxkyTOMHBIX 3HaUEHHMIX CYUIECTBYET Takoe T1 €4, To[, uTO
f(z1) = 0. Dyukuua f He MokeT oOpaTUThCI B HyJb HM B KaKOM MHOM Touke, OTIMHOH OT Z1,
Tak kak yOBIBaeT Ha MHTepBaie la, +oo[. W
112. dyukuus f HaseBaeTcs BEIIYKIOH CHU3Y (cBepxy) Ha unTepBaie Ja, b[, ecau pus MOGEIX
TOYEK T1 M I U3 ®TOTO MHTEPBala M NMPOUSBOJBHEIX YHceT A1 UM A2, A1 >0, A2 >0, A1 +A2 =1,
UMeeT MECTO HEPaBEHCTRO

Fuzr + A2z2) < Ay f(z1) + A2 f(z2)
UM COOTBETCTBEHHO IIPOTUBOIIOIOKHOE HEPaBEHCTBO
( p p

Fuz1 4+ A2z2) > A f(z1) + Az f(22)).

JoxazaTh, uTo byHKIMsa f BEIMYKTa cHu3y Ha la, b, ecrm f(z) > 0 nmpu a < z < b, u f BHIIykIa
cepxy Ha ]a, b], ecan f(z) <0 mpna<z<h.
« lIycte f"(z) >0, z €]a, b[, n myctp A1 > 0 u A2 > 0 — IPOM3BONBHEIE YHCIHA, YHOBIETBO-

paomue yciaopuio A; + A2 = 1. Ecmu z; u z, — mobbie Touku uHtepsana la, b u z1 < z2, TO
TOYKA A1Z1 + A2T2, OUEBUIHO, JeXUT Mexay Humu. [lo ¢popmymne Jlarpanska umeem

faz +/\2$2)—f(xl)z)\z(xz—xl)fl(fl), (1)
e 21 < &1 < A1z1 + A2z, M

f(l‘z)—f()\lxl+)\2732)=)\1(732—731)fl(§2), (2)

rme A1z1 + A2x2 < & < Tp. YMHOKad NEBYIO W NIPaBY© HacT paBeHcTs (2) M (1) Ha Ay u A
COOTBEeTCTBEHHO U BEIMMTas M3 IEPBOTO IOJY4YeHHOro paBEHCTBA BTOPOE, HAXOMUM

X f(z2) + Af(zi) = f(hrzy 4+ Aex2) + A do(z2 — xl)f”(fs), (3)
rue &1 < €3 < €. B cumy ycuosuit Ay >0, A2 >0 u f(€3) > 0, umeem

Ao f(x2) + A1 f(z1) > fArz1 + Azz2),

T. e. f BHIIyKJIa CHU3Y Ha Ja, b.

Ecmu xe f"(z) < 0 wua Ja, B[, To dyHrims ¢ : © — —f(z) no gokasaHHOMy BEIUIE BEIIyKIa
CHU3y Ha a, b[, B cuny uero umeem

Arp(z1) + Aep(z2) > @Az + A2z2),
otkyma A1 f(z1) + A2 f(z2) < f(Aizy + A2z2). onyuenHoe HepaBeHCTBO MokasblBaeT, UTo [ BEI-
nmykia cBepxy Ha |a, b[. »

113. Ilokasars, uro dyHxumu @1 : ¢ +— 2" (0 > 1), g2 : 2~ €° @3z zlnz, z > 0,
BHIIYKJIBl CHU3Y Ha mMHTepBate |0, +0of, a dyHkumn 1 : ¢+ 2" (0 < n < 1), 92 : ¢ —Inzx
BBINIYKJE CBepxy Ha uHTeppaie |0, +o0of.

« uddepenunpya gpaskbl JaHHbIE DYHKIIMY, HaXOIUM

n— 1 n— 1
o) =n(n - 12" pi(z)=¢%, pf(z) = et P (z) =n(n—1)2""%, Py (z)= —z

[pu = €]0, +oo[ umeem ¢}/ (z) >0 (=1, 3), ¥i(z) <0 (k =1, 2), nosToMy, Ha OCHOBAHUU pe-
3yABTaTA, MOXYYEHHOIO IPH PellieHUHU NPEILIAYIIero MPUMepa, MOXKEeM YTBEPIKIATh, YTo QYHKIHU
5 BEIIYKJBL CHU3Y, a (DYHKI[MM %/x BBHIIYKIBL CBEPXy Ha unTepBane |0, +ool. »
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114. Jloxasats, uTo orpaHUYeHHad BHIIyKdad BYHKUMA BCIOAY HelPEPHIBHA M MMeEeT OfHO-
CTOPOHHUE JEBYIO U IIPABYIO IIPOM3BOIHELE.

« [Ipennonoxum K oNpegeneHHoCTH, uTo PYHKIUA f BHIIyKIa CHU3Y HA UHTepBaue Ja, b[. B
cuny orpaHuverHoctd f Ha Ja, b, dc > 0 Taxoe, uro |f(z)| < c. Myctb 0. €)a, b[ u npupamenne
aprymeHTa h > 0 B 9Toil ToUke B3ATO TaKoe, MTO TOMKU To — h U ¢ + h Taxke mpunHapmexar
Ja, B[. Tlockonbky f BHIMykia cHU3y, TO CpaBeRaMBo HepapeHcTBo f(zo + k) + f(zo — k) > 2f(xq),
KOTOPOe TepernuilieM B BULE

f(z) = f(zo —h) < f(zo + k) — f(x0). (1)

3 nepaBencrpa (1) moxyuum cucTeMy HepaBEHCTB
flzo — kh) — f{mo — (K +1)h) < f(mo +h) — f(x0) <
< flmo+(k+1Dh) — f(zo +kbk), k=0,n-1, (2)

MpH yciaoBuM, uTo Toukd %o — (k + 1)k, zo + (k + 1}h (k = 1, n — 1) mpuHamme:xaT UHTEpBAXY
Ja, b[. Cymmupys HepapencTBa (2) mo k ot 0 go 2 — 1, MpUXOXUM K HePaBeHCTBY

f(zo) = f{ma — nh) f{zo + nh) — f(xo), 3)

n

< f(zo+ k) — f(zo) <

U3 KOTOPOTo, MPUHUMAs BO BHUMaHUe OrPaHUueHHOCTh GyHkuuu f, nomydaem
2c
|F(z0 +h) = f(zo)| < ——. | @
Kaxuwm 651 Hu Gvlno € > 0, mpu BCex 1 > [25—6] uMmeeMm

|f(zo + k) — f(zo)| <e, (5)
ecnu h yHOBIETBOpSET YCIOBUIO
0 < h < min{b—ﬁ, _1}_0;(1}
n n

HempepriBrocts Gyuxuuu f B moGol Touke unTepBana |a, b] moxasana. [JokaxeM cymecrsoBaHue
OIHOCTOPOHHUX NMpousBogHEIX dbyHkuuu. [Iycte b > by > 0. Torpa cnpasennusu HepaBeHCTBA

2) f(zo + h}i]) — f(za) < f(zo+ h}z — f(xo); 5) f{zo — }ilh)l_ Flzo) S f(zo — }:)h_ .f(ib‘o)"

B camom mene, samucas hy = 6h, 0 < § < 1, BUEMM, UTO HEPABEHCTBO a) YKBMBAJIEHTHO HepaBeH-
CTBY

Of(zo +h)+(1-0)f(z0) > f(zo — h1),
a HepaBEHCTBO 6) 3KBUBAICHTHO HEPaBEHCTBY
ef(:l:o - h) + (1 - e)f(fl:o) > f(:l:o - h1),
Ka’K[0e M3 KOTOPHIX CMpPaBeIMBO B CHIY BEIILYKIOCTU cHuzy dyHxuuu f.
Takum o6pazom, GpyHKUUA @ : h — —fiz"—"'hht—ﬂﬂl yorIBaeT mpu h +— +0 ¥ orpaHUYeHAa CHUZY
2c .
uUCIOM — 3=,
2¢  Hosromy CYyWleCTBYIOT mpegelnnl

ht’
Jim () = fi(eo),  lim (k) = L (z0). >

a dyukuua P . h — ﬂx“—_'iht’:ﬁ“—)— pospacTtaeT mpu h — +0 u orpanmvyeHa cBepxy

YUCIOM

115. Ioxkazarh, yro ecnu dyHkuus f gpaskabl quddepeHuupyema B 6eCKOHEUHOM HHTEPBaJE
Jzo, oo mw  lim f(z) =0, lim f(z) = 0, To B uHTepBame |ro, +oo[ UMeeTcd, O MeHbIIEH
x—z9+0 T—+ 00
Mepe, oHa Takas Touka £, yro f(€) = 0.

« B cuny Bemmonnenus ycnosuit samauu 81, B uHTepBane |zo, +oo[ I¢1 Takag, uro f'(£1) = 0.
[Nockoabky f(z) = o(z) npu ¢ — 400, To Ha OCHOBaHMHU pellleHHs MpuUMepa 93 3aKII0YaeM, ITO

lim |f'(z)| = 0.

z—4 00

Torna, B cuny npumepa 81, B unteppane )€1, +oof 3¢ Takax, uro f'(£) = 0. »
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YupaskHeHHA A CAMOCTOATEIBHON PAGOTH

Haiftu unTepBanEl BHITYKIOCTH CIERYIOHMUX cpyHKuMﬁ
254. f:z— (14 xz)e_’”z +z. 2535. f:z > arccos ;

+3x—8

256. iz A= — 5z, 257. f:xb—»lfz-—l+3x.

258, f: X =Y, z=(+17,y=(t—1)>% 259. f: X —Y,z=sht—t, y=cht—1
260. f: X —Y,z=tnt, y-—6€t—3t2

26l. f: X =Y,z = 1+t)t y=(1+8'"7. 262. f'gar—>l 0<p< .

263. f:p—p=p—¢’, o2 0 (p, p — MondpubIe xoopmﬂ{arm)

264. Uccrenosath HanpaBiaeHHe BREIMyKaAoCcTH Tpaduka GyHkuuu f : X — Y, 3agaHHOI HesBHO
ypaBuenueM z° ~y° — 322y — 3y + 1 = 0 B OKPECTHOCTH TO'UKU M(-1, 0).

265. UccnenonaTth Ha Meperu6 B nyne rpadUuku ciemyomux QyHKuMA:

3 . 1 5 1
z°sin =, z #0 z°cos—, z#0
. ) ) 6 . ) )
a)f fb*—’{o ).f xH{O, =0

266. Ilycte f — BEINMyKkJIasd CHU3Y Ha UHTEpBaJe a, b[ dyuxuus. JlokasaTe, uTo

f(Rimbedon) o 2(f(z) + f(z2) + ..+ f(zn)),

rme a <z1<22< ... <zZp=0b,n>=2.
Hcnonbays HepaBeHCTBO MPENBILYLUIErO IPUMEDPA, IOKa3aTh HEPABEHCTBA:

267. 1_3_7._42_"__12 (2——+n2n l)n,neN.

24..2"

268. /T1Z2 ... Tn < n(xl +224 ... 4zn), 2 >0,1=1,n.
269, a) 19+ 2%+ ... 40" 2 n("T'H)a,a}l,neN;

) z = 0;

1 1
6) 1+ +. 11—1<n1 a(l+m+. .. +=)e, a>1, neN.
270. £ +J3+” (“’J"' )",x>0,y>0,z>0,x;éy,x;éz,y;éz,n>1.
IoxasaTte HEpaBEeHCTBa:

n k-1
271. Zg_—lL—~>%an1l>no>l.
k=1

Ur
Yraszsanne. VcnolpaoBaTs BRITYKJIOCTE BHI3 rPadika GyHKIHI
1
frz— 5=, z > 0.
¥z

n
272. Z%>Onpn0 Tz <.
k=1

Yxaszaune. PaccMorpers pynrnuio f @z — E M npu 0 <z < .

k=1

273. JlokasaTh, YTO CyMMa KOHEUHOro uMcHa (PYHKIUUN, BEIMYKIBIX BHU3, €CTh QPYHKLMIA, BEI-
MyKaasl BHU3.

274. Joxkazarb, uto hyHKuul f : T lun fa(z), = €la, b, tne fi, fo, ..., fa, ... —
mayxmﬂe BHU3 Ha |a, b] dyHxuuu, spagerca BLI]'[yKJIOM BHU3 (DyHKIHE.

275. Mokasatn, uro ecm: 1) p; 20 u p1+p2 + ... +pn > 0; 2) byHkuusa f HempepeIBHA U
BRIYKJA CHU3Y, TO

f P1z1+p2Te+ ... +paZa < rif(e)+ - +paf(2n)
P1+pet - +pn = Pit+p2+ . +pa

(nepaBencrso Hencena).
276. [lokasats, uto ecau ¢yHkuusi f :] — 0o, +oo[ — R HempepriBHa 1 BHIMyKJNa CHU3Y, TO
Jp:z—azx+b (a, b €R) Takad, 4ro Yz €) ~ 00, +00[ CIpaBeIUBO HEPABEHCTBO

f(z) > az +b.
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277. Yncio A € R HassBaeTcd emopuid npouseodnvin wucaom lMeapye dpyuxnuu f B Touke

z, ecin 3(e,) Takasd, uro lim e, =0, €, >0, u . , NN
n— 00

A=l Z(f( +en) —2f(2) + f(z —ea))-

[loxasars, 4TO ecau Bce BTOpPBIE MPOU3BOAHKIEe YHMcaa llIBapua HenpeprBHO GyHKuuu f }Lepmpn—
LATEIbHEI, TO 9Ta (PyHKUMI BEIIYKJIa BHU3.

278. Jlokasarh, uto ecnu f — BEHIIyKAas BHU3 GyHKLud Takad, 4yto ¢ € f(z) <b Vz € [a ﬂ],
¥ h — Bo3pacTaowas BhIIykJaasi BHH3 MYHKLUS, ollpeneleHHas Ha [q, ] TO CIOXHUas d)y}tmmx
gz — h(f(z)) Taxxe ABASTETCH BHIYKION BHUS.

279. Jlokasats, uto ecnu f1, f2, ..., fn — BHIyKIHeE BHU3 QyHKUMU Ha |a, b[, To Q)ymduux
fraw 1II<121<X fi(x) Takske BRIMyKIa BHU3 Ha |a, b[. Ce

<n

280. Ecmu: 1) dyukuus f :] — oo, +oo[ — R pumykina BHus; 2) f(z) > 0 Vz # 0 3) Hp >1

Takoe, uto f(fz) = 67 f(z), v €] — o0, +oof, u V6 > 0, 10 byHKuuUs b :  — (f(a:))? sABIAErCc
BBIILYKJOH BHU3 Ha | — oo, 4-00]. N

ok
281. Ilyctb 6, 20, a;: >0 (i=1, k), > 6; = 1. lokasats, 410
=1

ko k

H a?’ < Za,ﬂ,‘. . o

i=1 i=1 .
Orciofga, B YaCTHOCTH, BRIBECTHU, UTO

a’t' <O+ (18 Ya,b>0 (0<H<1).

282. [lonoxus 8 mpegnmymeM IpuMepe

&rml,_
-
|
L.

x

2

CDI'—
™
&

S

=1
. »
MOJIYYUTh HepaBeHcTBO [énpaepa OId CyMM v
1—-6
n 1N\N? [ n 11_9
5 -

Z 2,y < | )z, 2.9 J

=1 j=1

rne £, 20, y, > 0.
283. Yucaosoii obaacmuio MOCTOIHHON MaTpUuH A = (a;), rhe ai; € C, i, j = 1, n, naskiba-
€TCA MHOKECTBO BCeX KOMILTEKCHBIX YMCeT BHIa

n n n
z = Z z ai;TiTy, Z |Cl:,"2 =
=1 3=1 i=1
rnex]—a]+z/3],a]}/3]€R( =-1). LA
[lokaaaTk, 4To Aas T060if MATPUUEL A TpaHMia MKCIoBOi o6macTd (G Ha KOMIIJIEKCHOH; n.uoc-
KOCTU z SBJISETCS BHIYKJION 3aMKHYTOH KPUBOMU, T. €. OTPE30K, COeNUHAIOmeH aiobke nBe TOUKH
KPUBOU, TOrpyskeH B (7. o
284. Matpuua A = (a;;), ¢, § = 1, n, HassBaeTca apmumosoii, eciu A* = A (1. e. &ji ="a',-j).
[ToxasaTh, uro MaTpuna A ABIIETCS 5PMUTOBOH TOrga U TONBKO TOINA, KOTHA €€ YHCIoBad obIACtHE
npeicTaBasier co6ol OTpe30oK NeHCTBUTENBHON OCHU.
285. Hycre 1<p<2 u ai, b >0 (i=1,n). Torna
7 n n ’ . 'v ’
3 (ai +bi)? > a? STbP : S
= <E s E *'
> (ai +by)p! Zaf_l be_l

1=1 i=1 i=1
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Ioxaszats 3T0.

286. Muoxectso M C E" Bektopos f HaswmiBaerca puinykasiMm B E™, ecniu Vi1, f2 € M A VO €
[0,1] 3f € M : 6f, + (1 — 6)f: = f. IIpu sTom muoxectBo Bexropos {Af1 + (1 — 8)f2, 0 < 0 < 1}
HAa3BIBAETCS OMPEIKOM, COeTUHAIOMUM BekToprl f; u 5.

ITokasaTh, YTO MHOXKECTBO BEKTOPOB

M={f|f=(z,y),f€E* z20Ay >0, [f[<1}

ABnsgercs BHNYKauM B EZ.

287. [lokasars, 4To MHOXecTBo M = {f|f = (sinz, cosz), f€ E?, 0z K g} He ABJsieTcs
BEIMyKABIM B £,

288. [loxasarh, YTO MHOXECTBO

M ={f|f=(z;, 22, ..., 2n), £€E", |f| <1}

(emuuuyHbli map B E™) gBIsgercs BHIMYKILIM MHOKECTBOM B E™.
289. Ilycre samaHa pyHruus f: U C E™ — R, rne U — BHIyKI0€e MogMHOoXKeCTBO. DyHKIUIO
f 6ynmem naswmiBaTh BEIIYKION Ha U, ecam Vx, y € U A V8 € [0, 1] cipaBegnnBo HepaBeHCTBO

FOx+(1-8)y) <Of(x) +(1-6)f(y).V

Hoxasate, uro dyuxkuus f : X — |x|, x € E", peinykiaa Ha E™.
290. Jloxasars, uro ecan f — Bhimykaas Ha U C E™ dyHkuus, to VxX; € U (X: = (%15, T2i, - . .,
Tnai), Xi € E™ Vi =1, n) BHIOJIHIETCSI HEPABEHCTBO

f (i U:‘Xi) < Xj: aif(xi),

=1

n
rreo; 20,i=1, n,u Zaizl.
=1

291. [oxasarb, uro ecnu f — Buinykaad Ha U pyuxuus u r € R, To mogmuoxkectso S C U
BCeX BEKTOPOB X, [/ KOTOPHIX f(X) < 7, ABIAETCA BBITYKIBIM.

292. Ilokasats, uro ecau kommoneHTh f;(z) BekTop—yhkumn f ABIAIOTCA 3HAMEHHAMH BBI-
MykIeix GYHKUMIL f;, ¢ = 1, n, Ha HekoTopoM oTpeake [a, b), To byuxuus F : z — (f(z), A), rne A
— mo60ii MOCTOIHHEIN BekTop, A = (A1, A2, ..., An), Ai 2 0, us E™, Takxe BHNyKIa Ha [a, b].

293. IlokasaTk, MTo ecim »IeMeHTH a;;(z) MaTpuunoi GyHkuuu A : ¢ — (a;;(2)), = € [a, b],
ABAAIOTCS 3HAYEHMsIMM BBIIYKIBIX Ha [a, b] dyHkumi a;; : = + ay;(z), To gad M0G0 MOCTOSH-
Holi Marpuubl B ¢ HeorpHuaTeIbHBIMM dneMeHTamu dyHkuus F : ¢ — (A(z), B), z € [a, b],
TaKXe BHIyKTa. [of CKanspHBIM IpousBefeHueM marpuuy A u B nonumaem semmunny (A, B) =

=Y aij(z)bi;, tme by; — vmeMenTH MaTpuuBl B (IPOBEPUTL BHIIOAHMMOCTD aKCHOM CKaJIPHOTO
65
TmpouspeneHus 8 £").

294. [Iycre dpyuxuyuu a; : ¢ — a;(x), b; : £+ b;(z) HEOTPUUATENLHEI, BEITYKIB U BO3PACTAIOT
Ha [a, b] Vi = 1,n. Ilokazarp, 4To B sToM caydae dyHKuMa F : z + (a, b)— ckarspHoe
TpousBefleHHe BekTopok a = (a41(2), ..., an(z)), b= (b1(%), ..., ba{z)) — BHNyKNa Ha [a, b].

§ 8. PackpbiTie HeompeJeJeHHOCTEN

. 0
8.1. PackpriTue HeonpefeneHHocTel Buaa ;. IlepBoe npasuno Jlonuramxs.

Ecau dyukuuu f 1 g onpemeleHbl B HEeKOTOPOM OKpECTHOCTH Tovku ¢ (& # a), Tae a —
'
YMCIIO MY CUMBOJ OCG, ¥ IPU T — a 06e CTPeMsTCA K HyJIio, a mpoussofausie f' M g' cymecTsyioT

HB ciaydae, korna [/ — 0Tpe30K NeUCTBHTENLHOM OCH, 9TO OUPEICICHAE BHITYKJIOCTH COBIANAET C OIpe-
HejJeHHeM BBIYKJIOCTH BHU3.
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B yMOMSAHYTOH OKPECTHOCTH, 3a MCKIIOMEeHUEM, GBITL MOXeT, CAMOH TOYKU T = @, IIPUIEM OHO-

BPEMeHHO He o6pamaloTcs B Hylb NpU £ # a, U CyHeCTBYeT KOHEUHEIN Unu 6eCKoHeuHEN npene
I

hmJ,—l TO
—a 9'(2)°

1
lim __f(x) = lim 'f,(x)
z—a g‘( ) r—a § (1)
8.2. PackpriTne HeonpepesennocTen BHAaA %’;— Bropoe npasuiao Jonurans.

Ecnu gpyukuun f u g mpu z — a obe cTpeMaTca k BeCKOHEYHOCTH, a poussoautie f' u g’
CYMECTBYIOT JUIA BCEX &, TPUHAIEKAHX HEKOTOPOJt OKPECTHOCTH TOMKM @ M OTAHYHHIX OT a,
npuuem (f'(2))? + (g’ (x)) # 0 B yIOMSHYTON OKPECTHOCTH U £ # a, CYIECTBYET KOHEUHHI WIH
6eCKOHEYHBIN Tpeflel

m L@
To o g (x)
lim /(z) m fl(x)

i .
z—a g(x) z—a { (1})
Haiitu mpenensr:
41 _
116. lim 2 (o2t 1)
z—1 1-2z
< Dyukunu f iz — 2" (lnz+1)~2 u g: 2z 1—2,7 >0, T # 1, yloBIeTBOPAIOT
CHeNYIOUHUM YCIOBUIM:
1) lim1 f(z) = lim1 g(z) =0;
2) ux mpoussogueie f:z — 2 (Inz + 1)‘(1 + §+ln x) +2° -1, ¢ :z — —1 cymecrnyior
npu = > 0;
(=) _ X / 2 ' 2
3) cymectByer hm e =-2; 4) (f(z)) +(¢'(z))’ #0 mpu z > 0.
C nenOBaTenLHo, HpMMe}{I{MO TlepBoe IMpaBuio JlonuTansl, COTMAcCHO KOTOPOMY UMeeM

z+41 _
lim & (lnz+1)-z f( )
21 1—-2 z—»l g'(x)

117. lim —z—x—_—f—

zo1ilnz —z 417
4 Dyuxkuum f:z— 2" -z u g:ze—mz—z 41, >0, 2 #1, yIOBIeTBOPAIOT CAELYIOIKM
YCIOBUSIM:
1) lim1 f(z) = lim1 g(z) =0;
ZT— r—

2. »

2) mpousponuste f' iz z%(lnz+1)—1 u ¢’ 1z +— é — 1 cymecTBYIOT B JOCTATOYHO MAJOM
OKPeCTHOCTU TOYKYU £ = 1;

3) (F/(2))* + (¢'(2))® # 0, z # 1, B ykasauHoil okpecTHOCTH;

4) corjacHo mpefbIOylleMy IIPUMEDY, CYyHIECTBYeT KOHEIHBIH Mpeen

lim fl( ) = lim xz+] (Inx + 1) -7 =

= —2.
2=l g'(2) a1 1—2z

CrnegoBatenbHo, IPUMeHUMO TTepBo€ MpaBuio JlomuTansd, ¥ M HMEeM
z+1
f(z .z Inz4+1)—2
(=) = lim ( ) =

i -2
lI_I.Pl g(z) =22 1-2z >
1
118. w=li111l (—1——-——) ‘
z=0r \(thz tgz

1 1
tha tgx

ch z sin z—~sh zcos x

zsh zsin z !

x

) z € R\{0}, x Bupy u: z —

3amedaem, UTO pyHkuuu f : ¢ — chzsinz —shzcosz, g : £ — zshzsinz ynoBmersopsior yciao-
BUSIM mepBoro nmpasuia Jlomutansa. [lockonrky cymecrByer

f’(z 2shzsinzx

T —I' > =z -

o [Ipeobpasys GpyHKLMIO U : T L (

shz sinz
22— —=

2
lim = lim - - = lim = -
=0 g'(z) «—oshzsinz +z(chzsinz +shzcosz) 0 Sh’s‘"’+chxs’“’+%ﬁcosz 3

x

b

2
TO, COTJTACHO YKasaHHOMYy HpaBuily, w = . b
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1
3amevaune. [Taa Haxoxneaus lim % MOHO GHLIO 6B IPEMeHNTE OpaBuio Jlomurallsa (RBakns),
x—0

OXHAKO 3[lech, Kak M B ApYrHX NONOGHEIX MPHMepaX, ynoGHee (¢ BEIYMCIATENBHON TOUKY 3P EHAA) 0T
30BaTHCS 3aMEIaTENLHEIMH IpeneJIaMu.

1
119. w= lim (e 2271, 2% !
z—+40

« Hockonbky must BekTop—byHKIMU

—100 ¥ ~1 —100

1 1
. -= . —— . z 1
w= lim {e 2g , T ={ lim e =?2z lim z° ,

x—40 xz—+40 z—40
TO HaXOOUM IIpeaebl xaxcnoi/{ U3 KOMIIOHEHT B OTHAEJIBHOCTH. HAmeem

1 50
lime 2% = lim L =500 lim e ¥ =0
x—0 z—too €Y y—+400
(snecs Bropoe mpasuno Jlomutans mpumeHeno 50 paa).
Ilust BTOpoil KOMIIOHEHTHI MTPENBAPUTENBHO TIPUMEHIEM MpefcTaBIeHne v’ = e ,u>0 U
NTPOBOAUM HEKOTOpoe TMpeobpaszoBaHue ¢ TeM, YToGH MOXHO GBIIO BOCNOAB30BATHCI NPABUIOM
Jlomutans:

vinu

1n? exlinz_ g
. 2T =1 . zin" =z zln x ab
lim z = lim e =%
z—+40 =40
(BneCL MEl BOCIOJb30BAIUCh HEMPEPLIBHOCTLIO PYHKIUU T e® ¥ TeopeMoiil 0 Ipefiele MPOU3Be-
. . In?z
nex—ma). Ina HaxoxneHus a = lim zln?z = lim —=T TpHUMEHIeM BTOpoe, a NI HaxOXIEeHUI
z—40 z—40

PERE

b= lim : — mepBoe mpasuio Jomuransa. Kmeem
z—t0 ThHT
1 2
. Inz . 2lnz- - . —2lnz .-
lim = lim ———f = lim ——— = lim = =0,
z—t0 T} Tad0 —x=2 z40 T z—40 —
x
zinz t
. e -1 . e —1
Iim ——— = lim — =1.
z—+0 zlnz te——0 1

HMosromy oxonuatesso w = (0, 1). »

1 z
120. w= lim (tg L) s, (3 arctg x) , (thz)”
T 00 "2z +1 T i
« [Ina HaxoxeHUs Mpenena BekTop—hyHK UMY BEIYHCISIEM TIpeTelbl KasKIOH 13 €€ KOMIIOHEHT.
TlockoNbKy KOMIOHEHTH TpencTaBiadior coboil cTemeHHo-TIoKa3aTenbHEE BHPasKeHUI, To TpUMe-
HseM mpencTaBiaenne v’ = e’ % u > 0, 1, IpUBeNd COOTBETCTBYIONME HEOTIPEIENeHHOCTH K BULY
-g—, noabayeMcs npaguioM Jlonutans. Umeem

lim (tg )z=er~+w o+ otl (2241)%
z—+00 2¢ +1

-1 i
27 Him ((sin Z?rz ) (2.2:+1)_2) Zzli)mw sin —— @
— o wmtoo 241 —e 2241 =1, a= lim

e—oo 2z +1
. 2
R 2 x lim zin|=arctgz
lim (—— arctg x) = ezt (" ) =e?,

T—4 00

1 1
. 1422  arctgx 2
lim 22 setgr 2
z—=400 —— ™
72

roe z =

. . h z
lim (thz)® = lim e*™(P% = ¢
x =+ 00 z—+00
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ACKP p fil
rie .
1 1 9
. . * Th2 . x - z .
z= lim zlhn{thz)= Lm —'L’—-le—’ ==2 lim =-2 =0."
z—+co Z—t 00 - Z—t00 S T z—+o0o ch 2z . [
x
_2
Cnemopatenntio, w= [1,e¢ = 1}. »

121. Haitru npegen MarpuyHoil GyHKIMU
1 1
sin z\ =7 arctgz\ ~5
(59 (=)=

1 1\ o
(Arshz);; (47 z

x [

Az

) z €] -1, 1[\{0},
it
mpu z — 0.
« ITockomexy lim A(z) = (Iim a,g(x)), roe a;(z) — smeMeHTH GYHKUMOHANBHON MaTPUIE
T—a T—a

A(z), To BEIMMCIsIeM Ipefen JaHHOH MATPUIEL TIo3JeMeHTHO. MMeeM

. L sin x
. Sz zz 2 . 111—;‘ PR,
lim =e°, rme z=hm —&—,
x—0 T z0 T2 [ATEY
IIpumensem npasunao Jlonurans M
. z TCOoST — SN . TCosT —sing . —Tsing 1
z = lim - . 5 = lim ———3—————=hm-—5—=——.
=0 2z sin ¢ z £—0 2z z—0 6x 6
AHaOTUYHO TTOXYYAaEM LIS BCEX OPYIUX 3IeMEHTOB: : N
1 arctg x z [T
. arctgx \ ;2 = . = . z —'—‘1+$2 - arctg T R
lim =e”, z=lim 5+— = lim . 3 =
z—0 x x—0 X z—0 arctgz 2z e
. t—(1+z?)arctgr |, —2zarctgz 1
= lim 5 = lim 5 = ——;
z—0 2z z—0 6z 3
1
1 Arsh gz —==2 — Arshz
. Avsh z \ 72 = . In—— . z 1422
hm(———)m =e, z=ln—F—=lim . 3 =
z—0 z z—0 z xz—0 Arshz 2z
1. z—u(z) 1, —zArshz 1
= - lim ———~ = = lim o3 = —=
2z-0 x® |, 2z-0 3z .
(smecrk BBegeHO obosHavenue u(z) = V1 + z? Arsh z);
1 L
L < lIl !1+z! T
. 1+z)= . © . In(l1+4z)—2
lim (Itz)e =e”, z=lim = lim ( 2) = P e
-0 € z—0 X z—0 X R
A
.1
= lim X2
x—0 2z
Urak, okoH4aTenbHo uMeeM ' .
1 1 i AR
. e 6 e 3
lim A(z) = 1 o>
z—0 e 6 e 2
. 1 1 .
122. lim (—— —_.
=0 \T e —1
0
« HeompeneneHnoctb 0o — 0o MPUBOLMM K BUIY 7, MOXY MM
1 1 e —1—zx
r e*—1  zfer-1)
M, IBaKAEl IPpMMEeHUB MpaBuio JlomuTtand, uMeeM ) )
e*—1—12 e* —1 z 1

e
hm —————— =11 =h = -,
.‘LT}J z(e® - 1) zlﬂ) e* — 14 ze* ll_l.% e*(2+ 1) 2 >
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z cthz
123. w=1m (“12)
z—0 2 0

< Heonpenenennocts 1°° nmpuBogum k BUIY €0, mMoIyyaeM
y y
14 e® cthz ([n(l"';x))(thz)_l
=€
(=)

U, IpUMeHss MpaBuIo JonuTans, UMeeM:

14e”® 2
W) aer
. . +e 2
lim —————" = lim ——— = .
z—0 thz z—0 ch™?g 2

{=

Takum,obpaszom, w =e2. b
124. Uccnegopath Ha nuddepeHupyeMoCcTh B Touke = 0 MyHKuUIO
f { I—CTI_T, ecau ¢ # 0;
1T

z
1
3 ecimx = 0.

« Yccnenopathk Ha muddepenuyupyeMocTb QYHKUMHY B Touke £ = ( o3HadyaeT yCTAHOBUTH Cy-
e CTBOBAHME KOHEWHOTO Ipeena
+

f'(0) = lim -”—;;‘—‘———2 (1)

Openen (1) Gynem uckath no mpasuay JlomuTansd, piis Mero MBI JOMKHEL yOEOUTHCS, 4TO MU~
cmurend B (1) crpemurcs x Hymio npu z — 0. IIposepka ¢ mpumeHeHuem mpasunaa Jlomurans
TIOKAa3BIBAET, UTO

(1 1 1) . 2" =2—z —1x€” ) T—1-ge” 1 —ze
= lim

x

- = lim lm — =
a0 22(e® — 1) b 2(e$(1 F2)—1) 2 am02¢% + ze?

z—0

0
Urak, B dopmyne (1) umeem HeompemeneHHOCTh BHIA 5 Opumenss x (1) mpasuno Jlomurans
TPUKIBL, MONYy4aeM

m 2—=1 "2 _ m 2e® —2 —x —xe” ~ lim 2e® —1— €% — ge® _
20 z 20 2x2(e* — 1) z—0 4z (e? — 1) 4 2z2€e®
—ze” - 1 1
= lim i = e’ (z+1) =—-—; f(0)= _1 >

z—0 4(e® — 1) + (82 + 222) x—»O (12 + 12z + 2z2) e= 12 12°
125. Haittu acummrory kpusoit
gite
Yy = m, z > 0.
« YpaBHeHMe HaKJIOHHON aCUMIITOTHL uMeeT BUJ y = kz +b. Ucmons3osaB ypaBHeHUe KPpUBOIL,
HaxomuMm k u b:

z
k= lim ———= lim ——s% =-,
r—+oco (1 ) =400 (1 + %) €

. gite z . 1 1 1. 1\~
b‘zETm((1+x)w_E)”,E‘i‘w’” A+ ¢ =5 m (- (143) ) =

1
1 . e—(1+1)¢ 1 L 1 1
= =1 _— = I 1+¢ —_— s =
e? 2o ? @ dm A+ | gy ~ g+
_ 1 t—(14+tn(1+2) 1 . —ln(1+t)__i
T €240 12(1 +¢) T €2 ieqo 20+ 312 2’
Taxum obpaszoM, 1oryvyaem ypaBHEHHE ACUMIITOTHL Y = f + 515. OGocHoBaHKE 3aKOHHOCTHU

MHOTOKPAaTHOro UCHONAB30BAHUA IIPpaBUIa Jonutang met npegocCTaBiasIeM YHUTATENIO. | 4
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126. Bosmoxuo au npumenenue npasuna Jlomurans K Mpegeny
c1
z?sin -
m ———=%7
z—0 ST
.1 . .
< Dynxyuu f : z+— z°sing u gz — sinz, ¢ € R\{0}, onpenenens: u HenmpepeIBHE! B
1 1
OKPeCTHOCTH Toukd = = O (Mckmoyas Touky z = 0); Ux mMpoUsBoaMEIe f' 1T+ 2z sin s —cCoss H
g’ : T+ COSZ ONHOBPEMEHHO CYIeCTBYIOT Tpu = 7 0; Brrpaxenue (f'(x))? + (¢'(2))? = cos’z +

21 -2 2 .21
cos® - —2xsin = +4x°sin” ;. #FOmpuz A0 u

. f(z) _ i 2z sin = — cos &
lim lim £ Z, (1)
z—=0 g'(z) ~ z-0 cosx .
Tlockoxsky lim (2x sin i) (cosz)™* = 0, a tim (cos i) {cos 2)™* He cymectByer, To mpepex (1)
x—0 x—0

Takxke He CymecTByeT. CieqoBaTenbHO, MpMMeHeHUe mpasuiaa JIomuTans B JaHHOM IpUMepe He-
BO3MOXKHO. b

OrMmeruM, uTO
2

.1
z°sin = o1
m ——=% = lim -lim (zsin —) = 0.
z—0 SN T z=0 SINT  z—0 T
T sin
det
ef—1 1442
z = lim .
xz—0
rcoszr tgx
det gx
shz e
« Jlannbre onmpefenutenu Kak (QyHKIUU TepEMeHHON T YNOBJIETBOPAIOT BCEM YCJIOBMIM Ipa-
Buna Jlonuransg B HekoTOpoil okpecTHocTH Touky T = 0. [loaToMy, MpuMeHss MpaBHIIO, NOJy4aeM

1 Ccos T r sinz
det(e’—l 1422 )+det(e 2z )

z = lim =
-0 COST — ZSinT co T COST tgz
det( shz )+d ( chz )
det [ 1 + det
e o e
B 11
det(0 1)+det(

Ynpaxueuus RIa caMOCTOATEIBHOH PaGOTH

127. Haittu

—t

I
o
v

—_ O] D
-_o | oo
\—/

N——

Haittu cnepyomue npenensi:

x resin (1—28 —1—\/51‘
295. lim 88282 _  59¢ hme—;‘%’)—s. 297, lim 2077077

70 sin(sin 2)—tg(tg =) z—po afctg(z 20 arsh z4 _g':‘*,;
2
298. lim sh(e*  —cos z)—z2 299. lim sh(tg z)—arctgz

20 In(1422) 20 sin3 423

300. lim VE2+z42 ( 1 2 x2 )

- 52 .2 X
z—1 ’\l/22+82—3 (=-1)? z2 4ctg’—é—

. §$—2%2+4 a b c sh(3z) az b
301. il_,mz sin = (sin(z—2) -t (2—2)2>' 302. hm 3 zo341 (1 teE t 3_—';)

. a b c
303. lim (sh(z-4) to=mt (2—4)3)'

z—4

304. Lm (Vz*¥z3+2c+1-Vazl+z + 1+ Vzb + azt +1).

r—+ oo

In z Lz gln =
305. lim %—"=%  306. lLm —(L 307. lim Gmzl

= oo (0 2)7+z g0 (CLET)TET T
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1
308. lim sin (z2 arctg M) 309. lim (M) ot

Tt 00 22In 2 z—p \ sin(tg @)
sin z2 sin ;1‘2‘ tgx _2—;5
310. lim it . a1n pm ) s )
=40 al (1+x)3 __1) z—0
1 - L
() - (252) 5 (=) (=)
312. lim —= x . 313. lim

™
-0 x z—0

(ismx) z2 _(arsha:) %
314. lim i 7 . 315. lim sin®(1 —2%). 316. lim tg®(1—2z").
x—0 x z—40 T 0

. (1-{-—1‘2);%—(1—312)_-'%13 . 5_12 sh z'x— arsh z)* 2% —(2z)% =2
317. i . 318. lim . 319. lim

T—40 z®—1 T 40 arcsin (e*~1) T40 (In(1+2))*—1"
chz 2
. 1 2 22 . 5in%0 ) 322 . In100 5
320. ilg; (m e ;) . 321. ilg}) (199 Sinx) . 322. IBTw T > 0.
'8 e daa? — 1§ 2
. 14324422 — *Y1F8 (e*® 1)
323. lim Aootar F8 zln(e® — 1), el 1))
z—0 £ x
o rz SINZ COSZT
Sin TT—cCos T 1 _ Ctg (z _ 1)2 z2 tgz
324. lim er—1 (z=1)? . 325, lim —
z—1 arcsinz — = In(z+e®—1) z—0 | " —1 s’
ICSIN T — - — 1 (1
n(l+z)
r oz "
2 3 n+1 . 2
. . z T z zsinz
326. lim 5 327, lim =
om0 [z W2(1 +z) e E I tg z
n N4 1 2n—1

1

328. Ilycrs ¢pyHkuuu f u g B HekoTOpO# okpecTHOCTH U TOYKM @, 3a MCKIIOYEHMEM CaMOM
TOUKM a4, UMEIOT NPOM3BOAHELe A0 (1 +1)-T0 nopsafka srmOYNHTENbHO. [IycTh, Nanee, BRIOIHATCI
YCIIOBUA:

arcsin

1) lim f(z) = lim f'(z)= ... = lim (z) =o;
T—a T—a
2) lim g(z) = lim g'(z) = ... = = lim g ™ (zy=0; 3)3 lim -E—,,:—:%% =1, leR;

4) npousBoxHas g("+l)(z) # 0 B okpecrHoctn U. Torna

Cf@) o ()
:}I]ﬂ:l g(z) il—m gt (z)

Hoxazars 3T0.

329. Iycrs hynkuun f u g B HekoTopoi okpecTHocTH U TOUKM 4, 3a MCKIIOUEHHEM CaMOM
TOUKM @, UMEIOT NIPOU3BOIHEE K0 (n+ 1)-T0 nopsaka BKIIOYMTenbHo. [lycTh, Halee, BHINOMHAIOTCS
YCIOBUS:

1) im f(z) = lim f'(z) = ... = lim F™(z) = +o0;
2} 1i1¥1 g(z) = lim g'(z) = ... = lim g(">(z) = +oo0; 3) ILim Zfﬂ(:—iiﬁ)—(%% =l leR;

4) npousBoHas g("“)(z) # 0 B okpectHoctu U. Torma

AC) AR C))
lum = ——
g;ia g( ) il—»a. g(77‘+1)(z)

Hoxaszats aTo.



§ 9. ®opmyna Tenaopa " - 173
§9. dopmyna Tennaopa
9.1. ®opMmyna Tennopa Ha MpoMexyTKe.

Hycrs f:]a, 5{— R w 3f"*) ya Ja, 8[. Torpa Vz, o E]a b[A ¥p > 0 36 raxoe, urg.crpa-
BelMBa clenyomas dopMyna:

f(n)( 0)

n!

f(z) = f(zo) + f'(zo)(z = o) + ... + ——(z —20)" + Rat1(z),

rae

Rppi(z) = @z Q=072 pndd) (0 4 (g — 1)), 0< 8 <1, 1)

nip
(octatounbiii uier B opme lllnemuaexa—Poua). Us (1) npu p = n + 1 noxyvaeM oCTaATOMHLIN
qieH B popme Jlarpanka

I — 1o n41
R"-{-l(z) = K_G—-F_})T_f(n+l)(x0 + 91(1: - 120)), 0< 91 <1,
amnpu p=1 — ocratouHb uieH B ¢popMe Koun

Rut1(z) = (’—_%’L— —82)" F ) (20 4 b3(z — zo)), 0 <82 < 1.

9.2. JoxansHas tdhopmyna Tengopa (mau dopmyra Tennopa c OCTATOTHKIM WICHOM B
dpopme Ileano).

Ecau chynxuus f, onpeneneHHas B HEKOTOPOH OKPECTHOCTH TOYKM T, UMEET KOHEYHYJO Npo-
M2BOIHY IO f(")(zo), TO CHpPABERJHUBO NMPEACTaBIEHUE

f(z) = f(zo) + f'(zo)(z — m0) + ... + Mz )Lx———)— + o((z — z0)™),
r — Ip.
9.3. Ila1h OCHOBHEIX Pa3JOKEHHH.

[lonoxus Bo Bcex popmynax Teinopa nyuxros 9.1 u 9.2 1o = 0, MOAYYUM COOTBETCTBYIOIHE
dopmynast Makiopena. W3 gokanshoi dopmyasr MakinopeHa BHTekaeT NiaTh OCHOBHEIX Pasjioxe-
HMIT: . . o

L. e$=l+z+x2—!+ +%!—+o( ™), z -0

: z3 n—1 z2" 2n
I sinz =2 — %+ ... +(~1) (2n—l)'+0( ), ©—0;

.'E

L cosz=1-%+ ..+ (=) Gy +0(z), 50
IV. 1+ z)y"=1+mz + J———Z:ﬁ 4 ... 4 moDno2) o (montd) pn o(z"), =z —0

n!

. ln(1+z)—z—-—+ (- 1)"_1$ +o(z™), z—0.

9.4. ®opmyna Teranopa anasd BekTop—GyHKIUMH.

Mycte exrop-dpyukuus f :la, {{— E* umeer mpoumssonmyio (n + 1)-ro nopsnka Ha Ja, b[.
Torma Yz, zo €la, b[A Vp; >0 30;, =1, k TakMe, YTO CHpaBeNiuBa hopMyia o

(24
)= 3 220 ) Rea(),

t=0

re £(z) = (i(2), fa(a), -, Fu(2)), :
n+41l
Rn+l( ) (Rn+1y Rn+11 LR RZ—}-I)

)
("+1)(
f; zo + Ox(z — xo) s
=2 )(1—9j)" Pitl <8< 1.
Py

s BexTOp—(hyHKUMU CIIpaBeNJNBa JOKadbHasd ¢GopMyaa Ternopa.

Hanucarte pasnoxenuns cilenyiolux QYHKUMI TO LeEJRIM NOJOKUTSIBHEM CTENEHIM nepeMe}{-
HOM T [I0 4JIeHOB YKa3aHHOI'O MOPSAJKA BKIIOYUTEIbHO: A

(z = 20)
n!

J
R’n-{- 1
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2
128, f:z— 1-‘-1:% mo unena ¢ z*. Yemy panHo f(4)(0)?
—z+4zx

« Ilpencrapuss 3navenue pyukuuu f B BUIE
f@)=1+ 2z 42251+ )7}
M IOAB3YSACh pasinoskenueM [V
(l—i—:cs)_l = 1—z3+0(z5), z — 0,
nojyyaeM
fz)=14(2z + 2:52)(1 — 4 0(1?5)) =142 +25% -2z + o(z4), z — 0.
CpaBHuBas NONYYEHHOE BEIPAXKEHUE C PABNOKeHUeM B 001EM BUae (CM. MyHKT 9.2), HaxXoguM

o,

= "2 orkyma f(4)(0) = —48. »

129 2z—x2 5
. e IO YJieHa C T .
4 Honaras t =2z —z% u MCIIONb3Ysl pasiiodKeHWe |, umeem

. tZ t'3 t4
e =1ttt m+gmty +-+o(t)_

—l+(2z—z)+ (2 — )+ l(2:5—:52)5-+-0($5) z—0

z z 3 3 ’
(Mez yuwau, uto o(t®) = o(2z — 2*)® = o(z°) npu z — 0). Bmmonnss manee LooTBETCTBY I01He
AEHCTBUS ¥ 3allMCHIBAs B Pa3iOKEHMM WI€HE 10 z° (z°, 7, ... BHOCMM B o(z )) OKOHYATeIbHO
noJyyaeM
—x 2 5
e® 2:1+2z+x2—-§z3—€z4—1—15—z +o(z ), z—0. »

3/
130. Vsinz® no unena c 2.

« Tonoxum z° =t u BOCIIOJIL3YEMCS pasioxeHueM GpyHKUUH sint 1o ¢popmyne Makaopena:

. 13. 1 5 6
t=1— 24— 4 o(1%),
S st Tt to)

a Taxxke pasnoxkeHueMm V. Torma monyuum

1
1 2 3 1 1
Vemit=13 <1—-£—+—t——-+0(5)>3 =3 (14 a(t))3 =
1 101, 2) L 1/ £ ¢ 1/ ¢ Y s
=1t 1 - — — =1 1 — | —= [ERSUUEE BT —_— t —
3( e ge el =t o gt ) gl ms ) to)

1 t2 t4 5 z6 $12 15 z7 zlS 16
=3 (1— — — t = 1— —— =z — — — .
< 18 320 100 ) == 18~ 32a0 T °C =18 3m0 T ¥

6
131. lncosz no unena c z°.
o IIpumensas pasnoxenus V u I, nonyyaem

el | . sin® ¢
Incosz =In /1 —sin’z = Eln(l—sm2:c)= %— <—sin2:c— sm2 z _sinz +o(z )) =

1 $3 $5 6 2 1 :cs 4 * $6 7
——§(<$—?+ﬁa+0($)> +§ z——6—+0($) +?+0($) =

132. sin(sin z) mo unena c z°.
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« llounbsysace pasnoxkenneM I, umeem

sin(sin z) = sinz — SILGE— + ofsin* ) =

175

z? 1 1, 3 4 C 4y z? 4
= <z———3T+o(z ))—g(z + o(z")) + o(sin z)_z—?+o(:c Y. »

133. tgr [o 4neHa c z°.

o Ilockonbky byHxiMs tg £ HeueTHas, TO ee pa3ioXKeHUe B OKPECTHOCTH TOYKH £ = 0 uMmeer

BU],
tgzzAz+Bz3—f—Cz5+o(z6), z — 0,
rae A, B, ¢ — xospduumenrtsr. 3anuceisag (1) B pupe
sinz = (Az + Bz® + Cz® + 0(:56)) cosz

¥ ucnonbays pasaosxenus I u [, momyuum

3 5
z T 6y AN 3 A B\ 6
St et = art (B )2+ (OG- F) 406, w0
OTrciona, npupasHuBas K03 PHUUMEHTH IPH OTMHAKOBBIX CTENEHAX T, HaXOAUM
1 2
A=1 B=z (=1

TaxuMm o6paszom,
3

2
tgx:z-{-%——{—ﬁzs-{-o(z(s), z—0.p»

(1)

134. Hajtru Tpu wieHa pasmoxenus QyHKumMM f : T — +/T Tio HEIBIM MOJOKUTEIBHEM

CTeNeHIM PasHoOCTH = — 1.

4 Bocronwzopasmucek dopMynoit Tennopa ¢ ocrarodnbiM yneHom B popMe [leano, noayuum

flz)=f1)+ fl(l)(z -1)+ L;('H(z — 1)2 +o((z ~ 1)2), z — 1.

3aTeM HaXOIUM

F) =1, @)= F =5 F0) == 1) =

Ve

U, IOACTABUB I3TH 3HAYECHUA B NOJAYIECHHYIO (popMy.r[y, OKOHYATEJIBbHO HMEEM

flz)=1+ %(z—l% %(z—lf +o((z=1)%), z—-1.»

. T
135. Dynruuio f 1z — ach =, ¢ > 0, B 0kpecTHOCTH TOYKU £ = () NMPUGIUKEHHO 3aMEHUTH
a

napabollor BTOPOro MOpsigKa.
« [lockonbky

r 1/& _= z? 2
ch;:;z—(ea—}—e a):l+ﬁ+o(z), z — 0,

TO f(z)=a+;—z+o(z2),z—>0. »

136. dynxumio f @z — /1422 — 2, £ > 0, Pa3NoOKUTh TO LEIHIM MONOKUTETHLHEIM

cTeneHsaMm npobu — No wieHa ¢ -
T T

4 TlpeobpasoBriBag BEHpakeHue /1 + 22 — T U MONB3YIACH paznoxeHueM [V, nonyvaem

sz fre 1) =o [ (14 4)7 1) =

(i o))~ e el
=2 2z2 8z4+0 z° T2z 823 T
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3 o
137. dyuxuuo .f : z :_:- 7 T €] — 00, +oo[, pasnoxure no dopmyie Teitnopa ¢

OCTaTOYHHIM uieHoM B ¢opMe Jlarpamska. PasnokeHue BecTH B OKpPeCTHOCTM TOUKM To = 1 M
HalTH NEePBEIE TP MJI€HA Pa3IOKEHU.
4 UckoMoe pasiiokeHne UMEET BUI
"y "y +0(z—1 .
f@)y=f)+f(O)(=-1)+ fz—(l)(z -1+ Ay_(—l(z -1)°, 0<o<1.
HaiigeM 3Havenue PyHKIMM M €€ TPOUBBONHEX B Touke z = 1. meem
3 1 1
1) =1, 1) =~= 1) =—-.
£(1) P == 1y =-7
Takum obpasowm,

fo)=1- - b SO0 gy,
138. Tycrs .
Fla+h) = F@E) +hf () + ... + 2z 4 0B, M

rne 0 < § < 1, npuvem f("“)(:c) # 0. Jloxasats, urto lim 6 = .
h—0 n+1

« Tlockonvky f(”‘”)( ) cymectsyer, To Tmo Gopmyre MaknopeHa ¢ OCTaTOMHEIM YJIEHOM B
dopme Ieano sanuiem

fle+h)y=fE@) +hf'(x)+ ... + %f(")(z) + fO (@) 4 o(B™Y),  h—0. (2)

(n + 1)
h™
Brruuras us pasenctsa (1) paBencTBo (2) M cokpamas Ha ., MUMeeM

f* (e 4 6k) = fM(a) _ f*(z) | olh)
h T on4+1 h’

oTKyna

_ (£ om) (o0 - £V @)
- n+1 h 6h
Nepexons x npeneny npu h — 0 B 9TOM BHIPa’KEHMM M NPUHMMas BO BHUMaHUeE, YTO f("“)(z) #0,

HaXOIUM hm 6= ?{1—1 >

139. nym, fec®(o,1]) u £(0) = f(1) = 0, npuuem 34 > 0 : |f"(z)| < A ¥z €]0, 1[.
HOokasars, uto |f'(z)] € % vz € [0, 1].

« Ilo dpopmyune Teitnopa umeem
2
f0) = f@) == @)+ ["(€)F, 0<&<z<T

f) = flz)+ @) -=z)+ f"(fz)(—l—fz-i, 0<z< &<,

oTKylla
1
f'($)=§<"€)x —f”(f) )), 0<z<l.
O1eHNBas 9TO PABEHCTBO 110 AGCOMIOTHOM BEJIUYKHE, TTONYyIaeM
A
FHEES 5(2752 —22+4+1), 0<z<1

Horak kak 0 € 222 — 2z +1< 1npu 0K = £1,r10 |f (z)| € uTo U TpeboBaoCh NOKa3aThb. P

7)
140. Ilycres f — pBaxam muddepeHuupyeMas Ha | — 00, +oo[ dyuKuMT u

M, = sup |f(k)(:c)[ <400, k=0, 2.
—o <<+ 00
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Tlokxasars HepaseHcTBo M7 < 2My M,
« Tlo popmyne Tentnopa nmeem

fla) = f@)+ F@)mo—n)+ fEZE

OTKyma

2 c
1f zo)l z)l"‘lf (z)||z0_z|+1f”(€)||z0 | M0+M1y+M2 y=|1:0_—1?.

TTockonvxy Mo + My + —M2y > 0 npu BCex y, TO Ml 2MoM,.

141. ¢ HOMOI].[LIO ¢$opmynst Tennopa NpuGIMIKEHHO BRIUCIUTE:
"a) sin 18°; 6) arctg0,8.

4 a) Cornacno dopMyne MaxjiopeHa ¢ 0OCTAaTOMHBIM UieHoM B opme Jlarpanxa,

sin 18° = s T_r 1 7r3+1 7I’5+R
‘ =S5 =105 10° T 120 105 T °

T
o7 - UTak,

2 4 2
. 9,869604  (9,869604)
sin18° m — (1 — —— 4 —" ) ~0,314159 [ 1 - 2 : ~
- 10 < 600 T 12108 31 600 T 12-10°
~ 0,314159 (1 — 0,016449 + 0,000079) = 0,309017.

rre |Ry| < %~1

6) Hpumenss dopmyny Teitnopa, umeem mpu xo = 1

—

arctg 0,8 = arctg (zo — 0,2) = arctg zo — (arctg z)'|s=sq - 0,2 + = - 0,04 (arctg 2)"|z=ay —

|3

1 cat
— - 0,008 (arctg £)"|amzy = ir- ~0,1— 0,01 — 0,00066 = 0,67474.

2 4
1——(—119;?%<12npu0,8<£<1,'r0no

¢GHOpMYIie OCTATOMHOIO HieHa B (DopMe J'Iarpa}mca TMOJy4yaeM OLEHKY NMOIPEMHOCTH

Hockonsky (arctg )M |oms, = 0, (arctg )P,z = 24

[Rl< (02) <3,2-107°. »

el
142. Berumcaurs:
[} -5 \/“ -4
a) cos9° ¢ TouHocThIO g0 10775 6) V5 ¢ TounocTeO 10 10
4 a) OnpenenuM YMCIO YiieHOB pa3ioxkeHns GYHKUNK KocHHYca TIo dopMyise Maknopena ans
NOCTHMKEHUS 3alaHHOM TOYHOCTH. Ero MOXKHO NONYHTh 3 OLEHKU OCTATOYHOTO YJIEHA B (bopMe

fr,

Jlarpanxa. Tak xax 0 < ¢ —9— < 20, z = 20, TO
|R2n2] = (conz) 7 leme (1)2"+2 < L <1077,
(2n + 2)! 20 2027+2(2n + 2)!
otkyna n > 2. Taxkum oGpasowm,
c059°z1—%(%)2+:—! (%)4z0,98769.
6) Pyuxumio f : z — /T, z > 0, pasnoxkum 1o popmyre Teiliiopa B okpecTHoCTH TO4KH

zo = 4:
Vi=24 (o8- e -0+ -0+

512
n=lon—3 n
+%( ="+ Boga(2), n=2,3,...,-

The i

_a- YIDa—
Rngi(z) = (n + 1)1 27¥1(4 + 6(z — 4))" 05’

0<é<1.
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Ilonaras B pasnokeHuu z = 5, nonydaeM

1 1 1 —1(2n = 34
VE=24 -t emt o+ (D) 1(7!237_)1+Rn+1(5)- (1)
Us ycaosus
(2 -1)1 —
|Rn+1(5)l < W < 10
HaxonuM, uto 1 > 4. Torma us (1) cuepyer
1 1 1 5 .
\/gz2+z_@+.5’_1§—21=2,236022 NN

Hcnonpays pasnoxenus [—V, Haitu cregyione npepesl:

143, lim (-%) .

xz~0 o
« IIpumensas pasnoskenus I u I1I, nonyuaem

2
COS T — exp (—%) 1 22 gt 2 4
. . 5 xr xr 5 _
ll_l’ﬂ) - =11n1———<1——+§+0(z)—(l——+—+o(z)))_

144. lim (Vz6+z5— Vz6—z5).

=>4 00

« IIpeo6pasoBaB BelpaskeHile, HaXo[lAnieecs TOM 3HAKOM Npefena, ¥ NPUMEHUB pPa3IoXKeHUe
IV, umeem
1

hm (\6/x6+$5—{;/$6—$5): im =z (1+l)6_(1_l) _
T=+4 00 Tt 00 T

z

=

I (1+1+0(1> (1 1 +o(l>>) LS
= lim =z — ] —{1-= - = =
2=t oo 6z T 6x T 3
. 1—(cosz)™=
145, lim ———L
5 xlir}) z3
« Tlonpsysce npencTapienuem u® = e’ *, u > 0, ¥ pasnoxenusmu 1, V, Haxomum
) _ . 3
hm z—s(l _ esin zln cosa:) = lim 1 (1 + smzlnscosz + O(z )) —
z—0 z—0 z
= —lim lncosz _ lim In(1 — sin’ z) _1 i sin® z + o(z?) _ l >
z—0 I =0 2x2 2 -0 z? 2

146. w = lim 2 *(sh(tg z) — 2).

z—0

3
« 31ech NpUMeHsEM pasnoKeHHe |, a Takoke UCNONL3YEM pasioXeHue tgz = z + % +o(z*).
Nmeem

1 z3 3 23 3
w = lim tga;+5tg3z'+o(z3)—z - i e+ T +o(z°) 4+ T +o(z’) —z =l'>

z0 T3 20 z3 2

Jdus 6eckoHeuno Maoi Npu T — 0 BeIUIMHBL § ONpPENENUTh [IaBHEIH wieH Buga Cz" (C —
NOCTOSIHHA ):

147. y = tg(sinz) —sin(tg z).

<« Ilpexkne Bcero ycraHoBUM pasioxeHue

32

17
tgz=z+%+ 2+ —z +o(z?), z—0.

15 315
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HelicTBuTENBHO, TIPEACTaBIAL tg 2z B BuOe sin z(cos z)_l U ucnionways pasnoxkenus I[I—IV, nmoxy-
JaeM

. . _1 . 1. 3. .
tgz:smz(l~sm2z) 2 =smz+§sxn3z+gsmsz+%sm7z+o(z8)=

z3 z° z7 1 z3 z° ¢ z? s 5 4 8
srogtmomts P owty) tlea) T o=

3 .
z 2 5 17 7 8
—4 — —z' 4oz z—0
3t tape tol) ?
4TO U Tpe6OBAIOCH 0Ka3aTh. Vcnonb3ys sTy GopMyny, a TakKe yNOMSHYTHE PA3I0/KEHU, NOJY-
JaeM

=z +

tg (sin z) — sin(tg ) sin:c+sm3z + 2 sin5:5+ 17 sin” tgr + tgsx
= S — = & J— —— ¢ T — = =
v=1e & 3 15 315 & 6
5
tg®z  tg'z 8y L L | 2 28 2 z®
B TR Ak Al T T T U i - B T Sl ) s
3
17 4 2 2 5 17T ;1 2 2 5
BT B T TT A G ST B
5
1 23 z7 z7
‘7%@*?)+W+W“=§+W“ =0
T
orkyma Cz" = L. CifepoBarenrno, C = %, n="T.»

148, y=(1+ )" -1.
« IIpumenss pasnoxenus [ u V, noryuaem
y=e""0) 1= sh(l+z)+o(x?) ==z (z - 52—2—+ o(z2)) +o(z?) = 2% + o(z?), z—0.
Urax, Cz™ = z°. (_7J1e11013a"lreJILHo, C=1,n=2.»
149, y—1- L+o)*

e
« Vcnonssys qopmyny v’ = e”'™*, u > 0, a Takke pasinoxenus V u I, naxomum

2 -1
y=1—exp{i—ln(1+z)—l}ZI—EXP{%(z—%*‘O(zZ)) }=

=1—exp{——§-+o(z)}:1—(1—§+o(z))+o(x)=§+o(x), z — 0;

Cz" =

1
y C=§, n=1.p

o8

150. Hono6pars xosdpduumentss A u B Tak, uro6u npu z — 0 6kLI0 cnpiiBen.rmno paBeH-
CTBO
1+ Az?

t = ——
8T z + Bzd

+O(:c5)‘
< Unmeem .
_cosz 1 + Ax 5 ,
ctgr = sinx -+ Brd +0(="),

orxyna (z + Bz?) cosz = (1 + Az?*)sinz + 0(17). Ucnonssys pasnoxkenus 11 u I1I, nosyqaem

2 1 3 5
(z + st) (l — %T + :CL—' + O(z6)> =(1 +A:c2) (:c — % + -:;—‘ + O(:c7)> + 0(:1:7),
OTKyda
z3 z5 7 3 135 .163 z® 7 3 A 5 7



180 - Tn. 2. {nddepennuansHoe ucancaIeHe PYHKIUI OlHOM IepeMeHHOM

1 B 1 A
CnemoBaTebHO, -~—f—B A— 6, M3 = T — s OTKyma A-——— B__E >

151. Opu xaxux xospduumenTax A, B, C u D cupasegiupa npu £ — 0 acUMIITOTHYeCKas
¢dopmyna
«_ 1+ Az + Bz’

S e ®y?
1—+—C:c—+—D:c2+O(I )’
4 Mmeem
1‘(1 + Cz + Ds®) =14 Az + Ba® + 0(z°). (1)
Tockonpky €* =1+ = + = o + 3, + —+O( %), TO U3 (1) monywaem
z? z’ z* 5 | 2 2 5
l+a)+-2—+€—+ﬂ+0(z )} (1+Cz+ Dz"y =1+ Az + Bz" + O(z”),

OTKyOa, 3alIMChiBAas B Pa3JOKEHHUU “JIEHBI OO0 $4 BKJIIOUYUTECIABHO, HAXOOHUM

o 2 1 3 o 4
l+C':c+Dz2+:c+C$ +Dz3+$‘7+%z3+—?z4+%—+€x4+;—4=1+A$+Bz2+0(z5).

Otcrofa, npupaBHUBasi KOu(P(UIMEHTH IPY ONUHAKOBLEIX CTENEHIX £, MPUXOIUM K CHCTEME ypaB-
HEHUH:

C 1 1 D C 1
7 :/1 —_— - = b - = —_ — _— =
C+1 ; D+2+6 0, D+(+~) B, st tg=0
PE€LIMB KOTOPYIO, Mojayluaem
1 1 1 1
= - = — ,'=—— D:—-——
A=3 B=3 C 2’ 1z >

152. Cuyuras |z] Manoit Benu uHOlL, BRIBeCTH TPOCTHIE MPUBIUIKEHHBIE DOPMYJIBI s CELY-
JOIMX BHpa)KPH]/[ﬁ

) 3/1+1‘ In 2
1—-z 1+”’ ln 1+—).
« a) Ilonr3syscek pasnoxenuem IV, nonyuaem
3 l+1, 1 L 1 1 _L
”1_ \3/1_*‘:6 (I1+2)3(1-2) 3—(1—-=)3(1+2) 3 =
1
(1+ 3% 5% +0(2)>(+—z+ :c+0( ))—

(-1, _1.- 2)(__ 2.2 2)_i 2y, 4
(1 31, 9:6 +o(z™)) |1 3z+9:c + o(z”) _3:c+0(z)~3z.

6) Ilpumensa paznoxenue V, mpuxopum k NpubIReHHON GOpMYyie

In2 _ In2 ~1001n2~70 >

- 2 ~ ~
In (1+—1—OE) 135*2104+0( ) r *

1 T

153. Bexrop-diynxumio f: z — (_:c_’ Py arctgz ), z € R\{0, —2}, pasno&kure no uersm
2

NONIOKUTEABHBIM cTeneHsaM GuHoMa £ — 1 o wieHa ¢ (¢ — 1)° BKIIOUHTENBHO.

4 Uckomoe pasiokeHue MoxeT GbITh MOIYYEHO B pe3ylibTaTe IPpUMeHeHus popmynnt Telnopa
IJIsL BEKTOPp— (DY HKUMH (CM. NyHKT 9.4):

£(z) = £(1) +£'(1)(z ~1) + lf"(l)(as ~1) +Ra.

Hockonpky (1) = (1, T 4) (1) _( 1, 9’ _) £/(1) = (2 27) __) 10

f(z) = (17 %1 g) + (—1, %’ %) (z—-1)+ (l, —527’ _i_) (z — 1)2 +Ra,

rae R3 — ocraTouHsu uleH B xakou—aubo dopme. p
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YnpasxkHeHUs O CAMOCTOATEIBHOH paGoTel :

Pasnosxuts no dpopmyne Teitnopa cnenyomue dyHxuuu:

330. f: 2w (sinz)™*, z > 0, B Touke zo = 1 mo wiena ¢ (z — 1) BKITIOMKTELHO,
OcTaTOYHBIH eH B3ITH B (popMme Hea}{o.

331. f:zw— tg(z + z?) B Touxe zo = 1 g0 uieHa ¢ (z — 1)2 BKIOUMTEenbHo. OCTaToOuUHHIT
“tieH B34TH B opme [leano.

332, f:z %;-, £ >0, B Touke o = 1 mo unena ¢ (z — 1)® prmounrensHo. OcraTounsrit
4neH B34Th B (popme [leano.

333. f:iz— ze’”g, z € R, B TOUMKEe Lo =2 [0 uNeHa c (z — 2)2 BKIIOUNTeNbHO. OCTaTouHbI
“LIeH B3ATH B thopme Jlarpan:ka.

334. f:z > zarctgz, z € R, BTOuKe Tg = 1 g0 YneHac (:c—l)2 BKIIOUMTeNbHO. OCTaTOUHBLI
“wieH B34ThH B popme Koun.

335. f iz — /1 —z2arcsinz, |z| < 1, B Touke 2o = 0 O 4iaeHa € T° BKIIOUMTEILHO.
Ocrarounstit WieH B3aTh B (popme [leano.

336. f: z — (cos(sin 2), sin(cosz), %), z € R, B Touxe zo = 0 o unena ¢ z*.

337. f:z — (fi(2), f2(2), f3(z)) B Touke To = 0 Ko unena ¢ z°, rue

fl(z):eTfi__T, £#0, f1(0)=2;

sin &

co; x —-1 1
foz) = Y=5=—, 2#0, f2(0)=—7; fa(z)=arshz.

[Tonb3ysce noxanbHOU (popMynou MakuopeHa, oAy YHUTH Pa3NOKEHUS IO LENBIM OJTOKUTETb-
HBIM CTEHEeHSAM Z [0 “1IeHOB HauboJbLUIETO MJIM YyKA3aHHOIO HOPAAKA BKIIOMMTENBLHO CIENYIOUMX
pYHKLMHI:

6 . 1
r'sm—, #0
338.f:;z:+—»{ z? #9,

0, z =0

23 | e -
339. f:z ¢® °l. CnpasemnuBo nu pasnosxenne

e’ = 1 4 | 4 S 4 ZED (gt
L
340. f:z+— e <, £, (mo umena c z'%).
0, =0
CnpaBegaHMBO JIM Pa3ioXKeHHe
-L 1 1 1 1

341. f: X =Y, z=2t— ¢, y =3t —t* (no unena c z%).

342. f: X - Y, v =2t +sint, y = te' (mo unena c :cs).

343, f X - Y, s =t—* y=4t —¢* (mo unena c £°).

344. f: X - Y,y  +y—z =0 (no unena c z°).

IMoarsysace gopmyinoit Makiopena ¢ ocraTouHeiM 4ieHoM B ¢popMe Jlarpanka, NOAYYHUTH pas-
JOMKEHUS TIO LeNBIM TIONOKHUTEIPHEIM CTENIEHIM T JI0 “JIEHOB YKa3aHHOI'o NOPANKA BKIIOMMTEILHO
CclIeyomux GpyHKIUH:

$3

2 #0, (no unena c z?).
L 1, =10 .
346. f: X — Y, z* + y* +sinzy =1 (mo uaena ¢ z° na orpeske [~1, 1]).

347. f iz ew‘/;, z > 0. CUnpaBegiuBo 11 pasioKeHHe

aVE _ o | /e (avR)™ | (aymntt
A B R T ey R e 1y , 0< ¢ <27

345. f iz —

348. Hycre f:x +— cos(D(z)), rae D — dyuxuus dupuxiae. CripaBeninso i1 pasiokeHne

x 4 xT T
cos(D(z))y=1- —D%(!—Z + ]—3%—2 - .. (-1) —(2—71(5,—2 + Rang2(z)?
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Haiitu Bripaxkenue gust Rapya(z).

ITono6pats koadbdunuentsr A, B, C' takum o6pazom, 4To6bl nmpud £ — 0 CIpaBeRIUBHL OHLIU
clregylomMe aCUMNTOTHIECKME PABEHCTBA ¢ HauboJjIee BOBMOXHEIM UX MOPSIKOM TOUHOCTHU (ycTa-
HOBUTB 3TOT MOPSNOK OTHOCHTENBHO Z):

349. arctgr = at Az +O*(z"). 350. arcsinz = chAz? + O*(z™).

14 Bx? 1+ Bz
x "22 * n J x *
351. In(1 +z) = £45- + 0%(z"). 352, T4z =115+ 0%(z").
353. (1+2)° = H;‘:—Zfﬁ + O0*(z™). 354. arshz = fi’g:z + O™ (z™).

OueHnTsh a6COMIOTHYIO IMOT PERIHOCTh IIPUGIMKEeHHEIX hopMyL:

z? 4 1 2
385. cosz & 1 — -+ 3 npu |z < 1. 356, ¢/ =1+ = npu |z| > 10°.

357. arctgz = 5 — % npu |z| > 10°.
358. sin(asin(wr)) & awz — a%:xs npH |awz| < 0,1.
359. f'(z) = L2 oy h) <010 360. f(z) & LERREIETR) gy h) < 0,1
361. f"(z) x LERWEIEN2ME) ypy (h] g 0,1,
362, Ilycrs f ynosierpopser ypasuenuwo f'(z) = F(f(x)), rne F — usBecrnas, nocraTouHoe
uKciao pas guddepeHyupyemas byuxuusa. [lycrs
z 4+ h)— f(z
oy~ Kot = f1o)
Torma f(x+h)— f(z) = hF(f(z)). Ouenurs |f(z)— f*(z)|, rne f* — ynoBierBOpseT ypaBHEHUIO
@+ h) = £1(5) = hE (' (2)).
363. Ilycrs f ymosnersopsier ypasuenuio f'(z) = F(f(x)), rne F — uspecrnas, mocrarou-
Hoe uMcao pas nubdepeHuupyemas pyukiusa. Ouewnnts |f(z) — f*(z)|, rne f* ymosirerBopset
YDPABHEHUIO

x4+ k) +4f(z) = 5f"(z — h) = 2h(2F(f*(z)) + F(f"(z — h))).
Ucnonbsys pasnoxenus | — V, HallTh clleqyiomue mpenest:

1
. sinda%—e=’ 1 . (coszsinz)8—1-Z4 2
364. lim =———-. 365. lim 816

(cos x—ch z)?

z—0 z—0 lr|2(<s+x)—x—2
1
366. lim (x2e—3 — V¥ az + 1>.
x— 00

. In(14sh z)—zx 1-—1—21:3 N N hsh
367. lim 8 368. lip h(ncha)—in(chshe)

3 m
z—0 tgx_x_% =0 x

§10. IrcrpemyMm dyuknuun. Hamboanmee u
HalMeHbllee 3HA4YeHUsl (PYHKIUU

10.1. OxcrpemMyMm byHEUUU.

Omnpenenaenune. [Tycmv gynxyus f onpedencna 6cody 6 Hexomopotll OKPECIMHOCTAY MOUKY
¢. Bydesm zosopumv, umo Qymxyus f umeem s mouxe ¢ Aoxaavuvili maxcumym (munumym),
ecau natidemcs maxas OXpecmHOCmML mouxu ¢, & npederar xomopol snauenue f(c) Aeasemces
nauboavwus (Haumenvwum) cpedu scer dpyzuz 3nauenud smot PyHxyuu.

JlokanbHBIN MAKCUMYM U JIOKAIbHBLA MUHUMYM 06beIUHAIOTCS OOHUM Ha3BAHUEM SKCMPEMYM.

10.2. HeoGxonuMoe ycinoBHe 3KCTpeMyMa.

Ecau dyskuus nuddepenuppyema B Touke ¢ 4 HMeeT B 9T0il Touke skcrpemyM, To f'(c) = 0.

Ompepenenne 1. Kopnu ypasuenus f'(z) = 0 na3vieaomcs cmoyuonaProing MOYKaMU
dynxyuu f.

K Toukam, mogospUTeNbHBIM Ha 3KCTPEMYM, ClleAyeT OTHECTH U TaKUe, B KOTOPHIX IIPOU3BOAHA
dbyHkiuu f He cymecrByer.

Onpenenecuue 2. CmayuonapHbie mouxy u mouxy, 6 KOMOPLIT NPou3sodnas PUHKyuU He
CYWECTNBYEM, HAJLIGAOMCA KPUMUUECKUMY MOYKAM Y IMot PYHKyUY.
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10.3. JocTaTro4ube YCIOBHI 3KCTPEMYyMA.

Ilepsoe npasuao. Ilycts dyukuua f muddepenuupyeMa BCIOKY B HEKOTOPOH OKPECTHOCTH
TOYKM ¢, 3a UCKIIOYEHHEM, 6BITh MOXKET, CaMOIl TOMKM ¢, M HelpephiBHa B To4ke c. Torga, eciu B
Npefeax ykasaHHON OKPECTHOCTH NPOM3BOgHasA f’ NoXOKUTedbHa (OTPHIATENbHA) ClIeBa OT TOUKH
¢ U oTpHuaTelbHa (IIOM0KHUTEIbHA) CIIPaBa OT TOUYKH ¢, TO QyHKUUs f MMeeT B Touke ¢ JHOKAaNBHEIH
MakcMMyM (MuHUMYM). Eciu ke nmpoussonnas f' uMeeT oMM U TOT ke 3HAK ClIeBa M CIIpaBa oOT
TOYKH €, TO 9KCITpeMyMa B TOYKe HeT,

Bmopoe npasuao. llycrs dyHkuus f umeer B HaHHON TOUKE BO3MOIKHOIO IKCTPEMyMa KOHeu-
HYIO BTOPYyio MpousBoauyo. Torma ¢yHkuus f UmeeT B Touke ¢ MakcumyMm, ecin f'(c) < 0, u
munumym, eciaun f"(c) > 0.

Tpemve npasuro. HyCTB 1 ~— HEKOTOPOE Heoe MOJOKUTENbHOE YHCIO U NYCTh (bymcuml y=
f(z) uMeeT B HEKOTOPOIT OKPECTHOCTH TOUKH T = ¢ IIPOM3BOJHYIO MopAaka » — 1, a B caMolt Touke
¢ — NPOU3BOAHYIO N—T0 nmopsagka. llycTe B TOYKe T = ¢ BERIMOMHAIOTCA ClIeRyoude COOTHOMEHH:

1 ’ -1
=)= ... =f"Dy=0, ) #0.

Torna, ectt m — eTHoe YUCIoO, To GyHkuUsd ¥ = f() UMeeT MOKANBHBIH IKCTPEMYM B TOUKe
¢, a uMeHHo: Makcumym, eciu (™ (¢) < 0, u MHHHMYM, ecan f(")(c) > 0.

10.4. AGCOMOTHHH 3KCTPEMYM.

Hau6oubmee (Haumenblree) sHaieHue HelpepEIBHOI Ha cerMente [a, b] dyukuuu f mocruraer-
o1 nu6o B KPUTUYECKOH Touke aTOH QyHKyuH, AM60 B TPAHUYHBIX TOUYKaX ¢ M b 3TOro cerMeHra.

WccnenoBath Ha 9KCTpeMyM cilefylouiue ¢pyHKLHN:

154. f:z>2™1-2)", z€R, m,neN.

« Haxopgum npoussonuyio dyukuuu f ¥ npMpaBHUBaeM ee K UYIIIO

F(&) = (m +n)z™ (1 — )™ (_m_ _ z) —0

m4n

Kopnu atoro ypasuenus z; =0 (m > 1), z2 =1 (n > 1), 23 =
ToMKaMH. IIpOBepUM HOCTaTOMHEIE YCIOBUA.

[ycrs 0 < €
GyHkLUs f MMeeT MMHUMYM, PaBHBIA HYTIO.

AHanoru4yHo gasf Touku 2 = 1: TpU 7 “ETHOM Fll—e) <o, f (1 +¢€) >0, nooroMy dyHKIMsI
f B 5T0it TOMKe HMeEeT MUHHMYM, DABHHI HymTio; pu n HevetHoM f'(1—¢€) > 0, f'(1+€) > 0, 1. €.
aKCTpeMyMa HerT.

Haxkonel, gas TOUKU T3 =

g +n OyInyT CTallMOHAPHBIMH

g) <0, f'(e) > 0, cregopaTelibHO, B Touke 1 = 0

m
in MMeeM

’ m ' m

f(m+n 6>>0’ f(m—i—n+e><0'

Takum o6pasom, B Touke z3 GyHKuUI f UMeeT MaKCUMYM

( m ) mmn"
m+n (m + n)m+n ’
Jmy4ai, korga m =1 (n = 1), npeaaaraem YUTATENIO PACCMOTPETh CAMOCTOSATENBHO, P

155. f: zr—»zs(l-—z) ,z €R.
« [TpupasHuBas Kk HYTIO HPOUBBOMHYIO NaHHON (yHKLUH, HAXOMUM CTal[MOHADHYIO TOUKY T1 =
. B Toukax z3 =0 M 3 = 1 KoHeuHas npousponHas He cymecrryeT. [lycts 0 < e < 7, Torna

#(3-e)>0 £ (3+e)<n f>0 9>
fli-e)<0, f1+e)>0.

CnegosarensHo, npu z; = + (bymcum[ MMeeT MaKCUMyM, paBHBIM \/_ Hpu z2 = ( 3KCTpe-
MyMa HeT, a IIpH Z3 = 1 (by}ﬂcum[ UMeeT MUHUMYM, PaBHBIH HYIIO. P

1
156.f:zl—re_r(f+slll—),z;é0,nf(0)=0. -



184 Tu. 2. DuddepenuuanbHoe HcHHCIeHHe GYHKIHA ORHON IepeMeHHON
« Hccnepyem snax npupaiienus Gynkuuu f B Touke £ = 0. Hmeem
1
- 1
Af(0)y=ce Il (\/5+sm ;) >0

npu Bcex z # 0. ClenoBaTensHo, GyHkuusa umeeT NpH ¢ = 0 MunumyM, paBusiil f(0) = 0. Ilpu
T # 0 paccmoTpuM ypasHenue f'(x) = 0. OuesuHO,

1
D 1 1
flia— a7 Il ((\/f—i—sm;) sgnx—cos;), Tz #0.

-1 1
Tlockonbky |sm =+ cos ;I < V2, To mpousBogHas IPU Ilepexofe Yepes TOUKH, B KOTOPHIX OHa
obpaiaercs B HyJIb, 3HaKa HE MEHSeT, II03TOMY JPYTUX YKCTPEMAIbHBIX 3HAUEHUI, KpoMe fmin =
f(0) =0, dbyHxuus e umeer. »

Hanitu sxctpemympt cienyiomux OyHKUHN:

157. f:z— arctg z — %111(1 +z2), z €R.

« [poussonnas f': z +— 11::2 =0 mpu ¢ = 1. Hockomsry f'(1—¢) > 0,a f'(1+¢) <0,

0 <e< 1,70 BTOUKE = = 1 DyHKIUA UMEET MAKCUMYM, PABHBIH % - —;-ln 2. »

158. iz |z|e” " 2 eR.

« U3 BEIpaxkenus Ais mpouseofHoit f':x — e‘lz—ilsgnz - ]z]e_lx_” sgn(z—1),z#0, c#1,
BUAUM, YTO TOUKM z; = —1, 22 = 0 M 3 = 1 NOMO3PUTEILHEL HA 3KCTPEMYM.

O HanMYMH IKCTPEMYMA U €0 XapakTepe CyIUM IO BHaKy IIPOU3BONHOM NPH IEpexofe yepes
touku z; (i =1, 2, 3). Umeem

F(—14+¢€) <0, f'(—=1 —€) > 0 (MakcuMmyM, paBHBLI e”%);

F(—~€) <0, f'(e) > 0 (MuHuMyM™, paBHuii 0);

F(1—€)>0, f'(1 +¢) <0 (Mmaxcumym, paBHELd 1)
(¢ — mocTaTOYHO Malloe IOJIOKUTEILHOE YUCIO). P

159. Haittu naumensmee n Hauboanmee sHaueHUS GyHKIUY f @ T |x2 —3z+2| na cermenre
[-10, 10].

<« Haxopum npoussogiyio

fliom (20 —3)sgn (2’ —3c4+2), z#1, z#2

OTCIOHA IMOJMyHaeM TOUKH, MTONO3PUTEIbHbIE HA BKCTPEMYM:

3 3 . .
T, = 3 (f’ (5) = 0); zz = 1; 3 = 2 (nmpousBofHad He cymectsyetr). CpaBHuBas Mexay coGol
yucna

1
flz1) = g f(z2) =0, f(z3)=0, f(=10) =132, f(10y =172,
NPUXOTUM K BEIBOMY, UTO Haubolbliee 3HaueHue QYHKUUM paBHO 132, a HauMeHbluiee paBHo 0. »

160. Haiit Tounyio HUKHIOI (inf) u Tounyio BepxHiolo (sup) rpaHu pyHkiuu f : T +—

—z2 2
e~ " cosz” Ha uHTepBale | — 00, +00[.

« [Ipunumas Bo BHUMaHME YeTHOCTH YHKLUHU [, paccMaTpHBaeM ee Ha IOJIyHHTeppaie T > 0.

—z? 3
s sepaskenus f': z — —2¢/2ze™® cos(% - z2) BUIMM, 4TO TOUKM %1 =0 u zx = 4/ + 2km,

k € Zo, nopospureibubl Ha 3xcTpeMyM. CpaBHUBAs YKCIa

f(0)=1, f(zx) ! _g‘g_zk" k€ Zo lim f(z)=0
=1 Trp)= —=¢€ 3 3 3 =Y,
k \/E T—+ 00
3aK/IIOYaeM, 4TO
. 1 -3
inf )= —=e ¢, su z)=1.p»
—oo<r<+ oo f( ) \/5 —oo<:rg+oo f( )
. 14
161. Onpenenirrs inf f(€) n sup F(€) dyuxuuu f: & — 31 e Ha uHTepBaie |z, +00[.
2
« Ilo mpouspognoit f': € — 3@% HaXOMUM TOUYKH, IOO3PUTENbHEIE Ha 9KCTpeMyM: &1 =
-3, & = 1. 3arem us uucen f(—3) = -—é, f()= %, Elim fl¢) = 311'12 , lim f(€) =0 sriGupaem
—z40 AR SN

Haubonbplliee ¥ HAUMEHbIIee,
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fycre 2 < 1. Torpa 31++:2 < ;— n sup f(é)=f(1)= % Ecuu z > 1, o sup f(E) =
pi<too l<o<t<too
14+ C
3422 JIE€NOBATENBHO,
1
5’ z < 17
sup f(g) = e
T<EL+ 00 e z>1.
1+zx 1 . 1
HOycrs < =3. Torna ;755 2 —5 ¢ z<éllf+oof(£) =—z.
0 L 1te ; _ 14z
Hycrs =3 <z < —1. Torga —5 < aras <0 M z<éllf+oof(5) =35
14z _ t B
Hakonew, ecim ¢ > —1, 10 727 > f(+o0) =0 u z<?lf+oo f(&) = 0.
CiemoBaTelnHO,
ey z < —37
inf = 14z _ _ .
.L‘<€<+00f(£) 34220 3I<zx < 1}
0) z > —1.

162. Onpereaurs HaMGOMBUINI MiIeH TTOCIENOBATE TLHOCTY (an), ecaut an = Un.
« [lomarass n = z, >TeMeHTH MOCIETOBATENBHOCTU (@n) MOXKHO CUHTATh 3HAUMEHUAMH mUb-
1
bepenyupyemoit byurkyun f 1z — z=z, z > 0, 1. e. an = f(n). Ilycrs craumonapuas Todka Zo

dyuxiun f yrosieTBopseT HepasercTsaM k < 2o < k+1, k € N. Torga, ecnn nocnenosaTeibHOCTR
(¢n) nMeer HauGOMBUUL WHeH (11AX dy), TO OH paBeH GONbIIEMY U3 YUCEN &1, Gk, Gktl -
1

o npoussoguon f' : z — 13_2(1 —In r) HaxoguM cTayMoHapHylO TOUYKY Zo = €, B KOTODOH,
OYeBUHO, mocTuraercsa makcuMyM f. CueposaTensho, k = 2. CpaBHuBas uucla a1 = 1, a3 = \/§
n as = \z/g, mojy4yaeM: 1Max dy = NEES 1,44. »

163. Jlokasars nepaseHcTBO i

op—1 <2+ (1-2)P<1, eam 0<e<l up>1.
« Pacemorpum pysxuumio f:z — 2P+ (1—-z)P. Ee npoﬁaBonHaﬂ flize pEPt = -2)Ph)

. Cpasuusas yucna f(0) =1, f (%) = L f(1) =1, naxonum,

06pamaeTcﬂ B UYL B TOUKe T = 5T

[T

. 1
uyto max f{z)=1, min f(z)= ;;=r. Orcona cuenyer nokasriBaeMoe HePaBeHCTBO. b
3 PIYS!

K%

9 2
164. JlokasaTh HepaBeHCTBO 3 < ;214_—}?1*_—1 <2 npu —oo < T < +oo.

« [JoxasaTeabcTBO OCHOBAHO Ha CPABHEHUHU YEThIPEX YMCEIL:

fm&x(z)s fm‘m(z)7 1121 f(z), lim f(z),

+ oo

2 2 -1
rae f(z) = (z* + 1)(z* +x +1)7".
. 2
Crenosatennto, npu ¢ = 1 JOCTUTaeTCd MUHUMAJBHOE 3HaYeHHe GYHKUUU f, paBHOe 3, a NIPH
£ = —1 — MaKCUMalIbHOe, paBHOe 2. P

165, Onpenemuts “oTkIOHeHIIE OT HYIS” MHOTOUTEHA
P(x =z(z — 1)2(1: + 2)

Ha cerMeHTe [—2, 1], 7. e. waittu Ep = sup |P(z)|.
—2gzgl
<« Haxogum
P'(z‘) ={z — 1)2(1: +2)+2(z - 1Dz(z +2)+ z(z — 1)2.

Us ypasnenns P'(z) = 0 naxogum

—1+3

$1=1, $2’3=———2—. 2
Cpasuusas svavenus f(z1), f(x2), f(zs) u f(—2), monyuaem, uto
9+ 63
Ep = ii »

4
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166. Tpu xaxom BBIGOpE KO DUIUHUEHTA § MHOTOWIEH P(z) = 2% + ¢ HaMMeHee “OTKIOHIAETCS

oT uyas” ua cermente [—1, 1], 7. e. Ep = sup |P(z)| npunnmaer MuHHMaibHOE 3HayeHue?
—1gag1

« Cpapnusas uucia P(0) = ¢, P(£1) = ¢ + 1, Haxogum, uToO

lgl, ecmu |g] > |g + 1},
up |P = y 1|} =
|i|<pl |P(z)| = max{lq}, lg + 1/} { lg+1], ecaulg+1]2|ql,

T. e. sup |P(x)|= |q+ 2|+ =. Hanee, umeem
lz[<1

min Ep = min max{|¢|, |¢ + 1]} = min {
q q

+l'+l}~l
17372/ 73

167. A6comornpim oTkIOHeHMeM (BYX byHKuMil f H g Ha cermente [0, 1] HasbIBaeTCA YMCITO

A = sup [f(z)—g(z)|

agrg

npuq:—%. >

OnpemeuTh aGCoMOTHOE OTKIOHeHHe yHKUMH f: Z +— £° M g:z + z° Ha cerMenre [0, 1].

<« Juddepenrupyemas na [0, 1] dpymukmmna ¢ : ¢ — f(z) — g(r) Ha KoHLaXx 9TOro OTpeska
NpUHUMaeT papuble 3HadeHus ¢(0) = ¢(1) = 0 u Ha uurepsaie |0, 1[ uMeer enMHCTBEHHYIO CTa-
IMOHAPHYIO TOYKY T = 3.

CraegoBaTelbHoO,

sl (- ()]
168. Onpegenirrs MuHuMyM byHKLHK
f iz~ max{2[z], |1+ z|}.
< Ecau 2|z| 2 |1+ |, 0o max{2|z|, |1 +z|} = 2|z]. Suauur, f:z — 2|z|, ecn —o0 < z «-%

umu z > 1. [anee, eciu 2|z| < |1 + z|, To max{2|z|, |1 + z|} = |1 + z|. CaenoBareasuo,
f:z—|z+1| upu —% < z < 1. Takum o6pasom,

fioe |z +1], ecm{—-§<z<l,
’ 2|z, ecau Q]—%, 1[.

ITo npoussonnoi

; 1, ecnu — ¢ < z <1,
fizw—
2sgnz, ecau Q [ 1] ,
1 1
BUJIUM, YTO TOUKH T} = —3 U Zz = | NOJO3PUTENBHEI Ha vkcTpemyM. CpaBnubad uncna f (—— 5) =

g— u f(1) =2, HaxoguUM fmin = I

5
YnpaskHeHH IS CAMOCTOATENBHOR paGoTHl
Mccnenopars Ha skcTpeMyM cliefyiomue hyHKIHU:

3
] THe z#E 1T+E+ 57 %:0,
369. f:z— 1+$+7+T|

-1, z=E.
1
370. f .z °xp (1‘2—1)’ o # 1,
0, r=1Vz=-1.
n ok 1 1
371. f:z ES"' = rgw 372 f: z|—>|z|5(l—z)7(2——z)9,z€R.

1

— 1——
T i<z < 374, f:z s |z| Vil —2| V2
375. f:z—cos'® z+ch'®z.  376. f:zr—»%(cosz+|coszl).
377. f: X =Y, c=3t-t, y=4t—t*, 0 <t < 1.

373. f:z— ol
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378. fro—14cosp, 0<p< g 379, f: X -V, 2+ +2%y+1=0.

Hairu MUHUMYMBbI caenyomux GyHKLHA:

380. f: 1 +— max {chz + %, 4 —-Ch:l)}. 381. f:xrmax{l —|z+3[,1-|z[, 1~ (= —2)?}.
Haiitu makcumymer caeqyiomux GyHKuuii:

382, f:z+— min{r+5, Inz,1~2z}. 383. f:z+ min {—z, (z+2)°2 -+ —h'—x:':iﬂ'—ll}

i’
Hairu nanGonsmue snavenus creqyiomux QyHKLMA;

384. fiz i (z—1)’(z—2)%, -3 <z <4. 385, f:zl—*;+—3,—1——— ==, 1<z <L
1
? 0<|$I<7rl CDS.’ECOS:’E... OS£
386, f:x— 24202 387. f:z+— 3 a

2—cosxcosz cos z-
4, z=0. 27 n

Haittu nanmensmue 3navenus ciaenyomux GyHKLuiA:
[=] : ‘
4
388. frz— L 4+ 32° - U2 2r41, -3<s <2 389, f:zt—vkzsinsz, 1<z <4
=1
390, f:X -V, %447 —45cy =0 (0,5 <z <15 0 <y <), f— nHenpepHBHad

dOyHRUMA.

391. f:z > —sin(asinz), 0 <z < F, a > 0.
B cuepgyromux 3amavax mid faHHHX QYyHKuui f onpegenuTs ux npubmvoxenus f* Tak, yTobH

sup |f(z)—f*(x)| 6b1x MunuMansHeiM (byHkuua f* nassBaeTc HebBIUIEBCKUM NPUGIITKEHHEM ):
agzgh

rae

392. f:zr-—>z2;f*:zv——rao+a1z2+a2z4,0<z<1.
393. f:z:v—»e‘”;f*:z:»—»a0+a11:+a21:2,0<1:<1.
. x, * a4 bx
394. f:z—¢€"; f .zr—»c+d1,0§z‘<l.
395. fixrrz® —62° 462+ 1; f* iz a0z, 1 <2 <5.

Haiiru HaumeHple ¥ HauGONIBIIME BHAYEHHUA CleqyomUX hYHKIIHM:

-3

. 73
396. f:rxi—e 22 (\/i—i—sinz—z), t#0, z €[—m 7).

—In|sinz|, =z #kmn,
z =k,

397. fiz— k € Z, wua orpeske [—4w, 4x].

)
Haittu inf f(z), sup f(z) cienyomux dyHkyui:
398. fizroe 2 (g +sinz>, c# 5, f (l—r) = —1 ya uxreppaie )0, +oo[.
399. f:z > |sinz — |z —all wa]—1,1[.
B cuegyomux sajavuax mid naHHex GyHxuuil f waittu npubmxenus f* € {f*} Tak, uro6n

sup |f(z) = f*(z)| = inf sup|f(z) - F*(z)],
{f*} >0

I<ae<+ 00
f_':xv—v ao+a1z+a2x22,_l 0< < zo,
(bo + b1z +b22°)™, 2o <z < +o0.
400. f:z— 5. 401 fizm (14+2%)e™”.

402. f:z:»—-»(l——z:2)e.—z. 403, f:x— 1+ +22e™ ",
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XapaKTepPHBIM TOYKaM

HccnepoBanne u nocrpoenue rpaduka byHkuuu y = f(r) yexecoo6passo NpoBOAUTH IO Cle-

OYOIEH CXEMeE:

1. Onpedeaumsb 06A0CINL CYWECTNBOEANUS PYHKUUY, NEPUOIUNHOCTIL, MOUKY NEPECENENUR C

ocv10 O u UHMEPBAAbI IHAKONOCTROAHCINGA, cCumMmempuo 2paduxa Qyrxyul, Halimu mouxy pas-
PLIBa U UHMEPBANRLI HENPEPLISHOCTIY.

2. BoiscHumov 8onpoc 0 cyujecnisoeanul acuMnmonm.
3. Hatimu unmepeaani MOKOMOHHOCTIY QUHKYUY U MOYKU IKCMPEMYMG,
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4. Yxazamb uMmepeanvi COTPAHEHUR HANPAGAEHUS SLINYKAOCTU U Mouxy nepezuba 2paduxa
PyHxyuu.

5. Hocmpoums epagux pynxyuu.

TlocTpouts rpadguky clIenyomux dhyHKIHL:

-2
169. y= ——=_.
7A 72+ 1
1 < 1. DyHkuus ompegeleHa U HeNpPepPhHIBHA IIPH BCEX
T, NMOJIOKUTEAbHA TIpU T > 2 M OTpUUaTelbHa npu z < 2;
/_ y(2) = 0.
oy 2. Ua lim y = %1 cuenyer, urto ¥y = 1 — acuMmnroTa
0 2 X Tt
-1/2 rpacduka OYHKUMM NPy ¢ — 400, a y = —1 — npu z —
\:_’1/ —00,
: @) 3. [Tockonbky npousponHas
1
Puc. 22 / 2z +1 <0 mpuz < —3;

y ==
V(2 +1)3 >0 npuz >—§,

T0 (hyHKLMS yObiBaeT mpu T < —;— ¥ BO3pacraer Ipu = >

-%, a npu ¢ = —% uUMeeT MUHUMYM, PaBHBLIN —V5 & —2,24.
4. Cynd mo 3HaKaM BTOPOM ITPOU3BOLHOMN:
34+VA1,
4(z+3+m)(z_m_3> <0 npU & < ~——5—;
8 8
== >0 npn—3+g/ﬁ<z<3_;/‘ﬁ;
V(22 +1)°
<0 mnpu # <z,
3akjgioyaeM, 4To npu Tt < —3+;/H ~—-1,18 uz > i'%\/—‘*-_l 2 0,42 rpadux GYHKUMY BHILYKIEIH
_340VAT 3—V41

BBEPX, NMPHU <z < 3 rpadHK BHEIIYKJIBIH BHM3; TOYKM neperuba z1 = —1,18; y1 =
—2,06 w £2 =~ 0,42; yo =~ —1,46.

5. M'paduk pyuxuunu usobpaxken Ha puc. 22. p

170. y= \3/;5— /x4 1.

< 1. DyHkyust onpepeieHa, HellpepblBHA M OTPHL{aTEIbHa IIPU BCeX & ; ee TpadUK CHMMEeTpUYEH
oTHoCUTEIBHO ocH Oy, nockouasky y(z) = y(—x).
2. Tockoxnbky nmpemen lim y pasen Hyno, To y = (0 — acUMITOTa; GPYTHX ACUMIITOT HET.
T—0O0

yT 3. o snaxam NpoU3BOOHOMN
, 24

, 2((1: +1)3—1:3> <0 mpuz < O;

v= . z { >0 mnpuz>0

323 (z2+1)3

Puc. 23 sakgiouaeM, uTo hyHkuusa ybupaer npu £ < 0§ U BospacraeT IIpU
z >0, anpu £ = 0 UMeeT MUHUMYM, PaBHEIH —1.
4. Tlockonbky

" 2 4, 3 ) 5 G
y =——9—1: 3(1: +1) 3 (1: +l)3+31:3——1:3><0

(0 < |#| < +00),

TO rpaduk PYHKUUH BHUIYKIBINA BBEPX U TOYeK Ieperuta Her.
5. Ilo moiyueHHBIM JaHHBIM cCTpouM I'paduk dyuruuu (puc. 23). »

3
171. y:l%f;ﬁ.

<« 1. Dyuxyus onpeneneHa, HeNpepPEIBHA U MMOJOKUTENbHA NIPH BCex T > 0.
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2. Ws oueBupHoro paBernctsa lim y = 400 caegyer, 4To £ = ) — BepTHKAIbHAs aCUMITOTa
z—+0
npu ¢ — +0. HUmeercs HakionHas acumntora y = kr+b, rmek = lim £=1,b= lim (y—2z)=
T—+0 z—4 00
3 3
»T.ey=z+ 7.
3. llepBas npoussognas y' yooBIeTBOpSeT HEPABEHCTBAM
S 1 <0, ec:mz<%;
v =-z 2(1+2)2(22 1) .
2 >0, ecmz >3,

1
20

cienoBaTenbHo, byHKIUsL yOubaeT pu 0 < 1 < % M BO3pacTael mpu £ > aupy &= % uMeer
v 3

MUHUMYM, paBHbBIM E\/§ == 2,60.

4. Mockoabky

s 3 -5 _L

y'=zz 2(142) 2>0 (0<z<+o0),
10 Tpaduk GyHKLUM BBUTYKILI BHU3.

5. 'pagux npencrasiex Ha puc. 24. »

A

312
4

Puc. 24 Puc. 25

)

172, y= 502

24 cosz’
< 1. DyHKIMA ONpEReNeHa U HENPEPHIBHA IIPU BCEX T; NIEPUORMYHA C NEPUOAOM 27; MMeeT
UEHTP CHMMETPUH ~— HAYall0 KOOPAMHAT; y = 0 mpu z = kx (k =0, &1, +2,...). Ouepunmo, uro
sgny = sgusinz.
2. Acumnror Hetr. IlpuHumas Bo BHUMaHHe NMEPUONUUHOCTD, JallbHeilllee UCCIENOBAHHE TIPO-
BOLMM Ha cermente [0, 27).
3. ITo sHakam mepBoil nmpoussonHO

>0, ecnn0§x<?§;
’ 14+ 2cosz

2 4
Yy = <0 ecnn - <z < 53
(2 + cos x)? ’ 3 30
4
>0, ecm 4 <z 27,
2w, 4 27 47
s3akaiovaeM, Yto mpu 0 < z < ) T" < ¢ £ 27 QyHx1uUsa BO3pacraer, NMpHU 53 <z < 5 —
2w 4w
yOriBaer, a Ipu T} = S~ N T2 = - HUMeET COOTBETCTBEHHO MAKCUMYM M MWHHMYM, PaBHHeE

é- 0,58 1 ——= & —0,58.
4. Ilockoanky

» _ 2sinz(cosz —1) {<0: ecau 0 <z < 7;

(24 cosz)? >0, ecmw <z <2,

To mpu 0 < © < 7 rpaduk BHUIIYKIBIA BBEPX, IpU T < T < 27 — BHU3; IpUYeM T =&, ¥ =0 —
TOYKa Meperuba,
5. M'padux usobpasken Ha puc. 25. »

173. y=2V FEl=ato1
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4 1. OyHKUUA CyHIECTBYeT, HENMPepHIBHA M HOJOKHUTENbHA NMPH BceX £ > 1 M npn ¢ < —1;
npudeM y > 1 IpH 3THX 3HaueHUax r; rpachMk cMMMeTpH4en oTHOCUTeNbHO ocH Oy; y(—1 —0) =
y(1+0) =2V

2. Ilockoasky 111"1;:100 y=1,T0 y =1 — acUMITOTa NPHU T — 00.
3. Umeem
y’:zy( 1 B 1 >ln2 {>0, ecii z < —1;
V2 +1 /22 -1 <0, ecmuz>1,
cregoBaTedbHo, GyHkuusa npu r < —1 Bospacraer, npu £ > 1 — yGbBaeT, a B Touykax z = %1

¥MeeT KpaeBOil MakCHMMyM, PaBHBIH 2v2 (byuxius f(z), @ < z < a (8 < ¢ < b) uMeer B Touxe
a (b) KpaeBoit MAKCUMYM, €CTH CymecIBYeT moayokpecrHocts Ja, 8[ C {a, af (6, f[ C]A, b]) Taxas,

uro f(a) > f(z) (f(b) > f(z)) anst Bcex © M3 2TOM MONYOKPECTHOCTH. AHALOTHMHO ONpeNesseTcs
kpaeBoil MUHUMYM).

4. U3 oyeBupgHOrOo HepaBeHCTBA

1 1 1
"=yln2 — + 22| ——e—e
Y y V241 12 -1 72 41

1 )2 s 1 1
_——— ) 4z -
22 -1 V2132 (22 +1)3
2 2
>yln2 ! ! z l =

\/1i2+1_\/1i2—1+\/(1:2—1)3 IN/TEE

1 1
=y + In2>0
V@ tip | @iy
clegyer, YTo rpadUK BEITYKIBIH BHU3.
5. I'padpux usobpaxeH Ha puc. 26. »
1 1
] ]
H & .1 :
1 1 [}
] ) 1
! I .
L. 1 —- 1 .
-1 0] +1 x o e x
Puc. 26 Puc. 27

1

174. y = z=.

<« 1. DyHruus onpeneseHa, HENPepPbIBHA (KaK CYyNEPNO3ULHUS dMeMEHTapHBIX QYHKLUH y =

l lln x
Tz =ez ) M IOKOKMUTeNbHa Ipu £ > 0.
In 2

2. lim y= lim e+ =1, nosromy y =1 — acuMnTOTa IIPH T — +00.
z—> 400 I s OO
3. N3 nepasencrs

>0, ecml0<z<e

Y
y' = —$-2—(1—ln1:) {

BEITeKkaeT, 4To NpU 0 < z < e dyHKuusa Bospacraer, npu e < £ < +oo — yObiBaeT, a Py T = €
1 i

<0, ecame<z <400,

MMeeT MaKCUMYM, PaBHEIN e < ; kpoMe Toro, y(+0) = 0.
4. Hccnegopanue Touek neperuba ¥ HaIPaBaeHUs BEILYKIOCTH OMYCKAEM.
5. 'padux uzobpaxen Ha puc, 27. »
1

175. y=(1+ )=
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4 1. Dyuxuus onpegenexa npu ¢ > —1; £ # 0; MooKUTENbHA U HellpephIBHA B 9ToM 067acTH.
1 .
Ilockoanky lin})(l +z)* =e, 10 £ =0 — TOUKA YCTPAHUMOIO PaspHIBa.
2 —

2. Us cootHomenwit lLim y = 4o00; lim y = 1 mBITekaer, yTo £ = —1 - - aCHMIITOTa
z—s—140 Zrt 00
rpacguka Gynkuun nmpu £ — —1+0, a y =1 — npu £ — +oo.
3. Ipoussognas

p 1 In(1+x)
= — s =1 0, 0
y y(z(l+1:) z2 ’ <z<b <E <Aoo

~b
%7 = &, NMeeM HepaBeH-
CTBO

r
m<ln(1+z)<z (I)O),

KOTOpO€ CHpaBeliuBo U npu —1 < 1 < 0. IToap3ysach 3THM HepPaBEHCTBOM, MONY4aeM

' 1 In(1 4 x) 1 z _
y_y<x(1+x)_ z? ><y<z(1+z)~x2+z3>—.

Taxum 06pasom, GyHKUUA YORBAET NPU BCeX & U3 0GIACTH ONpPeNeieH .
4. TloxaxeMm, 4To BTrOpas nmpoussogHas

2
" 1 In(1 + z) 1 2z 4 3z°
vy =y <1:(1+1:) T g2 T 21 +2) (1+ %)

TIOJIOXKHUTeNbHA. ( 9TOH HENHIO PaCCMOTPUM (bYHKILHIO &V
2z + 3z°
=21 4o
‘P(z) n( +$) (1_*_1’.)2 1

2 P
Hockoneky ¢'(z) = G%? >0; -1 <z <400 up(0)=0,T10 o(z) <0, 7 0 T

ecim —1 <z <0 u p(x) > 0,ecmu 0 < z < +oo. Torga 3<p(z) >0
an -1 <z <0,0 <z < +00; IpH 3TUX Ke 3HAYEHUAX T ITPOU3BOMHAA
¥’ > 0. HO3TOMy rpaduk GYHKUUY BEITYKIBIH BHU3,

5. Mcxona us oTux gaHHBIX, crpouM rpaduk (puc. 28). »

176. y:x(l—i—%)x (= > 0).

< 1. Pyuxyus onpenene}{a HeNpephlBHA ¥ II0I0XKHTENbHA IIPH BCex £ > O y(+0) =
11111 z exp {zln (l + )} = 0.

. Umeetca Hakionnas acumnrtota y = kr + b, rue

k= lim Y= lim (1+l) =
x

T—4 00 Z—4 00 r

1
x—I-I-iI-l (y —ex) = 11_{1_1 expszln {14 . e ‘
= lim (exp{z (l—tfracli2z2+o(—12—>)}—e) = lim e (——+0(1)) = —
T— 400 T z -+ 00

3. Umeem
"= —1——+ln (1+£) >0
v=yv z(1+ x) x ' '

Otciona curegyer, uto gyHKLHU BospacTaeT mpu ¢ > 0.
4. Bropas npousponHas

2 1 1 z+3

’" 2

=v{ e (1+5) +u2 1 —)_—-—_—

v y(z(1+x)n tg)th ta x(1+z)2

NoxoKUTeNnbHa. UTo6h! B aToM y6enUTHCs, BBELEM HOBYIO IIEPEMEHHY IO t = . U IIpUMeHUM TeOpeMy
npumepa 104, momaras tam

<p(t)=((1+t)ln(1+t)+t2)2; PpA) =t + 385 142 to=0, k=4

f o
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Torna Bce ycnosus TeopeMsl 104 6yayT BumoaHeHE. ClefoBaTelLbHo, y" > 0 npu > 0 u rpacdux
(DYHKIMY TTPU 3THX 3HAYEHUIX BEILYKIEIH BHUB.
5. I'pacdux dyHruMu u306paskeH Ha puc. 29. »
1

el—a:"’

177. Yy = m—a.

«4 1. Oyuxuug onpefenena, HENPEPHBHA U TON0XKUTENbHa IPY BCEX 3Have-
HVWAX %, 3a HCKJIOYeWHeM TOYeK £ = 1, B KOTOPEIX hyHKINS TEPITUT PasphiB,
npuyeMm

y(—=1=0)=0; y(—1+0)=+oc;
y(1~0)=+o0; ¥(1+0)=0.
I'pacdux GYHKIMYM CHMMeTPHUYeH OTHOCHTeabHO ocu Oy.

2. UmeroTcsa acuMnToTH £ = —1l npu ¢ — —1+0uz=1npuz — 1-0;
y =0 npu £ — oco. :

3. Haxomum mMpoOU3BOTHYIO

1
yl = 21‘331—32

2

Puc. 29

33—z
(1+22)" (1 —22)*

Iockombxy ¥’ > 0 mpnt —co < z < —-\/5; I<z<;l<z< \/5, TO (bYyHKUMS IPU 3TUX 3HAYEHUSIX
T Bo3pacTaeT; maiee, y < 0 mpu —\/5 <z <—-1; -1<z<0; V3 <z <-4+, cilenoBarelbHo,
B 9TUX MHTepBalax (byHKUUs yOpiBaeT; B Touke £ = 0 UMeeTcid MMUHUMYM, PaBHEIM €, a B TOYKax
T = \/5, T = —\/5 JIOCTUTaeTCA MaKCHUMYM, PaBHBIA Tlﬁ =~ 0,15.

4. BEIMMcasas BTOpy1O HNpON3BOIHYIO
2z° (3 - :62)2 + z? (1 - :62) (9+ o2 4 7t — :ce)
(1-22)" (1 +22)°

y6expaemca, aro ¥ > 0 mpu |z] < 1. Jaxee, v {vT,1) > 0; ¥"(+v/3) < 0 u y"{2) — +0 upu
& — +o0o0. CuaegoBaTennHo, B kaxgoM n3 uurepsaios J1, 3], ]v/3, 4+oof, a B cumy uernocru
GBDYHELME K B KaKJoM W3 MHTepBaxos | — oo, —V/3[, ] — /3, —1[ umeercs o Menrvmieit Mepe mo
OlHOY Touke Ieperuda.

5. P'padux uzobpasken Ha puc. 30. »
[HocTpouTs XpHBEHIE, BaJaHHEIE B TapaMeTPHiecKoil dpopme:

"

=2y

3

y A
. 178. z=2t—+*, y=3t—1¢.
« 1. ©ynxuun z(t) u y(t) onpefeleHE U HEIPEPHIBHEL IPU
—o0 < t < +00; MpUYEM NPU STUX 3HAYCHUAX 1! —00 < & <1
rd —oo < Yy < +oo.
Cnenosatensno, pyHkuus ¥y = y(r) (xax dyHxuus nepe-
MEHHOTO Z) ompefielieHa iph —o0 < ¢ £ 1.
2. Hockompky z(t) — —o0, y(t) — Foo, ;A(% — +o00 mpHU
1t — F00, To rpadpux GYHKUUU aCUMITOT He UMeEET.
1101 g 3. IlpoussogHas
. 2
Puc. 30 @ = \—3-1 ¢
de 21—t
npu t; = —1 (21, = —3) obpamaercs B Hydb, a npu ¢, = 1
(z2 = 1) nMeeT ycTpaHUMELL Pa3phiB, MpHIEM
. dy
lim — = 3.
t—1 dz

4. Bropas nmpoussojHas
2
@y _3(-?)"
dz? ~ 4 (1—t)®

UMeeT pa3phB B Touke t = 1. 3anoinum Tabauuy:
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i —o<t< -1 | ~1<t<]l | 1<t< 4+
z —o<z< -3 | 3I<z<]l | —0o<EL1
Y —2<y< 40 | —2<y<2 | —oo<YyY<?2
dy dy dy 4y

e = <0 d1>0 dz>0
d? d? d?

P &z >0 e <0

W3 rabauuer caefyer, uto mpu —oo < ¢ < —3 dyHkuua y(r) ybeBaer; mpu —3 <z <1 —
BO3pacTaer; IpH £ = —3 MMeeT MUHUMYM, PaBHHN —2, a TpU £ = 1 — MaKCUMyM, PaBHHIH 2.

Ecnu z Bospactaer or —co mo 1, 1o rpadwmk dyuxiuu y = y(z) coXpanser BHNYKIOCTS,
HANIPaBICHHYIO BHU3; ecliu £ YORBaeT oT 1 o —co, TO BHINMYKIOCTH HalpaBlieHa BBepX; (1, 2) —
TO'1Ka Nepernba.

5. Ioasaysacy moayueHHHIMM FaHHHIMU, CTpouM rpadux (puc. 31). »

179. o= 1 y=_t_.
t—1’ -1
« Dynxuusa z(t) onpenenena v HempepHsHa Ipn —ce < t < 1; 1 < t < 400, npuueM £ = 1 —
BEPTHRANbHAA acuMmToTa npu t — 1. Ws pasencrsa z(3) =t +1 + 71—1 clienyer, uto z =t+1 —

Htm ,
HakiOHHad acummnroTa. Haxomum mpoussopuyio z'(1) = (—5':1—?21 OueBupso, Uro Ha MHIEpPBaIaX

}— 00, 0], 12, +o0[ dyHkuus z(t) Bospacraer, a Ha uHTepBalax )0, 1, ]1, 2[ — y6uBaer; Tmax = 0
npu t = 0; spip =4 npu t = 2.
T'papux dpyHxumun x(t) usobpaskeH Ha puc. 32.

XA
Iy |
N t 4
2f- =1 "W
1
1 1
1 1
L Joee- 1
1 x / ! —]
-1 0 1
/0 : - ‘
/ 12 t
Puc. 31 Puc. 32 Puc. 33

@yuruus y(i) ompefieneHa M HelpephBHa MpH Bcex 3HayeHMax t, xpoMe t = =1; mpuvem
2 P
(t;jll), < 0, To dynxuusa y(t) y6riBaer npu
BCex t us obnacru onpenenenns (puc. 33). o .
U3 »Tux ucciefloBaHUil BHTexaeT, uro GyHruua y = y(z) ompefeneHa mpu —o0 < ¢ § 0;
4 € £ < 4oo. [ockonsxy z(t) — +oo, y(t) — +0 mpu t — +oo; z(t) — —%, y(t) — oo mpu

=—-1ut=1— acumnrorn. [lockomrky y'(t) = —

t— -1+ 0,3 Toy=0uzc= —é— — acCHMIITOTEI rp;;(pmca dyuruun y = y(z). Kpome toro, % — -;-,
y - Z - —; npu t — 1, cIefoBaTeNbHO, ¥ = % — § ~— HaklOHHad acCHMITOTa. .
aXOZMM TIPOUBBOTHEIE
dy 241 2y 21-1)° (t3+3t+1).

dr =2yt +1)2 dz? | e{E-2)p+1pP
oTKyfa MolyuaeM, 4T0 Yo = 0 npyu fo = —0,32; t; = 1; npuuem z(t) = —0,07; y(to) = 0,37,
CHavana nocTpouM rpadukyu GyHKUUYN Ha OTAENLHEIX MHTEPBAIaX. \
Eciu —c0o < t < =1, 10 —00 < ¢ < —;—; —00 <y < 05 yr < 0; yha < 0 (puc. 34). Ecmu
-1< 10,10 —%— <z <0;0<y < +oco. Bropas mpoussommas y» > 0 mpu —1 <t < to
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b4 y;lg < 0 mpu o < t < 0; crenoBaTenkHo, pU t = 1o Toixy4yaeM ToUky Ieperunba (_:Co. yo), roe
zo = —0,07; yo & 0,37 (puc. 35).

'l

v
Y4

=Y

|

=

(=]

Ll

«

i

(510
t

F

Puc. 34 Puc. 35 Puc. 36

yA

0 4 3 S 4 3

Puc. 37 Puc. 38

Hycts 0 € t < 1. Torma —co < £ € 0, ~0 < ¥ £ 0, yr >0, y% > 0 (puc. 36). Ecan
1<t€2,T04<z<+00, §<y<+oo, yp > 0, y;lz < 0 (puc. 37). Hakoney, ecin 2 < t < +o0,
T0 22 4;0<y< 25yl <05yl >0 (puc. 38).

OxoHuaTenbHEY rpatdhux usobpaskeH Ha puc. 39. p

180. z=t+e7f, y= 2472,

« Dynxuuu (1) u y(t) onpeneneHsl ¥ HelMpepHIBHEI ipu Bcex . U3 onpeelienus acHMIITOTH
crnegyeT, uto £ = 1, ¥y = 21 — aCHMNTOTH TIpH t — +00 COOTBETCTBEHHO I'papuKoB DyHKIMHK :l:(t)

u y(t). Umeem z'(t) = 1—e~%; 2'(0) = 0; z”(t) = e™* > 0 mpn Beex t; y'(t) = 2 (1~ e"'“),
y'(0) = 0; y"(t) = 4e7%" > 0 npu ncex t. Takum 06pas3oM, Tpyin = 1 mpu ¢ = 0; Ypin = 1 pn
t = 0. Tpadurn dyuxumit z(t) u y(t) Brmyrast Buus (puc. 40, a, 6).

yA

=

e

Puc. 39 Puc. 40

Ecnu —00 <1< 0,101 <2< +00, 1 <y< 400, yo=2(1+e") > 0; ylh =~2(e" - 1) >
0. Ecmu ske 0 < t < 400,10 1 <z < 400; 1 <y < +oo; yp > 0; yia < 0. ’
CueposaTensHo, pyuxuus § = y(z) BospacTaer, ee rpadMK BHIYKJIHI BHU3 TIpu ¢ < 0 U

BBepx — mpu t > 0.
B rouxe £ =1 dpyHxuus y(z) MMeeT MUHMUMYM, PaBHELH 1.
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Haunee, % — 2; y—2z — 0 mpu t — 400, MosTOMY IipaMad y = 2%

ABIAETCH aCHMMITOTON rpaduxa GyHkuuu npu ¢ — +oo (puc. 41). »

181. z = oa3t y=atg’t (a>0).

o Tax xax dyuxumuu () 1 y(t) U3BeCTHH, TO OTHOCUTEIHLHO DYHKUUH
¥(T) BRISCHMM ClefyIol{e BOIPOCH: CUMMETPUIO, 3KCTPeMYM, YHaCTKH U Xa-
paxTep BHIMYKJIOCTU rpaduKa (pyHKUMU U CyNleCTBOBaHHE aCHMMIITOT.

Iockonsky z(t) = z(~t); y(t) = —y(—1), To rpadux pynxiuu y = y(z) 1
CHMMETpUYEH OTHOCUTeNBHO ocn Oz, a Tak kxak z(t) = —a{r + t); y(i) =
y(r+t) un x(%+t) =-x(37"+t); y(-’2l+t) :y(%"—i-t) (0<t< %),TO 0
rpaguk pyHkuny y(€) cUMMeTpUYEH OTHOCHTeNbHO ocu Oy. )

CuenoBaTenbHo, I MOCTPOEHUA BCEro TpadMKa JOCTATOYHO 3HATH I'pa-
bux pynxunn y(z) npuc >0muy >0, 1. e. mpu 0 <t <

m

Hpoussognas y, = sint > 0 mpu 0 < t < 5, ClefoBaTelbHO, PYHKIMA

y = y(z) Bo3pacTaer Ha TOM TMPOMEXYTKE, le/[‘{eM z — +oo; ¥ — 400 IpU T — 125 - 0.

vl

Bropas npoussognag y', = Locos®tsin~it>0 (0<t<Z), orkyma cuepyer, uTto mpu 0 <
P ym 3a 2
t < Z rpadux dysxumu y(z) BEIMYKIBIT BHUS.
Tax xak £ — 400 TOXLKO NpU t — Z—0mu — 400 TOJIBLKO MpH
p 5 y vA
t— % — 0, TO BePTUKAJIBHLIX aCHMIITOT HET.
Ina BHIACHEHM:A BOMPOCA O CYWECTBOBAHUM HAKIOHHOM aCHMIITOTH
y=kz+b PaCCMOTPHM Ipefieltt
3
. y(1) . tg®t
k= lm =< = lim =1 _
=T _oz(t) T _gcosT3t ' a 4 x
2 2
1
b= lim t)—z{t)] =a lin (t St ):—oo.
i [y(t) — (1)) Jim (et oy
2 Puc. 42

CrnenoBaTenbHo, aCUMIITOT HeT.

Tpadux xpusoii npu scex t (cost # 0) nzobpaxex Ha puc. 42. »

Ilpepcrasus ypaBHeHUs KPUBHIX B ITapaMeTpuyecKol ¢opme, IoCTpo-
UTH 3TU KPUBBIE, €CIHU:

182. :62 -i-y2 = :c4 +y4.

« OyesugHo, YTO Tpaduk DYHKUUU CUMMETPHYEH OTHOCUTENLHO ocell koopauuar. IIpexcra-
BUM KpUBYIO ipu £ > 0 U ¥ 2> 0 B mapaMeTPUYECKOM BUJE, MOIOXKUB ¥y = 1 (t > 0):

142 —y 1412
“Vivee YVTWire

Brruncads npowssonHsie ¢’ 1 y', BEACHAEM BOMpoC 06 SKCTpeMyMax
dynxumit () u y(t):

(1) = w y'(t) = 142t
s (1+ 1) 2(t) (1+ 1)
Otcrona cuenyer, uto mpu t = 0 jocTUraeTcd MUHUMYM (DYHKIMH :c(t), Puc. 43

pasnnit 1 (y = 0); npu t = \/v/2 — 1 nocruraerca maxcumyM dynxuuu z(t), pasHbri =

(y = %) ;mpr t = \/+/2 + 1 mocTuraercs MaxcumyM dyHKLIME ¥(t), paBHEIil |/ ‘/%H (a: = &;)

HeTpynHo mpoBepHTE, 4TO B TOUKaX HepeceueHus KPUBOM C KOOPAMHATHEIMM OCAMME CyIECTBYeT
KacaTelibHad X KpuBo# (puc. 43). »

183. :c2y2 =z’ —y°.

o Tlonaray y = tx, moayuum
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Ecau mapamerp 1 usMeHsieTCs B uHTepBanax | — oo, 0 u ]0; +oo[, To mepemenHas £ MoxeT
TIPUHMMATE BCE 3HAY€HMs OT —00 [0 +00; ClefoBaTelbHo, hyHkuud y = y(T) ompegeneHa mpu
BCEX 3HAYCHUAX . "

W3 mapaMeTpu4eckoro MpeacTaBIeHNs KPUBOil TONy4aeM PaBEHCTBA

2 1 1 2 2
y=-z "?""'F; y—l—t+t,
U3 KOTOPBEIX HEMOCPEACTBEHHO BHITEKAIT aCUMINTOTHYECKHE COOTHOUICHUL: y2 ~ I TIPpU t — £0

{rpu sToM T — +00, y — *00); ¥y ~ T npu t — oo (NPH ITOM T — 00, ¥ — —00).
2
Ilonaras B MCXONHOM PaBEHCTBE £ — ¥ = U, T + ¥ = v, TMOILYYUM PABEHCTBO (v2 - u2) =
120%u + 4u'3, KOTOpOe yKka3hBaeT Ha CUMMETPUIO IpadUKa KPUBON OTHOCHTENBHO ocH v = 0, T. e.
OTHOCUTEILHO IpsAMol £ + y = 0.
Brruncigasg npoussonHue

dy _t(1+26%) @y 2 (470 41)

f dl - 2+t3 3 d_$5 - (2+t3)3 (t7$ 0):
HaxoOuM, TO Tpu to = -2 = —1,26 (:co = %%z 1,89; yo = —-%\B/Zz —2,38) ofe mpous-
BORZHEIE Yy, U Y., He CymeCTBYIOT, a y, = 0 Ipu ¢z = —f/g ~ —0,79 (zz = %\3/5 ~ 2,38;
y2=—-3V2~-1,89). ' S

Ranee, y)» = 0 pn 41 = — H%/E ~ —1,90 (21 = 2,18; ;1 & —4,14) unpn t3 = —‘\S/ 7_—;£ ~
-—0,53 (zs ~ 4,14; Y3 ~ —2,18).
Ionwsysacry sTuMM naHHBIMM M Tabauiel

t —oo <t <t t] <t <ty tg <t <ty tp <t <t3 tg <t <0 0 <t < 40
x z] < < 400 20 <z < T g <z <2 T < T < 23 z3 <z < 400 —o0 < T < 400
y —oo <y <Yy Y1 <y < yo Yo <y <y y3 <y <y —oo <y <ys —00 L Y < +00
Y yp <0 yh <0 yp >0 yh <o yh <0 yh >0
i 1 1" 1" 1" 1 1"

0 0 0 0 0 0
Y2 ¥,2 < Yo > ¥,2 < ¥,2 < ¥,2 > ¥,2 <

crpouM rpadux dyHxuuu ¥ = y(z) (puc. 44). »
184. Hocrpouts rpathux KxpUBoiL ch?z — ch?® y=1.
4 T'padux xpuBOl CUMMeTPUUYEH OTHOCMTEIHLHO KOOPAMHATHEIX

ocel, Tak Kak TIPU 3aMeHe £ Ha —Z U Y Ha —Y ypaBHeHMe KPUBOMN
BUjIa HE MEHIET.

Ecnu =z > 0; y > 0, To ypaBHeHMC BeTBU KPUBOI HpUMET BUJ

she =chy, orxyna £ =1In (chy+ 1+ ch? y).

Hmeerca acumnrora ¢ = ky + b, toe

k= lim _:c(y)
y——+00 y

=1; b= lim (z(y)—-y)=0. =
y—+oo

Haiigem nmpousBogHyO
o= By
\v/14ch?y
OTKYMla ciefllyer, 4TO pyHKUus ¢ = z(y) BospacTaeT npu y > 0, a B Touxe y = 0 mocTHTaercs

MHHKMYM, paBHEH In (1 + \/5)
Hanee,

" 2chy
Tyjo= ————7
(1 + ch? y)

OTKYZIa BEITEKAET, YTO KPUBas BBEINyKJa BHU3 Tpu ¥ > 0. IIpMHMMad Bo BHUMaHHME CUMMETDUIO
KPHBOJ OTHOCUTENLHO Ocell KOOPIMHAT, CTpouM rpaduk dyHkiuu (puc. 45). »

T >0,
z

P v
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Iloctpours rpaduxy dyHKIUMI, 3aJaHHLIX B TTOIAPHOH CHCTEME KOOPAHHAT (<p, P) (p ) o

185. p= ¢ 2%
w—-1’

,roe ¢ > 1 {(a >0).

)

4 Oynxuua p(yp) HelpeprBHa Kak dlleMenTapHas; lim  p(p) = +00, T. €. MMeeTCI aCUMNTOTA
¢—140 B

1 p

Puc. 45 Puc. 46 Puc. 47
p=1; lim p(p)=0, T. e. kpUBAA ACHMITOTHUYECKH BXOIHUT B MONIOC N0 CIIMPATH.
400

p'=u( 1 _ th ¢ >
¢ ch?p-(p-1) (p—1)2)°

TaK Kak p—1 < = sh 2¢ mpu ¢ > 1, T0 p,, < 0; CIEROBATENLHO, DYHKLUAL p((p) y6mBaeT (puc. 46). »
186. ¢ = arccos L=

Bospmem HNPpOU3BOHYIO

« O6macTe cymecrBoBaHuA YHKIMU OnpefleifeTCa HepaBEeHCTBOM

lo—1<p
OTKYHa CIeAyeT, YTO ) !

-1++5

p1="—2——"‘<l)<+00-

IIpenensHEle 3HaMeHUS © B TPAHMYHBIX TOYKAX:

T o
lim =m lim = —. RN
,Jm e(p) Jim olp) = 3 , :
Tax xax p— 1 # p*, To dyHKUMA @(p) Hyleill He MMeeT U IONOXUTENbHA. . :
IIpoussonmnaga sToit pyHruuU !
" _ p—2 ’

1\2
1—-(1 -4
e P
TMOKA3BIBAET, YTO B TOUKE p = 2 LOCTUraercs MUHUMYM byHELMY, pABHEIH arccos . Brouke p= £1
NMPOU3BONHAA He CYWlecTBYeT; GPYHKUMUS B HTOU TOUKe MPUHMMAET KPAECBOH MaKCMMyM, pammm .
[Ipu ;1 < p < 2 byHxung yOuBaeT, a pU g > 2 — BO3PACTAET.
Kak yxxe 6u110 ormeueno (CM. IipeneaLHble 3HAYEHUA @ B TPAHUYHBIX TO‘{K&X), uMeeTCH Bep--

THKAIbHAaA ACUMIITOTA.
Halinem ee paccrosnue a ot momoca. Ameem

I
~

a= lim pcosp(p) =
p—r00

I'padpux uzobpaxeH Ha puc. 47. » CLoLan
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HMocrpouts rpaduxyn cemelicrsa KPUBKIX (¢ — IlepEMEHHEIN TapaMeTp):

187. y =z £/ a1 —22).

< Paccmorpum nBa cayvas: a) ¢ >0 1 6) a < 0.
a > 0. O6macth cymecrsoBanus Gymkuum: 1 —z2 > 0, 7. e. |z] € 1. Hynu dpyHxuuu:

i, /== T TPH —y /ﬂ-; <z <1 pyukuua y = ¢ + y/a (1 — z?) nonoxurensHa, a mpu —1 <
T <= T3a OTPMUaTexbha; mpu —1 < z < ;%; dyuxuusa y = z — /e (1 — £2) oTpunartensua, a

Tpu 1—_%; < T <1 — nonoXHUTeldbHa.
Haxogum npoussonnyio
! ar

=1+
Y Va(l—z?)

Orcropa cuepyer, yro pyHkuus ¥y = ¢ + y/a (1l — z2) nocturaer mpu ¢ = ’/aix MaKCHUMyMa,

paBHoro va + 1, a pysuxuns y = ¢ —/a (1 — 12) nocruraer npu ¢ = —/ a-ll-l MMHUMYMa, PABHOTO
—/a+1.

Touxu z = 1 aBIgIOTCT TOYKaMM “CTEIKA” 9TMX BeTBeH.
W3 BrIpaskeHUs 1151 BTOPOU NMPOUBBOIHOU

(1-2?)\/a(1-2?)

BEITEKA€T, YTO IPaUK MepBoil BeTBU (PYHKLUMM BEITYKIKH BBEPX, a BTOpoi — BHU3 (puc. 48).

IIpu usmeHenuu a or 0 70 +0C HOLYYMM CEMENCTBO SILIMICOB, MPOXOJAUMNX Hepe3 TOUKU
(=1,1) u (1, 1) (puc. 49);

1

y ==+

&v

Puc. 48 Puc. 49

6) a < 0. OGuacre onpefieneHust pyHruun —|z| > 1. Acumnrorel y = k1z + b; y = k2z + b,

a2ty /~a{xz2—1
( )zl:l:w/—a;b=0.
Tpadux usobpasked na puc. 50. »
188, y=ze a.
« Paccmorpum gBa cayuas: ¢ >0 u a < 0.

1. a > 0. dDyHruus nMomokuTensHa npu r > 0 M orpuuarensna mpu ¢ < 0. Haxogum
TIPOU3BOTHY IO

rge k1,2 = lim
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Otcroma clefyer, uTo MpPU £ = a4 JOCTUTa€TCI MaKCUMYM, PaBHHIH % Hanee,
" _2 ( ; 2)
=e¢ a | — — —
y Z a0
OTKyHa CIeflyeT, YTO B TOMKe T = 2¢ UMeeTcs NMeperut ¢pyHKUMHU y, mpuueM npu ¢ < 2a rpaduk
x

byHKUMY BHIMYKIEI BBEpX, a IPU T > 2a — pHu3. Tak kak e o -+ 0 Tpu T — +00, TO MpAMad
y = 0 ABANETCH ACUMIITOTON rpacduka (hyHKUUU PU T — 00,

2. Ecan a < 0, To, KaKk Jerko BUAETH, 9TOT CIy4all CBOIMICA K HpeJAHAYLIeMYy, €CIK B HeM
3aMEHUTh ¥ Ha —Y, a £ Ha —T.

v A

Puc. 50
Yy a>0 Yy
a<0
0 X .
B cmopony 0 x
yeenunenus
a
Puc. 51 Puc. 52

T'padux cemeiicrsa usobpasken Ha puc. 51, 52. p
YupakHenus Aas caMOCTOSTeJbHOH paGoTH

MocTpouts rpaduxy crenymowmnx GyHKUMIA: .
404. a) f(z) =sup{sinz, cosz, tgz}; 6) f(z)=inf {sinz, cosz, tgz}.
405. z =tcost, y=tsint, z=1t. 406. £ =acost, y =acos2t, z = cos3t.
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HaiiTi reomerpuyeckoe MeCTo TO4EK, KOOPAMHATEL KOTOPEIX Y/IOBJIETBOPAIOT CIEIYOWUM ypas-
HEeHUIM:

407. (1-22 - |1-2*))° +4* =

408. (2—2° —|1—a’| —[L—y| - |y|) (2~ 4"~ |1~ *| - 1 — 5| — |a]) =
409. 22 4+ y* +9— |22+  — - 2—y|—|y+3| —|z] = |5 —z| = 0.
410. 2—y—|1—-z—y|-1+z—y|—|y|=0.

§12. 3amauy HA MAKCUMYM M MUHUMYM QYHKIIMA

189. [loxasars, uro ecnn dbynxuus f(z) Heorpuuarenska, ro dynkuna F(z) = cf*(z) (¢ > 0)
MMeeT B TOYHOCTU T€ Ke TOUKU KCTpeMyMa, uTo u pyHxums f(z).

« [l onipee IeHHOCTIL NPEINONOKHM, TO B TOUKe To pyHkuus f(&) mocturaeT MakcuMyMa.
Torma cymecrByeT Takoe § > 0, u4To s Bcex T u3 okpectHOCcTH 0 < |z — zo] < § cmpasemauso
nepasencrso f(z) < f(zo).

Tax xax f(z) 2 0 u ¢ > 0, To U3 NOCIETHEr0 HEPABEHCTBA CIEAYeET:

2 2/ 3

cf(z) < cf*(z0), T. €. Fz) < F(x0).
ITocnepnee ozHavaer, 4TO B TOuKe To pyHKuus F'(z) gocTuraer MakcuMyma. B ciaywae MUHMMYyMa
TMOCTYMAaeM aHaJOTHUHO. P

190. [oxasats, uTo ecnmu dyHruna () MOHOTOHHO BO3PACTA€T B CTPOTOM CMEICIE TPH
—00 < & < +00, To pyHrunn f(z) 1 ¢ (f(z)) uMeloT ot U Te JKe TOMKU IKCTPeMyMa.

« IlycTs B Touke zg pocTuraercs makcumys pyuxiuu f(z). Torpa npu Bcex T U3 OKPecTHOCTH
0 < |z — z¢| < 8 CpaBeNIMBO HEPABEHCTBO

f(z) < f(z0) = fo.
Tax xax (yHKUMA ©(T) MOHOTOHHO BO3pacTaeT B CTPOIOM CMEICIe, TO M3 HepaBeHcTBa f < fa
clegyer HepaBeHCTBO
o(f) < o(fo),

4YTO M TpeGoBANOChH [OKa3aTh. AHAJIOrM4HO, NPEeRNONOKHUB, YTO B Touke o yHruma ¢ (f(z))
noc'mrae'r Maxcnmyma NMpUMNEM K BHBOLY, uTo GyHxuus f(z) Takske JOCTHraeT MaKCHUMyMa. B

Ly TR 191. B xaxux cucTemax TorapubMOB CYMIECTBYIOT M-
X T T cila, paBHEIE CBOEMY JoTapupmy?
x| ' N « llycty y — ocioBaHMe UCKOMOI CHCTEMEL J0rapH(pMOB.
A | : / Torpga corilacHo YCIOBHIO UMeEM
N C N ,B K ] -
R a g log,z=2 (>0, y>0, y#1).
E 1
W OTKy#a y =Tz .
o 7
Dyuxus y yxKke ucclefoBaHa HaMu B npumepe 174. Hs
- 1
Puc. 53

HEr'o caenyeT, B YaCTHOCTH, 4YTO Y He NPEeBBHINIAET Ymax = €€,
1

T. €. BO BCEX CHCTeMaX C ocHoBaHMeM y (0 < y < e<c, y # 1)
TakMe YUCIA CYLECTBYIOT. P

192. B mauustit kpyroBoii cermMeHT, He MPEBHIIAMMI TOIYKPYTa, BIUCATE TIPAMOYOIBHUK
¢ HanbolIbulel NIolagsio.

<« Ilycry BEICOTA MpsAMOYroAbHUKA T, MMPUHA 2y.

Ecau o6osHauuTs Yepes 2o 1Yy CeCMEHTa, a yepes 2¢ — nyry, CTATMBAaeMYIO CTOPOHOM Mps-
MOYIrOJBHHUKA, TO IOIYyuaeM, UTo y = Rsinp; ¢ = OF — OB = R(cos ¢ — cos a) (puc. 53). Cueno-
BaTeJNbHO, TLIOWATh NPAMOYTONBHNKA PaBHA

-y P 2 .
S =2zy = 2R" sinp(cos p — cos a).
[IpupaBHUBasg HYTIO HPOUIBOIHYIO

S'(ga) =2R? (2 cos’ ® — COs P Ccos o — 1_) =0,
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HaxOJAUM, YTO

cosa 4+ +cos2 a4+ 8 cosa — v/cos? o + 8

Ccos p; = 1 , COS@2 = . S

4

Iyra w2 He MOXXOZUT TIO CMBICIY 3agayu.
Tak xax S'(p1 —&) > 0; S'(p1 +¢€) < 0 (¢ >0 — jocTaTOMHO Manoe), To MpH

cos o + v/cos? a + 8
4

CoOsS w1 =
dyuxums 5(p) nmeer MaxccumyM. >

193. B snaunc = + 7= = 1 BOUCaTh MPAMOYTONLHUK CO CTOPOHAMM, MAPALIETLHEIMU OCAM
2JLIMIICA, TLIOMWANE KOTOpOI‘O HauBoabIIad.

<« Ilycts = u y — nnuHe noxycropon mpamoyronphHuka. Torma S = 4zy, npuueM z U y —
KOpAMHATH TOYKH, deXKamel Ha siaumnce. J[Id yHpoueHUs CrenyeT 3alUCATEH NapaMeTpUUYECKHe
YPaBHEHHUS 2JIMUTICA:

z =uacost, y=Dbsint.
. PR ~ _ . _= _ % = b
lForma S = 2absin 2¢, oTkyna Smax = 2ab, npu t=1,az=5,y= 5. P»
y?

194. Yepes touxy M(z, y) sminmca = + ¥ = 1 nposectu xacatenryo, 06paéylomy16ié

b2
OCAMHU KOOPAMHAT TPEYIOJBLHUK, IJIOWAdbL KOTOpOI‘O HauMEHbIIAL.

« YpaBHeHle KacaTeTbHOI K BIIUICY B TOYKe C KOOpAUHAaTamu (To, yo) MMEET BUL:

zIo  Ylo

=1
a2 b2 ’
o o a? b2
OTKYJia CIIefyeT, TO KacaTelbHai OTCEKA€T OT KOOPIMHATHEIX OCEH OTPE3KH MIMHOK — H -=.
2,2
: b
ClegoBaTenbHO, MI0WANh TPEYTrOIbHUKA S = %T
a¥o
E ; ¢ = b T, § t = T
CIU ypaBHEHME 3JLIMICAa TAPaMeTPU30BaTh, TO S = = o=, OTKYAA Smin = ab mpu t = 7}

_ a _ b
To=75 Y= W .
b 195. Ilonepeutoe ceueHue OTKPHTOro KaHala HMeeT GOPMY.pPaBHG-
6enpeHHol Tpameuuu. IIpy xakoM HakioHe  GokoB “MOKpPBIH mepumerp”
ceveHUs GyTeT HaMMEHBUIMM, ecad TUIOWAAh ““KMBOTO CEYeMHA ~BONBI B Ka-

Halle paBHa S, a YPOBeHb Bofst paBeH h7 '

¢ <« “Moxptiit epumerp” P ompenensercs mo dopmye (puc. 54):
{ ¥ S
P=a+——. ®
sin ¢
Puc. 54 Maomans “:KUBOTO cedeHUs” BOIBI:
S =h(a + hetgp). (2)

A3 popmya (1) i (2) Haxopum
5
P= W — hctgp + s

IMpoussognast dpywxuuu P, pasuas

1 2cos

sin2p  sin®¢

h

TOKa3bIBAET, YTO MPU ¢ = 33'- NOCTUTaeTC MUHUMYM byHKuuu- P. b

196. “Uspunncrocrso” 3aMKHYTOI'O KOHTYpa, orPaHUMHBAIOWErO Tuiomans S, HasHIBaercH
OTHOWIEeHHE TIePUMETPa 9TOr0 KOHTYPa K JIIMHE OKPY’KHOCTH, OFPaHM4MBaloel KPYT ToH ke ILIo-
magu S.

Kaxosa (popma paBHOGeNlpenHoil tpanteuun ABCD (AD||BC), 06J1anarome14 HaMMeHBbLIEH “u3-
BUIMCTOCTHIO”, ecnu ocHoBanne AD = 2a u octpuit yron BAD = a?
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B C « Iycrs 1 — “usBunucrocrs” rpameuuu. Torpma, cormacHo omnpe-
HeneHUIo, uMeeM (puc. 55):
0= ——L—.y
a YAVE
A D roe 5= E—(?ﬁABsina; L =2AB 4+ BC + 2a.
Tax kax
Puc. 55 2¢a — BC = 2AB cos a, (1)

To, o6o3Havas AB = z, noayuum
2a + (1 — cos o)
V7\/(2a — z cos @)z sin @

Uccaenys dynrkumio [I(z) Ha sxcTpeMyM, HAXOOMM, UTO OHA MMeeT MUHUMYM IPH .

H(z) =

2 &
r = aseC -—.

#s (1) monyuaem BC = 2atg’ g; Tak KaK IOJOBUHA BHICOTHI TPAIEUM T = gsina paBHa paccro-
aHuIo ot touku Ofa, r) Ko cTroponbl AB, T0 B HallmeHHYIO TPANIELUIO MOXKHO BIIMCATE OKPYXKHOCTH
pagvyca r. »
197. Kaxoii cexrop clemyer BHpesaTh U3 kpyra paguyca R, 4ToGb U3 OCTaBHISHCT acTU
MOJKHO 6RO CBEPHYTEH BOPOHKY HauGonbuieil BMecTuMoCTu?
<« Ecnv o @ monuMars 1{eHTPaNbHEIN yToa oCTaBLIerocs CEKTOpa, To 06beM KoHyca V paBen
R
— @
2472
HccnepoBanue 3T0i hyHKILMK OT @ HAa IKCTPEMYM MOKA3BIBAET, UTO MAKCUMYM €€ JIOCTHIAETCS
npu

472 — o2,

198. [Ba xopabas MIABBYT C NOCTOSHHBLIMU CKOPOCTSIMU % U ¥ IO TIIPIMBIM JIUHUSIM, COCTa-
BAdIOWUM yrox § Mexnay coGol.

Onpenenurk HaUMeHbIIEe PACCTOSHUE MEXTy KOpabasdMU, ¢CIu B HEKOTOPHHN MOMEHT PaccTo-
AHMS MX OT TOUKM TepecedeHud IyTe# OhIAU COOTBETCTBEHHO PaBHEI @ U b.

v <« o reopeme xocunycos umeem
1’ = (a+ut)® + (b+ vt)’ — 2(a + ut)(b + vt)
0 (puc. 56), rue r — paccrogHue MRy KOpaGasaMu B IPOUSBONEHHN MOMEHT
L BpeMeHU .
0 Uccnenys dpynkumio r°(t) Ha 9KCTPEMyM, HAXOTUM, UTO
u
a Y(to) = 0 to = (bu—{—av)cose—au—bv.
Puc. 56 ’ u? — 2uv cos § + v2

Honcrasnas to B r* (1), monyuum
|ub — va| sin ¢
Tont - .
T JuZ — 2uv cos 8 + 02

Ecnu u nmomensars Ha —u, TO B CUAY TOXIECTB

sin(m — §) =sin ¢ u cos(r — ) = —cos ¢
b in o
MORY UMM Frmin = —iitvalsing
VY u?—2uvcos4v?

199, Cgpersiascs Touka HAXOZUTCA HA JMHMM IEHTPOB JBYX HETEPECEKAOMUXCA UIAPOB
paguycoB R u r (R > r) u pacronosxeHa BHe 3TUX mapoB.

IIpu xakoM TOMOKEHMW TOUKM CyMMa IJOUamedl OCBEHIEHHBIX YacTell TIOBEPXHOCTEl MIapoB
6yner naubonpuiei?



§12. 3apavyn HA MaKCHMYM H MHUHUMYM GYHEIMH 203

« Hajigem cymmy nmomageil ocBeIeHHBIX 4acTell moBepxHoCcTed kak QYHKUMIO PACCTOSHUS .
Hmeem (puc. 57)

S =27 R(R — o) = 2 R? (1 - g) ;

S1=27rr2(1— T ) (¢ 2 r+2),

a—z
e & — PacCTOAHUE MEXOy LEHTpaMM UIapoB.
Uccnenosas cpymcumo S+ 51 = f Ha sxCTpeMyM, HaXOJUM 3HAUEHUE I, npu KOTOPOM JIOCTU-
raercd MakCUMyM 9T0M DyHKLMM; IIpU 3TOM
a

3)
1 (5):

Zrt+r=r-+4

OTKYHRA a > T+ R\/?

Ecau sxe npoussonnas f'(z) < 0, o Makcumansnoe sHaveHue pyHkuuu f(z) mocruraercs mpu
Ty = a — 7; NpY 9TOM BEINOIHIETCA HEPABEHCTRO

R
a<r+ Ry = »
T

r a
\ x oF
b
a Loy
Puc. 57 Puc. 58 Puc. 59

200. Ha xaxoil BEICOTE HaR LEHTPOM KPYIJIOTO CTONA PAafiuyca a ClelyeT MOMECTUTh JJIeK-
TPUUYECKYIO JaMIOUKY, UTOGH OCBELIEHHOCTE kpas cToja 6blia HauGompuiei?

4 [log ocBemennocTeio | mouuMaeTca BenuuuHa

sin
=22
TJAe T — paccTogHMe OT UCTOYHMKa CBeTa OO0 TOUKU Haémone}ms[, k = const, ¢ — yroix, uzobpa-
SKeHHEBIN Ha puc. 58. Umeem
kz
I{z) = 7
(a® +22)3

OTKYRA HaXOMUM BEICOTY Z¢, MY KOTOPOW mocruraercs MakcumyM dyukuuu I(z): zo = % >

201. K pexe nmpunoii ¢ M NMOCTPOeH NOJX NpAMHM YIJIOM kaHag mupunoil b s. Kakoit
MaKCUMaJbBHOU JIMHE CyJa MOTYT BXOOMTE B 3TOT kKaHan?
« [Inuna xopabns !, xak crenyer us puc. 59, papxa
b a
siny  cosg’

,
UccnepoBap Ha sxcrpeMyM yHKUMIO !, TogyvyaeM, 4YT0 MMHUMAJIBHOE 3HaYyeHVe OHA NPUHUMAET
npu

af/b
@ = arctg 4/ —.
a

Taxum 06pasoM, MAaKCUMAIBHO BO3MOXKHAA NIMHA kopabud paBHa

2_ 2
a3 b3 M.
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202. Cyrounsie pacxojsl Npy IIaBaHUHM CyIHA COCTOAT U3 JIByX UacTell: MOCTOAHHOM, paBHOR
a py6., ¥ NepeMeHHOI, RO3PACTAIOEN NPONOPUUOHAaILHO Ky6y ckopocTu. lIpu kakoil ckopocty v
IIaBaHUEe cy[Ha GyjeT Haubollee SKOHOMUUHBIM?

« Hpegmonoxum, uro cypuo npouuto S xax 3a T cyrox. Torma pacxonsl R 6ynyT paBHH

Ta + kTv®,

s
rae k — xoddduuuent nponopuuonansHoctu. Ho tak xax T = =, 10
Sa .
R="2 4 k8%,
v

OTKY/la HaXOJUM CKOPOCTB, ITPU KOTOPOW PacXombl MHHHMaJBHHEL:

_ 3/
v = 3% >

203. Tpys Becom P, mexamuii Ha rOpH3OHTANBHON HIEPOXOBATON ILIOCKOCTH, Tpebyercs
CIABUHYTh C MecTa IpuioxeHHol cuion. [lpu xakoMm HakioHe 9TOM CUJIEI K TOPDU3OHTY BeNUUUHA ee
6yner HauMeHblIel, eciu KO3(PPUUUEHT TpeHus Tpy3a paBeH k7
F <« Illpoexkrupys mpunoxkeHHHe k Tpy3y CUIBl Ha TOPU3OHTANRHOE HaIpa-

BIEHHe, U3 yCIOBUsL paBHOBeCHs uX noiaydaem (puc. 60):

T = Fpk=(P— Fsinp)k = Fr = Fcosy,

kP
OTKyHa F T ksin p+cosp

Uccnenosap dyuxuyio F(p) Ha KCTpeMyM, HaXOJUM, UTO TIPU @ =
ry arctg b Benyuuna cunel F' 6yger naumenbuei. »

204. B uamxy, uMmeomyo GopMy IMOTyNIapa paguMyca a, OIyImeH
CTep>KeHb JUIUHE | > 2a.

HaHTH Mon0KeHe paBHOBECUS CTEPIKHSL.

« Haitpem notenunansHyo aveprumo Il crepxna otHocurensHo gHa vamku. Umeem Il = mgh,
roe h = %sin ¢ + y — BEICOTA LiEHTpa TSXKECTH CTEPXKHS OTHOCUTENBHO jHA Yawku (puc. 61).

Puc. 60

a—1y atz
Hanee, tak kak tge = = TO ToAyuaeM & =

a—x a—z’

—a cos 2¢p.
UcnonrsoBaB ypaBHEeHYE MOAYOKPYKHOCTH, HAXOQUM, UTO

y = a(l — sin 2¢).

1 . .
T o HUrax, Il =mg (5 sin ¢ + a(l — sin 24,9)). [MockonBKY CTEPKEHE CTpe-
mgy X  MUTCH 3aHATH MOJOXKEHUE ¢ MUHUMYMOM MOTE€HUMAIRHOH SHEPrui,
TO HeOBXOTUMO HAWTU o, IIPU KOTOpOM mocTuraercd Lp,in. Umeem

Puc. 61 1412 4 128a2

cospo = 16a

Tax xak cosp < 1, To paBHOBecMe BO3MOXHO ToAbKko mig | < 4a; npu [ > 4a paBHOBECUE HEBO3-
MOSKHO. P
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HeonpeneinenHpl uaTerpast

§ 1. Ilpocrenmue HeonpeneleHHbIe UHTET PAJIBLL

1.1. OnpegesicHHEe HEeOMPEAEICHHOTO HHTErpAIA.

Onpeneaenne. Pyuxyus F : X — R, X C R, nasvicaemies nepecobpainoti uav npumu-

muenot gynxyuu f: X — R, ecau d)ymcuuﬂ F nenpepviena na X u umeem npouaeoanym, pastymw
f(z) 60 ecex mowrar unwmepsana X, 30 ucxmouenvuem c'remuoti €20 wacmu. '

Ecau dyuxuus F vMeer npoussojHyio, pasHyio f(z) B kaxkmoil Touke uHreppana X, 0 ‘bynk-
uus F Ha3BIBAETICA mounol nepsoofpasnot unu mounod npusmumuenot dyukuuu f.

COBOKYITHOCTS BCEX TEpBOOGPAsSHEIX byHKuMY f Ha MHTepBane X HasHBAELTCA Heonpedeten-
HOIM unmezpaaom oT GYHKUUH f U 0603HAUAETCI CUMBOIOM f f(z)dz. Ecny F — ni06aa nepso-
obpasHas dyHkuuu f Ha untepBaxe X, TO T e ey

/f(z) dz = F(z) +C

o e [

rpe C — npousBOABHAS NMOCTOAHHASL.

1.2. OcHOBHEIe CBONCTBA HEONMPENeTeHHOTO MHTErpala:
a) d ([ f(z)dz) = f(z)dz; 6) [ dF(z) = F(z) + C;
B) [Af(z)dz = A [ f(z)dz, A € R\{0}; 1) [(f(z)+g(z))dz = ff(z)dz+fg(z)dr .

1.3. Ta6auua npocTeHWNX UHTErPAJIOB:

1. fdx:a;—{—(}'. II. fz"dz-— o +C n;é—l
dv . de a.rctgz +C, f
. < =hjz|+C. V. [ _{ Carcctgz+C. .
Code L a—1 o . dz K a.I'CSiILZ -‘L— C’vl‘jr
V. j.r?—x_glnlm_-lff['i'("‘ VL. f\/l':;z'_{ —arccosz + C.
da _ Y z — i‘t_ .
VIL fT:?—;T =llz+v2?E£1|+C. VIL [odz=3=+C,a>0,a#];
f efdx = e 4+ C. '
IX. fsi11zdz=—cosz+C. . X. fc051d1:=sinz+C. e
XL [ 3% =—ctgz+C. XIL [ % =tgz+C. R
XIlI. [shzde=che+C. XIV. [chzdz=shz+C.
XV, [ =—chz+C. XVI [ =ths+C.

’

1.4. OcHOBHREIE METOAK HHTETPHPOBAHUA.

a) Meton BRefenus HoBoro aprymenra. Ecan [f(z)dz = F(z)+C, 1o [ f(u)du = F(u)+C.
6) Merox moncranosku. Ecan [ f(z)de = F(z)+ C, z € X, 10, nonaras

s=p(t) ¢:iY X,

rjfle ¢ — HeNpepblBHad (hYHKIUS BMECTe Co CBOCI NMPOU3BOHON ¢, MomyYuM

/f op(t) o' (t)dt = Fop(t)+ C.
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B) MeTon MHTErpUpoBaHus Mo vacTaMm. Ecau v u v — nuddepennypyemuie QyHKIMH ¥ QIS
dyuxunu uv' cymecrByer mepsoobpasHast, TO

/udv:uv—/vdu.

1. Moxasars, uro eciu /f(z) de = F(z)+ C, 10

/f(az+b)dz=%F(az+b)+C, a#0.

4 Nmeem
Flaz +b)do = = f(az +b) d(az +b),

NMO3TOMY, MPUMEHIS MeTOJ[ BBEIeHUS HOBOTO apTyMeHTa, IMolyuaeM

/f(ax—f—b)dz:%/f(az+b)d(az+b)= %/f(u)du: %F(u)+C,

rge v = az + b.
Hanpumep, nonesysack Tabnuueil MHTETPAJIOB, HAXONUM:

= arcsm - + C;

/a—zi—zﬁ%/f((%;)‘f:%““gf*“ | == /\/———
[ =m0 =

e 1 d(5) 1
2 —a°> a z\2 1=%ln
(%) -
IIpuMenss Tabnuily MPOCTENIIUX UHTETPAIOB, HANTY CIENYOUe HHTEer Pagkl:

2. /l+slnz

« Ameem

x;é——§+2k7r, keZ. »
Sdz
R
/1;3—2

« [lockoneky

+Co =ln|z+/z? 2 a?|+C, C = Co—Inlaj;

dz
/v:cz + a?

r—a
T+ a

r—a

P +C,

de. 1 In
2 — a2 2a
TO, COrJIacHO npumepy 1,

/ - / (14)3(_14(1[)2:8_%1

4 / Cdz
’ vVzZ F1

.’E‘

zt 4+ 2

Lo
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4 UmeeM nipu z # 0

1
dz _ sgnzdr d(m)

2 1 ’
VRS zlel\/1+ 25 z2[+ \/1—1-(”')2

MO3TOMY
lrl Y ANEY P 1+\/1:§+
/z\/zT_— / 1+1:2 +C=-In '-I-CP
le
5 / dz
’ /2?2 -1
« Tlockoarky
1
dz _ sgnz dz __ d(m) o] > 1,

.L\/.'E2—l 12¢1 _1? 1_(L>2’
[

| = /ﬁ

6 / dz
(@ +1)2

« Iloap3sysce tem, uro |z| = zsgn z, umeem

3
/ g 3=/ “ 3=—Sg”/(1+i) a1+ 5) =
= 2 2 z2 z?
( ol (14 25)5 \

z? +1)2 1+ %)

TO

—arcsin -— + C.»

1
Sgn T 1\~7 z
=B 214 ) TH0=Es 10
2 z V1422
Ilpu pemenuy na r GBHLIO HaNOXeHO orpaHuieHue z # 0. OpHako HeMocpeACTBEHHOM MpoBep-
© x 1
KOM yCTaHaBJIMBACM, UTO ey ecTh NnepBoobpasHas QYHKUUI ZZ31)3/7 Pud BCex z eR. »

(=
7. / =
V(1 +z)
« U3 nepanencrea z(1 4 z) > 0 Haxomum oGnacre onpeneners X = {z : ¢ >0V r < —1}
nojibIHTerpadbHol pyuxuuu. Umeem npu z > 0 ‘

dz _ dz 3 d(/7) . | .
/\/z(l—f—z)-./\/;\/m_z /it (/o 2ln(vz +v1+2)+C -

Ananoruusno npu 1 4z < 0

dlv—z 1) = ~2In(v/—z — —a;’ .
/ 1+V(m)2_ 21n(v/ 1+v=z)4C

WNnu, o6segunun 06a pelieHys, MOXy UMM

/ﬁ—

_ZSgnzln( |z] + |z+l)+C, z &[-1,0].»
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8. / _

Vil —z)
« llojmanrerpaneras pynxums onpenenena npu 0 < z < 1, mosromy

dz / dz d(/z) .
= =2 | —2¥=/_ = arcsinv/z +C. »
/\/11(1—~1:) Vel -z V1 - (z)? :
9 / dz
) V1F e

< Umeem

/ de / dz L dle™)
\/1 + 2% P”\/EZ_2I +1 - \/e—2x +1 -

=—-ln(e™ +vVe 224+ 1)+ C=z~-In(1+\/14+e2*)4+C. »
10 / sin z cos zdzx
\/a2 sin z 4+ b2 cos? ¢

. i a2 sin? o452 cos?
« Tockonbky sin z cos g dy = La-sin"ztbicosa)

2(a?—b2)
/ sin z cos ¢ dx _ 1 u‘l(a2 sin? ¢ + b? cos® z)
. ) . -
Va?sin®c + b cos?e @0 b Va2 sin? ¢ + b2 cos? ©

= 2;1)2—\/;2sin2z+b2c0521;+0, A £V »
a? —

11. /
Slﬂz

<4 Unmeem
dz dz dz _ dtg %

mzr  2sin EcosE T 2 E T g 2
sin 2sin 3 cos 2tg 5 cos® 3 tg 5

2
/ .d.’L‘ =/dtg2 IIl
Sin e tg2
12. / .
Ccos T

« AHANOTYMYHO NMpenHAyIIeMy IpUMepY HaXOMUM
dz d(F+2) T %

= — =lnjtg { —+ =

COS T sin (5 + g;) 4 2

13. / shz’

« Hpeoﬁpaaoaan TMOJBIHTEr PANLHOE BHIpAKEHME, Mpu £ # 0 monyuyum

dz dz d(th;i) z
— = — = - =1 {th—i c.»
/shz /ZSh‘;chj; /2th;ch2§ / th = g +

h z
14. / s
Vch )r
« OueBujiHo,

15 / shzchzdz
: 4 .-l‘4m'

’

MO3TOMY

tg = ]+(, s#kr, kEZ »

x;ég+k7r, keZ. »
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<4 Unmeem
shzchzdz shzchzdz sh2z dz _ d(ch2zy

Vsh*z +chtz B \/(sh2m+ch2x)242r(ch2x-sh2x)2 B 9 /;—ch22x+% NN e

Torma

shzchzdz _ 1 ch2z) _ ln(chZz—f—\/C—W)—{—C—
vsh*z +ch*z Vech?2z +1

dz
16. /—__
ch?zv"‘ th2z

<« Oyuenupo, .
d.’E _Z 3
ch*zvth°z
BuUYUCIUTE CIEAYIOIMME UHTET pa:
/\/1 —sin 2z dz.
« Mockoabxy .
V1 —sin2z = \/(cosz —sin ¢)? = |cos z — sinz| = (cos & — sin ¢} sgn (cos ¢ — sin z},
TO, 06o3Havus I(z) = f\/l — sin 2z dz, HaxouM

=1 (d\‘/z; + ch4z+sh*z) +C.»

2v/2

—(sing +cosg)+Cy, FT-2r<z< T~
sing+cosz+C, T-n<e< T,
I(z) = —(sinz +cosz) + C1, <<+,

(—1)"(sin z + cos ) + Cn, f +(n—lr<e < f + nw,

Ilockoapky mepBooGpasHad HeNMpephBHA, TO NOJMKHO BHITOJHATHCS PABEHCTBO
1(§+kw> _1( +k7r—0) keZ,
T. e. (—l)k"'l(sin Ty +coszi)+ Crypr = lim 0(—l) ‘(sinz + cos ) + Ci, e T = % +kr, k€ Z.
Toxp—

OT1crojla TPUXOMUM K paBeHCTBY —V'2 + Cryr = V2 + Ci. Ipu k = 0 naxogum C; = 24/2 + Co;

nanee, ipu k = 1 noayuaem Cp = 2V2 4+ = 2-2¢/2 4+ Co. C noMompio MeTola MaTeMaTHUECKOM

MHYKIUM yCcTaHaBauBaeM, uro O = 2\/_11 +C,rpe C = 60 — NPOUIBONLHAS MOCTOAHHAS.
Haxkonery, npeo6pasys HEPaBEeHCTBO o 4+ (n-lr<<z< 5 + nw Kk BUAY TS g

z—-l—r-+7r BRI
1z<———7r——<n+l,

-z
T

T O

HaXouM, YUTO

Takum o6pasom,

T=— =47
™ T— <47
/Vl*siﬂdez‘z(-—l)[ ](sinz+cosz)+2\/§|:——-——:—r———

d .
18, [ —=
sin“ 2 4 2cos? z

|+
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« [Ipeo6pasya nojbIHTErpAdbHOE BEIpAKEHUE, HAXOTUM

I(z) da de ! arct + C,
T} = = = n,
( sin’z 4 2cos? (tg?z +2)cos’z /2 8 75 f

e nw — % <z < % + nw, n € Z. U3 HenpepbIBHOCTY NePBOOGPa3HOU Claenyer

](g+n7r_0>=l(12r-+n7r+0), n €Z,

L b Cp=—— 4 Cur.

2/2 2¢/2
Otcronta HaxomuMm Chry) = +Chum C, = 22 4+ C, tne C = . Iockonsry n < ZET
\/' \/'

2
n €7Z, to 11*[;:"

2z

+" <n+1,

} . CnegoBarenbHo,

T [2047
arctg [

_l
o) = e B4 72 [ 2

ABNIETCd TOUHOU mMepBooGpasHod Ha R. »

2
19. /I4—1dx
z* 41

« U3 pasencrna

]—{—C, 1;:,6%+n7r; ](g-—{—nw): lim  I(z)

m—--—+n1r

caepyer, uro

1
/zz—ldzz/_d_(fj_l)_:_l_ln z
zt 41 (I+i‘)2_2 24/2

1:2—{—1
20. /z4+1d

. 4 UMeem ipu = # 0

1 ! z2—z\/§+1
S P, Sl e
22 23 zV/2Z4+1

1

+C.»

z2+1d 1+;_2 dz d(z—i)

A1 T ey L (e-3)+2

HosTomy
2 1 1
1 dz -2 1 - = -
I(z) = z4+ do = (—I)z——arctg s C: 1, ecan ¢ <0,
zt 41 (z——l)2+2 NG V2 Ch, ecau z > 0.
CoraacHo OTpeieeHiLIo, nepBooﬁpaanas{ JOMKHa GHITH HENPEPHIBHOM, CﬂeJIOBa.TeIIBHO I(-0) =

I{40), 1. e. 2\/-+C1——\/—+Cl Ecnu}{auneMC_1=—7+C' ) \/-+C roe C

— Tpou3BONIBHAA TocTosuHas, U monoxum [(0) = C, To ycaopue I(—0) = I(+0) = I(0) Gyner
BHITIONHEHHEIM, 2 OTIPefeIIeMbIil MHTer pa sanumercs B BUJIE

.7)2+1 _ 1 i — Kk
I(z)_/mdz_farctg m/_ \/_sgnz—f—C z #0, I(O)_iﬂl(z).b
21, [ Ly der 2> 1

TAHT

« Paccmorpum cayuait, xorfga A # 0. Iyers [z] = n, torma n < £ < n + 1, u ana cykeHus
nepBoo6pasHoil ¢ +— I(z) Ha moayunrepnansl [n, n+ 1], n € N, noryuaem

ndz .
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B cuny nempeprisHocTs neppooGpasmoit I(n) = I(n —0), 1. e. —5x + Cn = —‘%—3— + Cna1
1
unu Cp, = st Cn-1, n € N. Orciona nocieopaTeisHo HaxoquM

N =3+Co=3+C, tne Co=C,
Co= 3 +Ci=f+ 3 +C @

Hockoabky n = [z], To us (2) u (3) oxoHUATEARHO HAXOJUM

[z] _ =] |1 1 1 1
x/\+1d$— Az’\+A 1+2_’\+3’\++[$])‘ +C.

Ipennonosxum reneps, uro A = 0. Torma nag z € [n, n+ 1], n € N, nonyuum
n
I(z)= / —z-dz =nlnz + Ch.

Mockoanky mepooGpasnas HempephiBHa, TO ClpasegnuBo paseHctBo I{n) = I(n — 0). Orciopa,
aHaJOTUYHO PaCCMOTPEHHOMY BEHINIE CIy4alo, HAXOMUM

Co=—In2-In3—- ... -lnn+C.
A Tak xak n = [z], To
/[—z—]—dzz[z]lnz—an—lnS— ... =Infz]+ C =[z]lnz — In([z]!) + C.
Taxum o6pazom,
/ [z] de = —%+§(l+§y+£y+...+{ﬁ—y)+0, ecau A # 0,
ght [z]lng —In([z]})) + C, eciu A = 0.

Havinennas mepBooGpasHas He ABISETCH TOMHOU IepBooGpasHoil. [lelicTBUTENLHO, TOYHAS
neppooGpasHasd UMeEET B KaxJOM Touke 06MaCTM CYIECTBOBAHUSA IPOU3BOJHYIO, PaBHYIO NOMABIH-
TerpanbHoil Gyukyuu. OgHako MOIBHTErpadbHasd (PyHKIMS MMeeT CUETHOE MHOXECTBO TOYEK pas-

phIBA MEPBOTO POJia, MOITOMY HE MOXKET GHITh 3HAUeHUEM NPOUIBOMHOM. B .
1
22. / [7] d-’L‘, T E]O, 1]
T
<« [Tonoxum —lﬁ =t, Torjga ¢ = ;—2 ude = —2%. Mpu stom, ecam ¢ €10, 1], ro t € [1, +ool.
B pesysnpraTe 3aMeHBI NPUXOQYM K MHTETPALy
t)d
o [ 114t
t3

CornacHo mpegsIlynieMy IpuMepy, noiyvaem (nonaras A = 2)

1, _ 0 1.1

Bosspamasice kK crapoil epeMeHHO!, OKOHYATENEHO UMEEM .

/[%]dz=_[%]z+1+%+3i2+...+ [ 1]2-[-0,

e z €10, 1]. »
IIpuMeHss pa3mIriHEle METO/E, BELUMCIUTE MHTET Palibl:

23. /z(l —z)"% ds.
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« Honssyscy oyeBMpHEM ToxaecTBoM = = 1 —~ (1 — z), MoayyaeMm

/z(l—z)lod:ﬂ=/(1—:c)10d:c—/(1—:c)“d:c=

=—/(1—:z:)lod(l—z)+/(1—:::)“d(l—:::)=—ilT(l—) + 55 (1—z)12+C>

2
2. [t

« Pasmaras qyukiumio ¢ — z° 1o gopmyie Tefinopa B OKPECTHOCTH TouKM T = 1, TosydaeMm
52 = (1—:5)2 -2(1-g2)+1

HMostomy

° dz _ (1—:5)2—-2(1—15)-}-1 o= dx _ dx
T R el o R e

dx _ 1 + 1 +C sl p
t (1—2)100 ~ 97(1 — )7~ 49(1—x)® " 99(1 — ) ' ’

25 /“&___
: \/:c+1+\/:c—1.

« YHMUTOXas HPpAUHOHAILHOCTL B 3HaMeHaTelle, Moy YuM

s e R

=%/\/md(x+1)—%/\/5—_1d(x—l)=§(\/(?+1)3—\/(76—1)3)+C7 c21.»
26. /:::3 \3/14-:02 dz.

« Tockonbky zlde = %((1 + 172) - 1)d(1 + 1:2), TO

1 1 7 Ea
/w“ 1+w2dx=%/((1+w2)5—(1+w2)5> d(1+.vaz)=—E;(ldraaz)g—%(sz)5 +C.»

27 /L
=2

o Umeenm
1 _ 1 (:c+2)—(:c—1) _1_( I 1 )
:c2+:c—’2_(:c—-l)(:c+2) 3(z ~1)(z +2) 3\z—1 z+42
CEe0BATENbHO,

SR

dx 1 dx dz 1 1
% 1 - = ilje—1]-11 ) = —1
/z2+z—2 3(/:5_1 /:::+2) 3ln|a: 1] 311|:L+2|+( n

z dx
28. / x4 4 % + 322 +2 +2°
<« Iockousky zdz = 5 2d(=z®) u

1 _ 1 _E#F+)-(=*+1y 11
:c4+3w2+2_(:v7'+1)(:c2+2)“ (z2 4+ 1)(z? 4+ 2) T 2241 z2 420

2 2 2
_z'd_{._zrl. i(ﬂ_‘l d(l‘):llnx+1+(}.’
i 4+ 35242 2 241 2/ 2242 2 z242

29. /si114:cdx.

TO




§ 1. IIpocTeiiiune HeonpeneseHHbBIe HHTETDAJIHI :,213

« Nurerpupys ToxgecTBo

. 1~ cos 2z \?2
sm4z=(—%—£> =i——%cos?x+%cosz‘2:ﬂ=
1 1 14cosdz 3 1 1 '
‘ :Z—gcos&c-}-—-—g—:5—5c0821+§cos4x,
oMy YaeM
/sm :cd:c—?—zsm2:c+325m4x+(7.>
30. /tgawd:c.
4 Umeem
tg’zd ¢ ( ! 1>d tg = d(tg 7) sineds 120 4in|cosz|+C
rdr = T - = — = - : ]
8 & cos? g ¥ gzd(tgz cos T 2 8 ’
z;!:-;i-f-k‘lr.b

31 dx
’ sin ¢ cos? ¢ .
[

« Ilonesysce TeM, urto f o =1In ltg §| + C (cm. mpumep 11), HaXomum

dx cos? z + sin? :c sin ©
- = - : 5—dz =In
T sin z cos? sin :c cos® x

sin ¢ cos?

32. /
S]]l 1}

dx
« Iloabsysacs paBeHcTBOM P

/ e _ —/ ,12 d{ctgz) = —/(ctg2x+1)d(ctgx)i —%—ctgsx—ctgz-}-C. >

sin? ¢ sin”
L

T 1 ; kn
tgi\”f—cosﬁc’ vE P

= —d(ctg z), HaxonuM

33. /ch zch3zdzx.

« VMmeem
/chxch3:cd:c = %/(cth +ch4dg)ds = %shZ:c-}- %sh4x+0. »

ITpuMeHsas MeTOX MOACTAHOBKM, HAWTH cENyIoUIMe UHTEr Pajibl

34. /w3(1 - 527)"° dg.
L dt; 2*(1 —522)0 dx =

2 1,11 _ 10
= t, naxopuM z dz = — 5 Gt =t )%dt, ¢iemoBa-

« Ilonaras 1 — 5z

y -

TENBHO, .
s \

3 2v10 , 1 10 1 2 t“ . 145527 211,
/:c (1—5z%) d:c—SO/(t —t7)dt = FACTEEET +C = 5600 1-5z°)y" 4+C.»

35. /—i-—-dl‘
iy
x dx .
= —dtu

—2 = =
« [Iycts V1~ =z t, Torga T

—/(1—2t2+t4)dt=~(t—%t3+%t5>+C=

/—i——dz‘
V1 —z? -
——15—(8+4:::2 +3z*)\/1—-22 4+ C, [z]<1.p

36. sin z cos® *
14 T+cosla
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. dt
« Tonaras 1+ cos® ¢ = ¢, nonyuuM sin g cos z dz = ~% . Torna

sin x cos® x 1 f1-—¢ 1 1 1 2 1 5
——e = - —dt= =1 - = — k - — COf J.
/ Th o 2 dz 3 ; dt 3 n || 2t+C 2ln(1+cos z) 5 cos z+C.»

dz
37. /Tl_+=

« Ionoxus t = e~ 2, HaxopUM

dx dt
— = 2 ——— = —21n(t 12 41 C=z-2In(1 241 C.»
=t | i = s VERD 40 = VR 4

dx
38. /ﬁ:ﬂ—)”—?

<« Ecaut nonoxuts 7 =sint, 1o dt = costdt v mpu |z| < 1

dx / dt . z
/ = =tgt+ C =tg(arcsing) + C = ——=+C. »
3 2 ¢ )
(1-22)7 cos V1—gx
39. / 22 de
<HonoxcuM:c=;% Eciu ¢ € J—c0, —V2[, Tote] ,0[,ecnu>{cex€]\/_ +o0[, TO
te ]O, Y [. 3ameTus, 4T0 s >TUX 3HaveHuit x u ¢ sgnctg 2t = sgnt = sgn =, 6yeM UMeTh
2d : t
= [ _%de_ ~ —4sgnctg2t .dst =_sgnt (sin? t 4 cos? ) gt =
ViZ—2 sin® 2 2 sin® t cos® ¢
cos 2t
=sgnt —In|tgt )
& (sin22 Il
W3 pasenctsa sin 2t = g = 1-21.2332:’ yuuTHBas, uTo |tgt] < 1 mpu [t| < T, Haxopum

V2
ST ;) 3 ————H = ecin r > \/5,
V2 ii'vz-z—_—z, ecau T < —+/2.

2

tgt=

Takum obpasom,

z? 2
I=sgnz (7\/1—:’:—2+sgnzln

40. /\/a2 —z2dx.

« [lonaras ¢ = asin ¢, monyvyaem

2
/ az—z2d:c=a2/cosztdt=%—/(1+c052t)dt=

2 2

1. : ._2
:—az (t+§sm2t>+C=%arcsm£+x2 @?—2>+C, |o|<a >
a

T+ /22 —2,> +0 = g\/ﬂ —2+1n

:::+\/z2—2}+C.>

41. /_ﬁ-’ﬂ__
(22 + az)s'

o [Tonoxus £ = atgt, uMeeM npu a # 0
dx 1 1 T
—_—— = — A t = — ¢ i t = (/‘.
/ (z? + a?)® a? /COg & a2 o +¢ a*+/z2 4 a2 o

42. /,/“_ﬂdx
a—x
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o Ilycts £ = acos 2t. Torpa ,/-‘:if; =ctgt, dz = ~2asin 2tdt u

//Z-l-i :—4a cos tdt——-4a(2 -sm2t)+(’_aarcsm—-—\/ _zz+0

<z<a.>
43./:c o dx
) 2a —

« llonaras z == 2asin® ¢, moxyvaem (cm. npumep 29)

/:c ad d:c=8a2/sin4tdt=a2 (3t—251n2t+-1-sin4t>+(7=
2a — 4

=3a2arcsin,/%— 3a;-x\/:c(2a—z)+C, 0<z< 2a. p»

d
44, / _—
Vi{e—a)(b—x)
« Honoxus z —a = (b—a) sin’ ¢, motiie MPOCTHIX NPpeo6Pa3oBaHUil MONY UM

/__ﬁx____=2/dt=2t+6‘=2arcsin‘/x_a+C, a<z<bp
Viz—a)(b— ) b~a :

45. / a? 4+ 2 de.
< Iycts ¢ = asht, rorna dr = achtdt. Crepoparensuo, Va2 + z2 = v a%(1 +sh®t) =acht

2 2
/ a2+:c2d:c=a2/ch2tdt=—a—sth-}-a—t-f-C.-

~t

t_ y 2
Us pasenctsa sht = “='— = = naxouum, uto e’ = z—iﬂ Hockonbky ¢* >0, 10 t =1n |z +

Va2 + 22| — lna. Ouesummo, sh2t = 2shtcht = 2shty/1 +sh?t = 2- 1+ = 12 = z—ﬁxﬂlz + z2,

MO3TOMY OKOHYATENLHO MOJIyvdaeM

2
/ a2+x2d:c=;\/a2+x2+-az—ln|:c+\/a2+x2|+(7.b

46. /’/x_ad:c
4+ a

« TlopsinTerpanbHas QYHKUUSA oNpefiesieHa pU £ < —a U Mpu z > a. IHycrs z > a. Torna,
nofarag ¢ — ¢ = 2ash’t, momy4aem

/ x—ad:c=4a/sh2tdt:ash2t——2at+0.
T 4a

Yuurwsasg, uto ash 2t = /22 — a2, shi= /%2 = °'_2°_’ ,t=In(/TF a++7 = a)~Inv2a,

2a
OKOHYaTeJbHO TMony4yaeM

/ xﬁadw:\/:::7—a2—2aln(\/:c+a+\/:c-a)+(].

Tz +a

Eciu £ < —a, To, monarast ¢ + ¢ = —2ash’t, uMeem

/,/x"“ shztdt —ash2t +2at+C =
T4 a

-V +a? +2aln(vV-z—a++vV=z+a)+C. »
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47. / V(2 +a)(z +b) dz.

<« [Ipennonaras, uto b > au 2 4+a¢ > 0, c 4+ b > 0, monoxum = +a = (b — a)sh2t. Torma
(@ +a)(e+b)de = “=2 (ch4t —1)dt n

Y
/\/(z+a)(:c+b)d:c-_— Q’T‘Q_ (%ﬁ_t) +cC.
Hockonbky t = In(v/x +a + Vo +b) —Inv/b—a, shdt = -12714%2\/(:5 + a)(z + b), To oxoHua-

TeJIbHO UMeEM

/ (= + a)(c + b)dz = ?"’”—“L:f—b (:z:+a)(:c+b)—-(b—_4—?)—zln(\/_—z+a+\/x ¥8)+C.

Ecm ke £ +a <0, £ +b <0, b> a, To, nonaras  +b=—(b—a) sh®t, mony4um

/\/(x+a)(:c+b)zlz= —(i‘zﬁ/(chu-l)dt:_%ﬁshm ("—“ii)it+c=

_2r4a+b
- 4

Hpume}{xx METO HHTCIPUPOBAHUSA MO YACTIM, HAUTH cieayomue UHTerpaabl:

48. /:::2 arccos z dx.

z+a)(:c+b)+( a) In(v/~ :c—a+\/—:c—b)+C

« UHnrerpupys no 4acTaM, HaXoguM

2 de = d z° _:cs 1 7 dx
z” arccos x de = arccos ¢ 3= 3 arccosz+ \/1——_157

3 3 2

=£3—arccosx—%/:c d(\/l——m"’):%arccos:c—%— l——z2+§/\/1—z2d(z2)=

3 2
:%arccos:c——%—\/1—102—%\/(1—:1:2)34-0, g} <1.»
49. / arcs;n::: d
T
< Unmeem

arcsin Zd / arcsin d ) arcsu -+ z#£0, |zl<1
—_—— T —_— = - i T .
l‘\/l Y ’

IMociaequuit MHTEr pai BEIMUCIAETCA CIENYIOMUM 06pa3oM:

sgn z d( le)

/ dz _/ dz _/
zV1 — 2 ) 2 -
x|z Tx_ -1 sgn z - |z|? Izl
L <i> —1|+C=h
|| |

+ C.

14++/1—22

Ifl
N
OxoHuaTeJbHO MMeeM

arcsin « arcsin z
dz = —

T
= In +C.p»
z + ’1+\/1—z2

50. / arctg /x dz.
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< MeropioM MHTErPUPOBAHHS IO YaCTAM, HAXOTUM
1

z dz | |
/arctgﬁdw:xarctgﬁ—/m=zarctg\/§—/<§—\7-z 250 +z))dx>= ,»H

—-:z:arctg\/——\/_-f-/ dvz = garctg /T — Vz +arctg/z+C, z20.»

’

51. /arcsinzx dex.
<4 Vmeem
arcsin z dz = g arcsin®z + 2 / arcsin zd(\/1 — z2) =

2z

arcsin®s dr = z arcsin®s — | ————— arcs
1 — g2
= garcsin’z 4+ 2V/1 —g2arcsinz — 20 + C, Jz| € 1. p

52. /warcsinz:c dz.

« UHTerpupys mo 4acTAM M UCTONB3Y A TMPERRIAYIUNA TIPUMED, HAXOTUM

. . . . 2
/1: arcsin’z de = :c/arcsm2:c dx — /arc51112:c dz = (v — 1)/arcsm zdr = ,

=(z-1) (:c arcsin’z + 2\/1 — z2 arcsin « ~2.’B) +C, x| <1 >

dz
53. /m.

« Hocne oueBuanbix NpeoGpa3oBanmil, UHTEr pUPYsE IO HACTAM, TIONy4aeM

J Iy P B Y A
(a2 + 222 a2 (a2 + 22)2 P 2 a2 | 2%\ 2522
=%arctg§+m—§%/az(fﬂ =2a2(a: zz) le MCtg +C.»
54. /\/;lz_——';dfﬂ, |z] < a |
« MuTerpupys mo “acTAM, HaXOoUM )
2 —a ) +a® P

/ 2 _22de =12z —:52-}-/\/__(1:5—:5\/ -2+ / N
. .
=x\/a2——:z:2—/\/a2—zzdz+a2arcsir}§+6;.

Pemrast 3To paBeHcTBO OTHOCHTENBHO a? — 22 dg, nonyuyaeM
bl

2
/ az—a;"“d:cz-;—\/rzz—x2+%arcsin£+6', a#0.p ]
a

55. /:c2 a? 4 z2 de.
« Nmeem
3 3 -
)=§(a2+x2)5"%/(a2+w2)\/a2+r’dw+0=

/ a2+z"'dz—/ d( (a + )2
3 2
=-}(a2+z2)5—%~/\/a2+:pzdx+c‘
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BriuuciseM nmociaeqHuil UHTErpa:

ey e +a®)~a®
/ a2 +22ds =z a? + z? — /W a? + 22 — /—Wdz_
=z\/a2+x2—/ a2+z2dz+azln|z+\/a2+z2|+C;
2
/ a2+x2d:c=g—\/a2+z2+%ln|x+\/a2+:c2|+(7.

OxkoHYaTeNdbHO nojny4aem

2 2 4
/:cz a2+x2d:c=x—(—zf%—)—\/az+x2—%ln|x+\/a2+x2|+(7. »

56 /xsin\/:;d:c.

<« 3ameuas, uro 1 dz = 2(y/1)* d(\/T), ¥ MHTETPUPY S O HACTAM, MOTyUAEM
[asinvits=2 [(/aranvae) = -2 [ (/9 ateos v) =
= —2Vz? cos /T + 6/xcosﬁd(ﬁ) = -2V cos /7 + e/xd(sinﬁ) =
= ~2Vz3 cos \/T 4 6z sin /T — 12/ VZsin VT d(\/7) =

= —2\/ac—3cosﬁ+6xsinﬁ+12/\/Ed(cos\/i) =

= -2V 3 cos /T + 6z sin/z + 124/ cos VT — 12sin V7 + C =
=2z (6 —1)cos/z+6(x —2)siny/z+C, 20 »

arctg x
57. I—/(1+x2)3/2 z.

o« Uurerpupys mo 4actsaM, umeeM

/ zearctgz‘ J / (arctgz) xearctg:t earctgz d
T = = — T =
(14077 VI+ e Vixe ] rey
redfctE d(earctgz) xearctgz earctg:ﬂ redTet8 E P
= - = — — T,
Vitz? Vitz:  1+z22 i+2? (1+27)7

z—1 arctg.t
2v/1 + 22
58. I, =/e“"”cosb:cd:c, Is :fe”sinb:cd:c.

orkyma I = +C.»

« O4eBugHo,

as

/e “sin br dz = le‘” cosbr + -11]2;
T a a

I = /cosbxd —%e”cosbx+

ar

al»—- Ql'—‘

|| oo

I, = /sm brd(e*) = le”sin br — e* cosbr dr = le sin bz — éII;
a a a

- e**(a cos bx + bsin bx) +C L= e*?(asin bz — bcos bx)

a? + b2 aZ + b2

59. /eh sin® ¢ dz.

+C.»
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« Ucnonbays npembiayuil NpuMep, MoiydaeM
. 1 [ e 1 [ . . ' L
/en sin® xdr = 5/62 de — 5/62’ cos2zxde = iez - é—ezz(sm 2z +cos2z) +C. »

Haxoosxmenme crenyiommux HHTErPalioB OCHOBAHO Ha NPHBENCHAN KBafpaTHOIO TpeXWieHa K KaHoHHAYe-
CKOMY BHUAY M NpHMeHeHUH hopMYyJL:

1. aj%fzéarctg§+0, a;éO. fm_ l.’t+a|+o
III. ;%%;::t%ln[a2:}:m2]+0. Iv. fm;:ar051nz+0.

da ~ xd
V. f\/—;i_?:lnlz-f-\/a:?:ta"’]-f-(/, a>0 VL f\/%z_zz:t\/ai:tz§+0.

VII. f\/az—-rzda::;va2—x2+5;-arcsin§+c, a> 0.
VIL [V T de= 2V £l 4 S lnfz+ Ve £ 2|4 C.

Haittu unrerpanst:

dz
60’/31,2—21'—1' ' i

< Umeem

/ dz _1_/ (5'3—") _1l
327 —20 -1 3] (;_1)®_1

61. / d:c

« OquunHo,

zde 1 d(z>-1) 1 V2
/m—g/@—ztﬁz—_—z Woka —————I s#EV14+V2. 0

z+1 -
62. /szH . L

« Honpsysck crolictBoM r), M. 1.2, monyuaeM

l+C :c:,ﬁ—— s£1»

1 1 : .
T 41 (e+3)+3 ( 1y _1 2z+1 '
—— 1 de= | —22 24 x+->=-ln( + x4 1) + —=arctg +C.o»
/:c2+:c+1 (m+%)2+% 2 2 f V3 o
dx
3. 1= ———"—F ——.
6 1 /sinx+2cosx+3
4 Umeem
d d(teg £ v t :'£+1 P s
2sin 5 cos 5 41+ 4cos® 3 (tg—;-+1) +4 2 ,

2nw — w7 < x < 74 2n7.
W3 HenpeprisHocTU NepBooGpasHol ClenyeT
I(r+2nr —0)=I(r+2ur+0), neZ, % +Cp = *% +Cnt1, Cnp1 =7+ Ch.

Otcropa naxogum Cp = nr + C, rne C = Co — npoussonbHas nocrosHHag. I[lockousky 2nr — 7 <
<7+ 2n7, T. €.

:c+1r]
27 )

n < m<n+l, T™O N = [
2
Takum o6pasom,
tg 5 +1
2

T+
2w

I(z) = arctg ] +C, z#x+2ur, I(r+2ur)= lim I(z), nEZ»

T—mT42nT

|
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zdr
64. [ 2l

« OyeBUmOHO,

zde (z—3)ds L1 dz
Vitr—22 E4+z—22 2 gl_(z_l_)Z’
y 2
OTKyRa
z dz 1 . 2c—1 1—-+/21 14 +/21
— = —\/54 ¢ — £? 4+ — arcsin +0C ——<z<—— P
Vbt —a? TR A 2 2
2% da
65./————:6_4_2.;__2_1.
« Unmeem mipu 2| > /1 4++/2
z* dz 22 d(z?) _ (2 —1)d(z? —1) d(z? - 1)
Vvt — 222 -1 9\/ —1)2 -4 2/(s -1)2-4 ,/ T2 -4

OTKyHa

2% da

1 1 2
- = _ 4 2 _ — — 4 _ 2 . Y
o3 zt — 2z 1+21n|:c 14 Vzt =222 —-1|+C. »
66. /\/2+a;—x2dz‘

« Nmeem npu —1 €

/\/‘7+x—x2dar—/\/g— 1‘-—— v—— 2:1:—1 2+:c—:c+ arcsm 1+C.>

67 1—l+1‘ )
T 1+1‘—1L‘2
« [Ipu lx—;‘ < —,‘g——, z # (0, MMeeM

1—.L+.l / dx +/ z~1 dx
\/1+1"—.L‘)‘ zvV/1+ ¢ — 22 V14 z — 22

1
B nepBOM uHTerpafie nafoxuM W= t. Hoxyuum

/ dz __/ dt _
V1 4z — 22 V2 +tsgnae — 1
t+ Sg;‘t + /€ +tsgnz —1‘ =-1

Bropo# uHTerpa BRIMUCIIETCI HEMOCPEACTBEHHO:

= —In

n 24+ x4+ 2/1 +z — x2
o .

(z —1)ds __/ (=2 +1)dz (z-3) _m_lucgin%—l
V141z — 2 2\/1-{—1——:52 )2— 2 NN
OkoH4aTelbHO HMeeM

I=—-1In

2+z+2\/1+x—m§
T

1 2r — 1
—\/142—22 — = arcsin +C.p
2 VB

68. / 241
vt 41
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o« IIpu x # 0 umeem

o] d::: sgn / 1+’_li d sgn / :c——
= g | ——ZF=—=dr=sgnz
:m/:::‘1 /$2+z_12' /z——

=sgnz-ln x—i—-}-\/z?-f-z% +C=sgnz-In ﬁ:—l—%ﬁ—l— +C.»
YupaskHeHus U1 CaMOCTOSATEIbHOM paGoTH
Haittu unrerpann:
L [VT-4de. 2. fﬁ%ﬁ' 3. m a2 co:;nz2:b22in2z 5. fzz’:ﬁw
6. [ 7. [T neN 8. f’zqn_l , meN. 9. [—
(14 %)

0. [T 1 fw 12. [cos®zdz. 13. fe—zz’—lzd,. 14. [ e22° ds.
15. fcogl dr_ 16. f'“_” . 17. fz\;i{f_x 18. ftg*zdz fcoszzdz. ‘

.f:c\/:c2 ldz. 21. f(:c+ )Vz2+z+ 1dx. 22.f—ﬁz—;il)—dL f%‘

34 = z2+3z+1
24. [%37,:521. 25.ff,dz z> 1. 26. [Infz]dzs, z>2. 27. f[ﬂ,‘,z>l‘
n{l+z)—In 2 z(ln(142)+ln{1l =2 z dx z° dx
28, f—i—l——lm) dz. 29. fiJ———LJ—-lLﬂ_1 dz. 30. f———7—1+12)“ 31. f(z2+1)3\/53
27 —1 5 -z z% -z
32. fm(zs—x“-{-l) - 33 f 2813z 41 dz. 34. fz12+3z6+1

35. f\/l — 222 4 ztdz. 36. farcsm (sinz)dz, t € R. 37. arccos(cosx)dz, = €R.
S BEVTF S de. 39, [2P(140)0de. 40, [ S

MeTomgoM momcTaHoBKM HAWTH CAERYIOMIME UHTEr Palbl:

41f(m7 4zf(\/;% 43.f(\/;m 44.]%%5.

-1
( 3 4z zexpd —(142%)" 2
45. f( ,—)a2 —. 46. far—L =) dz. 47. f————-—( . 48 f e dz-

LN s 1 —(20%4)ds _(aP4a)ds
49. f:c 4 —zx2dg. 50, f:l.(l-i-ze-") . 51.fm~ 52. fzs_‘,nq_“zz.“'

6

Hpnme}mx METOJ{ HHTErpUPOBAHUS MO YACTAM, HANTH CIELYIOmHe MHTETPabL: , i
54. [z*Inzds. 55. f::: sinzdr. 56. fsfn‘i’z. 57. [2’coszdz. 58. [zsin® xdx ‘_
59. fm::z 60. waS 61. ftg7z dr. 62. [arcsinZdz. €3. f—-arcsmzdx s
64. [z’arctgzdz. 65. f arctg = dz. 68. [ zarcctgz dz. 67. fwdz 68. fzae“ dr.
69. [e®"cos’zdz. 70. fl:f dr. 71. [In®zdz. 72. [2*In’zdz. 73. f':zz dz.

74. fh\(:c+\/uz+zz)d:v 75. fx2ln(:c'+\/z2—-a2)d:c. 76. fzshzdz 77. fzsh%dx.'

78. f:csch:cd:c. 79. fzarcsmx z. 80. farcsin:carccos:cdz. 81. f(z“)z

82. [a%*sinz de. 83.fx—1%cz—°f—’-d:c. 84. [ 4y 85 [ 5%:. se. (T‘,-s-_‘%)

§ 2. UHTerpupoBanue palMOHAJIbHBEIX (QYHKIINA

WsBecrHo, uTO mpaBuisHag Ipobs

Plz) _ P(z)

U o - s [Tlase? + bz + )7

=1 1=1
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e HYIH KBapaTHBIX TPEXWICHOB d;&° + bj& + ¢; KOMILIEKCHHIE, OTYCKAET Pa3I0XKeHHE

k i (i) )
P(z) _ A("‘) A Al
Q(x)—Z_;((x_zi),li+(x_x,)n,_1+~-+x_x,_ +

s BY) .(j) BY) c(f') () (9)
Z e+ Ch i-1% -1 BY 'z + C)
+.1<(ajx2 i LI ey ppernpll I (1)
P

+ bz +c,) (ajz? + bz + ¢; )""J”l a;z2 + bz +¢;

ocroautsie AS,'), BE‘” u C'ff ) HaXONATCH METONOM HeONpeNeTeHHBIX k03h GhHIMEHTOB.

B HexoToprIX ciydasdx MOCTOSHHbIE An, An—1, ..., Al B pasloXKeHHU
P(x) _ P(x) An An—1 R(x)
) = @ = Goanr T et ot st @

COOTBETCTBYIOIME MHOKMTENIO (T — x1)", yRo6HO HaXOmMTh clelylomuM o6pasom.
YMuoxuB paBeHcTBo (2) Ha (¢ — 1), MoTyUnM

P(z) n R (z)

r(z) r(z)
3ameTus, 4TO BCE Cllara€Mble NPaBOi YacTH PaBeHCTBa (3) MpPH T = T; PaBHHI HYTIO, HAaXOMUM
P(z)
r(z)

Haxee, npoguddepeHuMpoBaB paBeHCcTBO (3), MOMyYUM

=An+ (@ —3)Anc1 4 ... +(@—2)" A+ (5 - 1) (3)

Anp =

(4)

=z

<ﬂfl> =An1+ 2z —x1)An 2+ ... +(n—-1)(z - xl)"_zAl +(z—z1)+ (g —21) e ,

r(z)

OTKyda HaxXxOOuM

()

IIponoiskas oMMcaHHBIM NIPOUECC, MOAYUUM POPMYITY

1 (P(z) * W
An~k (T(l‘) > ) k= O.a 17 (6)

HCIIONB3yeMyIo ISl ONPENESACHU TOCTOAHHEIX An, An_1, ..., A, COOTBETCTBYIOIMX MHOXKUTETIO
(x —z1)".

AHATOTHYHO BHIMUCIAIOTCS IOCTOAHHBIE pasiokeHud (1), cooTBeTcTBylolte APYTHM ReHCTBU-
TeJBHBIM HyJIAM MHOrowiexa z — Q(r).

[IpuMensist MeTon pasiosKeHHs pauMOHaXbHON Apobu Ha MpOCTEHIINE MHOKUTENHN, BHIYKCINTD
CHEAYIOIMHE MHTET PaIsl:

%> +1
69. / —5x2+6x dx.

« Bupeans uenyio uacts

r=x)

z® +1 _1+5:::2—6x+1
3 — B5r2 4 6 23 — 522 4+ 62’
a 3aTeM pasno»cus 3HaMeHaTe/lb HpaBMJIbHOﬁ I.IpOGM Ha MHOXXMUTEIH, MOIAYyUYUM
522 — 6z + 1 502 — 6z + 1 A B C
= ==4 —+

3 ~5z2+ 6z z(r—~2)(z—-3) =z -2 -3
Cornacto dopmyite (4), umeem

5¢2 — 6z + 1 28

’ = z(z —2) R

=3

2 _ 2
A= 5z 26x+; =E15'7 B=5x 6x3+1
(w22 =3) | z(z - 3)

|
[ S Y=

=2



§ 2. HHTerpupoBaHHeé PAHOHAIBHEIX QyHKIHH 223

Wurerpupysa Toxpecrso e s
£+1 11 9 1 28 1

3 -5z2+6z 6 z 2 z—-2"3 z-38 R

OKOHYaTeJdbHO NoIyvYaeM vt

2341 1 9 28 ,
/mdz‘—x+gln|x]-Eln|x—2|+?ln|r—3|+6, e#0,2 3. »

zdx
70. /_____.xs i
« AHaJOrMYHO TPEeBIIylLIeMy UMeeM
T _ T _ A B C
3 —3z+2 (2-12(z+2) (z—1)2 +(x—1) +:::+2'
Moarayscr dopmyroi (6), Haxomum
T

1 z !
¢ 42lpmy 3 B = <x+2)

Taxum obpasom,

_wdz 1 [ dz 2 f dv 2 f dz _ ’
3 —3z+4+2 3 (z—1)2 9 zr—1 9 z+2 )
1 1 2 2 1 2 jo—1
. 2 —1-= Yot c,
3 ;-1 tghtlz—l-ghlz+21+C 3(73—1)+9“b‘l +2l+

c#£1, z£-2.»

2

2 _ T
S wror|,

=, C

2
9’ T (z—1)2

-5

r=—2

de
1. / (z+1)(z +2)2(z +3)°
< Nmeem
1 A B c D E F
(z+1)(z+2)%(z +3)° BT (z + 2)? + (z+2) + (z+3)° + (z +3)? trrs
Honwaysice Gopmyioit (6), noclenosareabHo HaXOaUM

1 1 1
T (z42)2(z +3)° e B=

-y G+ Dty __,
C= <———_l_~_>l _ —(2+3)* -3(=+1)(z+3)?
T\ +1)(z+3)
_ 1
T (x4 1)(z+2)2 s

(z+1)*(z+3)?
1
_'< 1 )' (= +2P -2+ D)(z+2)
- (z+ 1)(x+2) - (z+1)*(z +2)*
1 1 H
FZE ((r+l)(r+2)2>

2’ .
_ 1 N 2 N 3
T\ 4+ +2)? 7 (z+1)2(z+2) T (e +1)(z +2)*
TlomgcraBus Haligenursie Koacpcpuuueﬂnﬂ B pasioxxeHue (1) ¥ MPOKHTET PHPOBAB, MOXYIHM
dz 1
= 1+ —— 2
CIDET TP ln]x+ |+ = + 2]z + |+4 @ +3)2+
5 17 9z +50c +68 1 |(z+1) (2] o)
— -] = — 4 " In|————_ 11 C,
Tiery s Nt TR mry |t
z# -3;=2;-1. »

(1)

r=-=2 r=—2

z=-=3 r=—3

r=-3
lz
3

=3
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dx
72. / cle+1)(e2+2s+1)"

4 Umeem

1 A B Cx+ D
==+ .
e(x+1){e2+2+1) r z+4+1 z?2+4zx+1
Ilo popmye (4) HaXOOKUM TepBble ABa ko3 PULUEHTa:
_ 1
(z+1)(z2 +2z+1)

1
z(z?2+z+1)

—_—], =

=0

z=-—1

Hanee mpusomnm pasioxenne (1) k obileMy 3HaMEeHaTelIO

= —1.

1= A(x+l)(x2 +z +1)+Bx(x2+x+1)+(O:::+D)(x2+x);

3aT€M CpaBHHBaeM KO3(bpUIMEHTH IPK £° M £, MOMyUHM CUCTEMY

0=A+B+G',
0=24+B+D+C,

n3 koropo# HaxoguM (' =0, D = —1. lpounrerpuposas (1), nonyuum
dx de
=1 —1 1 _— =
/x(x+1)(r2+r+l) nlef —In e + |+/x2+x+1

P, b))
x+ll+/ S
(’“+5) t3

2z +1

=In

Y

« TTockoasky z° +1 = (x + 1)(z> =z + 1), T0

dz dz Bz +C
/x3+1 A/x+l+/x2—x+1 ‘

OOGBIYHBEIM METONOM TIOJMyHaeM CHCTEMY

x+l

0=A+B,
T 0=—-A+B+C,
1=A+C.
Orcroma A = % B = —%, C = % Taknm obpasom, npu  # —1
de 1 1 £~ 2 1 1 [ (z=3)de
— = ) 2T gy == 1= [ X224
/x3+1 ghnle+1l 3fz2—r+ldr inle+1] 3/1: —e+1
1 dz 1 1 2
+5/(——_-£—)2——3_—=§lnlr+ll—gln(x —x+1)+
2 3
2

zdz dz Bz +C
= de,
/x3—1 A/x—1+/x2+x+1 e
orkyma noayuaem ¢ = A(z® +z + 1) + (Br + C)(z — 1);

0=A+ B,
1=A~B+C,
0=A-C.

T

‘ + — a.rctg +C,
V3

+

1)

z#-1;0.p»
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Pemas noaydenuyio cucremy, HaxoouM

1 1 1
A:-— = — - O:—,
3’ B 3’ 3
CnepoBartelbHo,
zde 1 1 z—1 1 1 2
1 2z + 1 1, (z-1)° 1 2z + 1
+ —— arct +C=>In —-—7— 4+ —arct +C
TR A s ' rs 41 BT/

. pronel
« Ilockoasky
et 4+ 1= (e +1)° - 2" = (2* + V2 + 1)(#° — V2 + 1),
TO Pa3loKEHUE TTOTBIHTET DadbHON (DYHKLMHU Ha NMpocThie NPobu HIeM B BUOE
1 _  Az+B Cz+ D
et 41 2242v/2+1  22—eV2+1

N3 Toxmectsa
1= (Az + B)(2* — 2v2 +1) + (Cz + D) (> + V2 + 1)
TMOJIYy4aeM CUCTEMY YPaBHEHMH
o | 0=A+C,
2 | 0=—=v2A+ B+V2C + D,
¢ |0=A—+2B+C+2D,
2z |1=B+D.

Orciona A= —-C = #, B=D-= % CrnemorarenpHo,

/r t+1 2«/’/x2i:«/{+1 2f/ —r\/-+1$ 2\/'/7521:\/_";1

225

(z#£1). »

dr +

i [t
Z N2 . — __——“2—'_ -
(=+2) +% wa ) wmai (=-42) +4
z? + x\/_+ 1
= In —— (arctg (zv2 + 1) + arctg (xx/f -1))+
4«f - a/itl f
Yuurteisasd OpMyIBI CIOXKEeHUM apKTaHIeHCoB (cM. npuMep 268, ra. 1), okoHvaTensHo momy4a-
eM
dx 1 % + xf—{- 1 1 V2
I(z In + arct + e(z)+C,
()/ 4\/- —r\/_+1 2\/— gl 72 2\/—()
The
+1, ecan r > 1,
e(z)=1¢ 0, ecmu |z} =1,
-1, ecn r < —1,

(1) = ilipl I{z); I(-1)= r]iu_l1 I(z). »

dx
76. [ sy

<« Tockomey z* + 22 +1 = (2% +1)® —2® = (3° — 2 + 1)(z> +  + 1), To pasnoxenue umeM b

BUfe
1 _ Az+ B Cr+D

t 422 +1 224241 22—z41°
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Us toxpecrsa 1 = (Az + B)(z® — 2 + 1) + (Cz + D)(2? + 1 + 1) monyuaem cucremy

2 lo=A4+C,
? | 0==-A+B+C+ D,
z {0=A-B+C+D,
z° 1=B+D.

Orcioma A=B=-C=D= % Taxum o6paszom,

dz _l z+1 lx—l z -1 iz =
t4z24+1° 2 r2+x+l( 2 2 —z+41 -

1 x2+x+1 1 2¢+ 1 2z -1
=~-ln——— 4+ —— | arct + arct + C.
i P o+l m( 8773 8 ﬁ)

3ameTum, uto (cM. npumep 268, rua. I}

2z + 1 2z —
+ + arctg

Ve Ve

rae GyHKUnA () onpenesneHa B NpeNBIIYHEM NTPHMEDe, 2 3HAUEHMs apKTaHTeHCa B IPaBoil 4acTH

B ToukaXx ¢ = =*1 PaBHbI NTpeeJbHBIM 3HaY€eHUSIM B 3THX TOYKaX.
OxoHYaTelbHO UMEEM

arctg

1 z
= arctg e + we(x),

de 1 24+z+1 1 23
/x4+x2+1 —Zlnm+2\farctgl—_— 2\/_s(x)+(’ »
7.
7 x6+1
« CHavama npeoGpasyeM IMONbIHTEr PATBHY IO (QYHKUHKIO
L _@4D+(=et) 241 1-st
8 +1 2(16+1) T 2(28 4+ 1) 2(zf +1) ’
(gt —2® +1) + 2 (l-x2)(1+12) 1 22 2 1

2(x2+1)(r4—x2+1) 2(zt =2+ 1)1 +22) ~ 2(z2 +1) + 2(z% +1) - 2(zt — 12+ 1)

IlepBrie nBa caraeMBIX deTkO UHTETPUPYIOTCH, TIOITOMY HalaeM pasioKeHKe Ha NPOCTHIE Ipo-
61 TONBKO MocCienHero ciaraeMoro. MMeem

—z% 41 . Az + B n Ce+D

2(zt —224+1) 243z +1 £2—+Bz+1’
2
T

~T 4 3= (Ar+ B)® — Bz + 1) + (Cz + D)(&* + V3o +1);

0=A-V3B+C++3D
°|3=B+D
Orcioma A = — "=51ﬁ’ B:D:%,noaromy
1 1 z? 1 x‘*’% 1 ”_‘?

= — + —_—r 2
oS4+1  2(2241)  2(z°+1) 23 2243241 23 22—+Bz+1

HHTerpkpys sre paBeHCTBO, MOAYyYaeM

/ dz 1 1 3 1 ! 22 +/3z+1

= —arctg e + — arctgz” +

—_— = — T4
5 +1 2 ; 6 - 4/3 2—-3z+1 .

dz
8. .
7 x&_x4+1.3_x2+x_l
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« Hocxo.r[mcy -tttz —-1=2 (r—l)+x (x—1)+(x—-1)-— (x-l)(x + 22 +1)=
(z — l)(x + 2 + 1)(z% — x + 1), To pasnoxenne TONHHTETpaIpHOM DYHKUMH Ha MPoCTHE Apobi
HMeEeT BM,
1 _ A Bz +C Dz + F
gt d 224 —1 -1 22441 2—c+1
Hs 1oxpecra 1 = A(r‘1 +22 1)+ (Bz + C)(z - 1)(1:2 —z+1)+(De+ E‘)(x3 — 1) moayuaem
cHUCcTEMY

z*{0=A+B+D,
3| 0=-2B+C+E,
2 | 0=A+2B —-2C,
z |0=-=B+2C-D,
L |1=A-C-E,

pelliasg KOTOPYIO, HAXOOUM

1 1 1
A=—-B=~-, C=—-= D=0, E=~—=.
3’ 6’ ' 2
Taxum o6pasom,
dz 1 1 2 1 2¢ — 1
— = =1 —-1——1 1] - —arctg ———+C = .. .
‘/175-1»‘&-*‘1‘3—1‘2-*—1"—1 311|1f l HIII +l‘+ , \/ga‘r(:g \/g +C o
—1) 1 2z ,
I P Gl Vi ¢ .
Fr T ﬁrcg \/_ +C z#1l »
’ ar? + bz +c N
79. Tpu xakoM ycioBHM MHTerpan m dt mnpepcraBiser co6ol pauMOHAIBHYIO
dbyHKUMIO?
4 Wurerpas npencrasaser coboi pallHOHAILHYIO QYHKIMIO, €CIH B PA3IOXKEHUH
2
az’ +bzr + ¢ B D E F
3z —1)? _r3+x2+x+(r )2+x—1

kospduuyenrst D u F PABHBL Hy 1O, IIpeanonaras mocnentee, uMmeeMm
ax? +bsc+c—‘=A(r2 —21+1)+B(r3 — 21? +x)+Ex3.

IIpupasuuBag Koad)dmuueﬂ'rm NMpU OOHHAKOBHIX CTEMEHAX T, MoJydaeM CUCTeMY

2| 0=B+E,

2 |a=A-2B,
z b=—2A+B,
20 | ¢ = A.

Wcxmiouas us 1ol cucTeMnl HeuspecTHhie A, B u F| HaxonuM TpebyeMoe ycioBMe:
a+2b+3c=0.»

[Mpumenss meron Ocrporpanckoro (cM.: JI s ur k o W, W u np. Maremaruyecknit anamms. K.,
1983. 1. 1, c. 381), nHaliTu MHTETpaIHL:

z dz
80. /(r—~1 2z + 1)3°

4 Umeem
z2 z+4C dz dz
/(1_1’)”;‘5“)3=é_;f)gc++1)2+0/x_l+gfx+l. ’
Huddepenuupys ofe wacTu paBeHcrBa, HaXOOUM
z (2 =1)(2Az+ B)—- 3z —1)(Az* + Bz +C) , D L
(z—12(z+1)3 (z -1z +1)® t—1 z41
IIpusonms x BﬁmeMy 3HaMEHaTe o U MpMpaBHUBAA YUCIUTEIN, ModyyaeM
= —-Az* + (A-2B)z” + (-2A+ B -3C)z +C - B+
+ D(z — 1)(«’ + 3¢° +3x+1)+E(x »——21: +1)
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IIpupanumBas ko>pIOULMEHTH NPU OIMHAKOBHIX CTEMEHAX £ B o0eMX YaCTAX ITOrO TOXKIECTHA,

nmolyvaeM CUHCTEMY
. * |0=D+E,

22| 0=—A+2D,

2 |0=A—2B —2E,

r |1=—2A4+B—-3C—-2D,

|0=C—-B-D+E,

pemas XoTopyio, HaXOguM

1 ,_ 1 _ ____l_
A=B=-5 CU=-p D=-F=-4
CaenoBartenrHo,
rdzx 2442 1 z 41
_ 2 1.
G )P SE-Derir o ]J”O z# £l >

dx
810 / m

4 Umeem
dx Az’ + Bz + C dx Ex+ F
= D —_—dz.
/(r*"+l)2 z3 +1 + r+l+ 12—r+ldr
IudpepeHUM Py 1 TPUBOJA K 061eMy 3HAMEHATENO, ITodyYaeM ToxaecTso 1 = —Azr*—2Bz%—
30':1:2+2Ax+B+D(r5 —zt 4+l —r+1)+(Ex+F)(r‘1 +rs+r+l), OTKYHa

> lo=D+E,
* (0=—A-D+E+4F
* | 0=—-2B+D+F,
2| 0=-3C+D+E,
z |0=24~D+E+F,
2 |1=B+D+F;
__ _1 P —g v—é
A=C=y, B=3 D=-E=3 F=g
Taxum o6pazom,
r—2
/(x S+172 3 (r3+l) lnlr+l| /md”—
T (z +1)? 2 2z — 1
+—l ———+—arct +C, z#£-1.p»
REYCE)) 41 353 BT #

z° dx
82. /(x2+2x+2)2

4 Umeem
z2dz Az + B + Cz+ D P
(r2+2x+2)2_r2+2x+2 22 4+2c+4+2
oTkyHma, nuddepeHUUpys u TpuBoad k obuleMy sHaMeHATe/ o, NOAyYaeM TOXKIECTBO
* = A(e® + 22 4 2) — (Az 4 B)(2z + 2) + (Cx + D)(2° + 2z + 2).
a5 ompeRenenys HeM3BECTHHIX TIOMyYaeM CACTEMY

2 10=0C,

£ |1=-A42C+ D,
T

x

0=—-2B+2C+2D,
®lo=24A—2B+2D,

pemasi KOTOpyIo, HaXOEUM
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Torpa

/( zdz = ! +arctg(z+1)+C. »

22 42z + 2)? 72 4 2z + 2
dx
83. /___W o

4 Umeem
dz Az3 + Bz®+Cz+ D Ex®* + F2* + G+ H
= + dl‘,
(gt +1)2 zt 41 zt+1
OTKYHa
1= (3Az°+ 2Bz + C)(z* + 1) — 42”(Az* + Bz’ + Cz + D) + (z* +1)(Ex* + F£’ + Gz + H);
| 0=E, 2 | 0= —4D+ E,
2 | 0=—-A4 F, 2 | 0=3A+F,
2 | 0=—-2B+G, z |0=2B+G,
2t | 0=-3C+ H, - |1=C+H. .

Pemas cucremy, nonyuaem

A=B=D=E=F=G=0, C=1, H=17.

dz _ z +§ dz
(z4+1)2_4(x4+1) 4 | st +1°

[Monssysce pesyasraTaMu npuMepa 75, OKOHYATEAbHO HaXOOUM

_ 3 In z +r\/—+l+__3_ ctg V2 +37rs(x)
(x*+1)2"4(t +1) 16v2 22—2zVZ+1 82 1-22 " 82

rge e(€) — To Ke, YTO M B NpuMepe 75. B

84. /a—df‘ﬁ

« [Ipumenss meron OcTpOrpajsickoro, UHTErpad MpeicTaBUM B BULE
dz A"+ B2+ Cz® + D2*+ Ex®* + F2? + Gz + H Kz +Lx +Mx+N
= +
(zt —1)2 (z* —1)? -1

CuaegoBateibHO,

+C,

Juddepenuypyd u npuBogsa k oblleMy 3HaMeHaTello, oMy YaeM TOXKIECTBO
1= (14 — 1)(7Ar6 +6Bx° +5C2* +4Dz° + 3E2® +2Fz + G)—
— 813(,4%7—{-316 +Cz® + Da* 4+ Ez® + Fz? +Gz+ H)+
+ (rs — 2z + 1)(1('1:3 + Lz + Mz + N).
CpasuuBad Ko3hdULUUEHTHl TPH OMUHAKOBHX CTEMEHAX T B 06enX 4acTaX pPaBeHCTBa, MMEEM

x“ 0=K, *10=—-6B—6F —2M,

T
2 o=-A441I, z* | 0 = —5C —7G - 2N,
2 10=-2B+ M, | 0=—-4D —8H + K,
3 [0=—-3C+N, 2| 0=-3FE+ 1,
7 | 0=—4D - 2K, t | 0=-2F+ M, ’
2 1 0=—-TA—-5E—2L, L {1=-G+N.
Pemaﬂ CUCTEMY, MOJYyMaeM
7 11 21
= = = = = =K = = = )= = = —— N = —,
A=B=D=E=F=H=K=L=M=0, C 25 G 33’ 3

Taxum o6pasom,

dx _ Te® — 11z L2 21 dr
(zt — 1) ~ 32(z*t —1)2 ' 32 PO
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Briuncass nmocregHuit MHTerpat, OKOHYATEIbHO oAy YaeM
z—1

_ 725 — 11z +—2—1—ln
(14_1)3'39(954—1)2 128 |z +1

BLII.IGJIMTL PAaUNOHAJNBHYIO HYacCTh CIeAYIOHNKUX UHTET PATOB!:

z°+1
85. /(14+x2+1 d.

4 Nueem

21a. tgx +C. »
52 cte .

2 41 (h_Aﬁ+Bﬁ+Cx+D+ <&r+Fx+Gx+H1
(zt+ 22412 7 Tt 432 +1 i 22+ 1 ’
OTKyOa Molyya€eM TOXOECTBO

P +1= (z:4 +22+ 1)(3A3v2 +2Bz +C) — (41:3 + 21:)(,41:3 +
+ B2’ 4+ Cz + D) + (z* + 2* + 1)(Ex® + Fz* + Gz + H).

s cucrems! ypaBHeHui

2’| 0=E, | 0=—-4D+ G+ E,
z6 0=—-A+F, T 1=3A—-C+H+F,
2?2 | 0=-2B+G+E, ¢ |0=2B-2D+G,
t* |0=A~3C+F+ H, L |1=C+H

HaXOlIHMA’—'-‘é, C=%, B:D:G#(), F:é, H.—.%.
Taxum 06pas3oM, palHoOHAIbLHAS “aCTh paBHAa BHIPaKEHHUIO
3 + 2z
6(zt +22+1)°

56 /(x T

« PasioxxeHnne uumeM B BMe

/ 4¢° — 1 dx:Ax4+Bx3+Cx2+Dr+E+/Fx +G*+ He* + Ko+ L
(5 + 2 +1)2 8+ +1 3+ +1
OTCIOfla TIOJYyYa€eM TOXKIECTBO
4c® — 1= (2° 4+ ¢ + 1)(4As® + 3B2® 4 2Cz + D) —
’ - (Sf1 + l)(Ax4 + Bz + Cz* + Dr + E)+
+(x5+z+l)(Fx4+Gx3+Hz2+Kx+L);

de,

pelllasi CUCTEMY yPaBHEHMH
2 [0=F,

T 0=3A—5E+G+F,
| 0=—-A+G, > | 0=4A+2B+G+ H,
" 1 0=—-2B+H, 2 0=3B+C+ K+ H,
2| 0=-3C+K, r |0=2C+L+K,
5l 4=—aD+ L+ F, Ll 1=D-FE+ 1L,

maxommM A= B=C=F=F=G=H=K =L =0, D= —-1. Takum o6paszom, uurerpar
CBOIOMTCI K CBOEH PAllIOHAJIbHOH YaCTH:

-z
—
>tz +1
IIpuMeHss pasaiiuHble METONEI, HAaHTH cleRyIOlue UHTET Pk
2
¢+
87. - dx.
z +1

4 NUmeem

22tz 1 dz*) 1 [ d(z?)
/x6+1dx_§/x6+l+§ 8 4+ 1°
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Hcnoarsys npumep 73, OKOHYATENBHO UMEEM R

2 2 2 2
* +x 1 3 1 2z°—~1 | 1 (z° +1)
dr = - arct + + —=In ———-F+—+4C.
/xs 1 z 3arc g 2\/garctg \/§ 2 nx‘*—x2 1 »

z5 -3
88. /x(x8+314+2)

o« Monaras z* = t, HAaXOOUM

/ zt—3 dz—l/ (t—3)dt
z(#8 +324 +2) 4 ) tit+1)(I+2)
PasznosxxeHue byHKUHHU Ha NPOCTHe Apo6U MmMEM B BUAE -
t—3 A B C
E S R SRR T X
orkyma t—3 = A(t +1)(t +2) + Bt(t +2) + Ct(t + 1).
llonaras mocnenosareasno t = 0, —1, —2, HaxomUM

A=-— B=4 CC=--.

2

| w

Takum o6paszom,

zt -3 3 5 ,
/mdr_—gln\t]+ln]t+l]—gln)t+2]+6_

x2n—1
89. dz
xn + 1

4 NUmeem

2n-—1 n n
/x da;:-l—/x d(z") /(x d( "=
™ +1 7 ™+ 1 " + .
1 1 m_Lon s
=;/(1—x"+1)d(x)_n.(x Inz" +1)) + C

rge —o0o < £ < +00 HPU YeTHOM 1L U T # —1 npu HeyerHoM n # 0. b

dx
9. [ G

<« YMHOXKasg YUCIWTENbh ¥ 3HaMeHaTedb Ha 1‘4, nonyqaeM

dz _1 d(=°) (= +1) ~ d(xs) =
(20 +1)2 7 5 | z3(z10 +1)2 5 z5 (210 + 1)2 B
5 10 _ 10 5
:l r“1 T d(x)-—-— (z7+1) -z _ x d(xs)::
5 25 (21 + 1) (x“’ +1)? (2% + 1) (230 +1)?
1 1 ® z® 5. 1 s, 1 10 1
- — — — = — ——— —— C =
5 / (r5 011 (g0 + 1)2) d(z”) 5 In|z”) 10 In(z™ +1) + 10 (10 + 1) +

_1 1_1"_10__+_1__ +C I#O}
TR S U WS T ’ 0

= —%lnr4+lxl(x4 +1)— %ln(x4 +2)+C, = £0.»

o1. [ le;i)

« lNonaras 7 = t, monyvaem
1—27 1 f 1t 1 [ (1418)—2t 1 /1 2
— _dr== == [ “ T g = (—————-)dt:
/ac(1+aﬂ)”C 7/t(1+t)( 7] T+ 7))\t 1+t o
+ 1 IxTI y
_—(ln)t]—21n11+t])+(-——ln(l+x7)2+(), t#0; -1 »
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92. [_Z*L 4
ot a2+ 1

<« Umeem nipn ¢ # 0

2 +1 1+;15 d(z—é) 1 2t —1 Ch, ecanm t > 0,
5 de= | ——Fdz = [ ———="— = —=arcig 3 ¢
zt + 22 +1 241+ = (m—l) +3 V3 /3 o, ecanm T < 0.

k x

Bcenencrsue HenrpepbIBHOCTH 1I€pBO0Bpa3HOH UMeeM

B(—0) = 2—% +C = —2—% +C1 = $(+0),

rae ®(z) — nepBoobpasHas MOLBIHTErpAIBLHOM yHKIMH.
Taxum obpasom,

2 i z%—1 Ll '
/—‘—*xﬂ;ildx:{ Auce g T apsene G w0

C, z=0.
2__
93. r - ds
t4+ 2+ 224241

« [locne oueBnpgHbIX NpeobpasosBaHUi HMeeM

/ 2 1 = [ 1= = | (e +7)
Tr = Tr = _
st radfaltz+1 2z +1+ 45 (z4+ 2 +(e+2) -1

dz+z+3) _ 1 22+ -Vho+2
= *_-1_—ﬁ_?=_—1 p +C.»
(e+3+43)° -1 VB 2@ +0+VEr 2

94, rt -z dz.
z8 +1
<« AHaJOrM4HO MpejBAyieMy IIpUMepY HMeeM
5 4 1
z° —z 1 - —1 2 1 1-= 2
L S ir=— d(z*) = = | —=2 4(z?) =
/zs+1 T 2/x8+l (=) 2/144_% (x)

_l/ d(zz+;12‘) ——1—1 et —223V2 41
(

= = n—————
2 m2+;1§)2_2 42 ozt 422241

+C.»

« lIpoussops Hagnexamue NpeobpasoBanms, MoaydaeM

z* +l ot — ¢ +1)+z dzx 2dz
dr = + =
(22 4+ Dzt — 22 4+1) 72 41 28 41
_ dr 1 [ d(=®) 1 a ,
_/xz+1+§/x6+l_arctgx+§arctg(x)+6.>

dz
(az? + bz + )™’

96. BrBecTn pexyppeHTHYO GOPMYIy AId BEMUCIeHUS WHTerpana I, = /

. d
a # 0. Hoaszysce sToit dopmysioil, BHUMCIUTE [3 = / (“T;%T)?
T T :

<« Ucnonssys toxpgecrso
ez’ +br+c= 4—1—((2ax + b)2 + (dac— bz))
a

H NpOU3BOAs 3ameHy 2az + b = t, momyvyaem

(4a)™ dt 2
n = , A =4dac—b".
I P @ Ea) e 4ac —b
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WHxrerpupys no Hacram In_;, momydaem

_ (4a)™ t o F4+A-A _
Inoy = 9a W= 2(1 — n) _———(t2+A)" dt | =

N e D N
- 2a(t? + Ayt h a / t2 + A) +( ) a / (t2+A)m

Toe Inoy = 2080 L o(1 —m)l,ey + 2AZ0A T

= Za(tiHa)n—1
Pemrast 3To paBeHCTBO OTHOCUTENBHO 1, HAaXOMUM

(4a)" 't (3 —2n)2a

In = — In_1.
T TAQ -+ A (I-w)a M
HOJJ;CTB.BJISI}I BMecTO t ero 3HaveHHe, OKOHYATEABHO MMeeM
2az + b n—3 2
In = i + + - ’ l I’n—1~

(n—DA(az? + b +c)*1  n-1 A
B npemoxennom npumepe a =b=c =1, n =3, A = 4. Takum o6pasom,

Lo 2kl z __ Al 24 2 dz -
PT 6T+ +1)? (@2 +c+1)2  6(@2+ac+1)2  3@2+e+1) 2 re+1
2c+1 2z 41 4 arctg2z+1+0.>

:6(a|n2—+-a|c—i—l)2 3(x2+x+1) 33
YupaskHeHMA [JA CaMOCTOATEJNbHON paGoTe

MeTogom HeonpegeTeHHBX KO3 MUUNEHTOB HaHTH MHTEr PAIBL:

2525 x 2 3z% 4243
87. fm4—512+6 dz. 88. f(r2+61+3) dz. 89. f(:r 1)3(12+1) de.

dx 25 —z%-1
90. f z(4+x2)2(14a2) " 91. f —4:l:5+613—4m 92. f rS4atfzd3+a2 42l dz.
Haitu paumoHanbHy1o 4aCTh B CIELYIONMX HMHTETPAT2X:
325442342 2—3z422%) dz 2-5z4 1-64z7 —72%
98. [T ds 94 f%———ﬁnzuzwﬂ)?. 95. f( 1y de. 96, f iy de

3

8 3. MHTerpupoBanue NppamuoHAIbHBIX (QYHKIMH

C moMolBo TPUBedeHM MOALIHTET padbHbIX BhIpa)KeHU K pal(HOHAaIbHBEIM DYHKIUIM HalTH
cllegylonue MHTeT paibi:

3
97./—’”————— V2HE e £ -1
T+ V2+71

« [logaras £ +2 = ts, uMeeM

3o 6 __ 943 2 _
EVIHE g [ T2 g ts—t+———t—ﬁ—— dt =
x+\/2+z B+t—2 -2 +t+2)

2
_3p_3p [ 36t
1 T2 G- D(EF1+2)

K nmociaepnemy MHTerpany nmpMMeHMM MeTOJl HeoIlpepeneHHEIX KOd(PPUIMEHTOB:
3> — 6t A Bt+C
(t—D(E+t+2)  t—1 t2+t+2

OT1coga HaxoouM

M BBIYMCIAeM MHTETrpall

3¢ -6t 8 f dt 15[ t-%
-1 +t+2)  ~ 4ft-1" a4 ) e+t+2

2 +1
=~—lnlt—1|+—ln|t Fi42— +

—+C.
\/’7+

arctg

2
v
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OxouMvaTebpHO MMeeM

z\/2+x 3.4 35 27 2t+1
—t - t ——l t—l+——lnt +t+2) — —=arct +C.»

98. /¢T:(d—x_——x)

<« 3ameTHM, UTO
=28 _ [ E 4 o<i<a
\/xs(a~x a—1z

Hopcranoska afz = t* IpUBOINT K MHTeTrpaiy paLHOHATBHON MYHKIMH

t*dt ¢t
1240, mza/td<m), 0<it< 4oo.

WuTerpupys 1mo vacTsam, Haxogum

v A at® atta dt et dt
BT T+ T 1y 1+68° 1+ 1+

HocnegHuit nHTerpan BEIYMCAUM HYyTeM MPe0o6pa3oBaHNs MONBHTET pAAbHOTO BHIPAXKEHH:
dt 1 (1+t2)+(l—t) 14 ¢ 1 [#-1
== dt = L . dt =

1+ 2 1+ ¢ 1+t 2] 1+t2
1/ 1+ it 1/ 1—}2 dt—1/ d(t—13) +1/ d(t+7)
- 7 —_ = e = - — - ———————2 =
2fe+s 2] ek 2 (t=-H%+2 2/ 2-(t+ 1))
2 — 1 1 In 2+ t«/_+ 1
2 4f 2 t/24+1

1
= arctg

2v/2

Takxum o6pazom, oOKOHUYATETEHO MOMY UMM

2 2
1=_at+alt+tf+1 “rtg

T+ 42 P -1tv/2+1 2v2

99 / Y ) Ti( = (n — HaTypaabHOe WHCIO).
r —a)? T — n—

<« 3ameTHM, 4TO

-1
+C.»

f

I'= / Vi - a)"‘iai(x — bt ) / 7{/(;—:3)"‘?1 (z —ay

z=b _ .n dz I Y |
Honoxum — = t". Torpa Gomay? = toat dt u

n ! n n n afT-—Db ,
I—b—a/t"‘ldt_b——a/dt"b—a T h-a x—a+c"

Hpumenasn dopmyny
[ERa @y [ £,
y v’

rie y = vaz? + br + ¢, P,(r) — MHorowreH crefienn n, Qn_1(z) — MHorowieH crenenn n —1 u
A — MMCHO, HaWTH Clefyioll[He MHTer PATEL:

T

< Umeem

® dz 2 ,

———=(Az"+ Bz +C)\/1+ 22 — 224+ A
V1422 — 22

dz
V2—(z—1)7?
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HuddepeHunpy 3T0 TOXKTECTBO U TPHBOAA K o61leMy 3HaMeHaTelo, noxyvaem z° = (24z + B)(1+
2z — 2%) 4 (Az® + Bz + C)(1 — z) + A, otkyna

z 1 = -3A4,

21 0=54-28,

z [0=24+3B-C,
L | 0=B+C+),

1 5 19
A:—— = ——_ /'=—— /\=4
3’ B 6’ ¢ 3’
Takum 06pa3oM, OKOHYaTENEHO MMeeM MpH | — 1| < /2
3 dz 2x2+5x+19\/———’—‘ z—1
= - 142z — 22 +4arcsin +C.»
V1422 —z? 6 : V2
101. /x4 a? —z2dz.
< Umeem

2,4 6
4 2 _ .2 _ a‘z® —zx _
/z a z?dr = —————__azdx2dz_

’ =(Ax5+Bx4+Cx3+Dx2+Ex+F),/a2_T$2+/\/ azdx_zz’

OTKyHa Vo

a21;4_1;6 E(5A1:4+4B1;3+3C'x2+2Dx+E)(a2_xz)_x(Ax5+Bz4+C$3+Dz2+Ez+F)+/\.

st onpenenenns KoadOULHEHTOB pas3ioKeHH cpaBHHBaeM Ko3PHHIUEHTEL MPH OFUHAKOBEIX
CTENEHSIX T

8 | =1 = —64, | 0 =3Ca* - 2F,
z° | 0= —5B, ¢ | 0=2Da* - F,
| @® =5a%4 — 4C, | 0= Ed® +

3

z° | 0 =4Ba* - 3D,
W3 sroit cucremb Haxogum

1 a? at

a
A= - = P — = = —— F=0, A= —.
e B=0 w D=0 16’ ’ 16
CrengoBaTtelabHo,
5 2,3 4 6 .
/x4‘/a2_x2dx= (%—%—%) Va2 _x2+%arcsinl—z|-+0, lz] < lal. »

dz
102. / .
(z+1)°vVz2 + 22
« Ipumenss nogcranosky ¢+ 1 = %, noJiy4aem
[ = / dz _ t* djt|
(z+1)5Va? + 2z Vi—iZ

HAmeem
t* d|t| dlt]
Vit VI—1
Inddepenupysa no [tL H NMpHBOJA K obOlieMy 3HaMeHaTel IO, NoJyvaeM TOXAECTBO —]t|4 =
(3AJH% +2Bt| + O)(1 = [*) — |t|(Alt}® + Bit]* + C|t| + D) + A, otkyma
t*1 —1=-44, It [0=2B-D,

= (Alt]* + BJt|* + Clt| + D)\V/1 — t2 + A

it® | 0 =-3B, e lo=cC+A,
[t | 0 =3A-2C,
1 3 3

A= - =0 C(C=- D=0 A=-—-.
4’ B b 8) b
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Taxum o6pasom,

1 3 1 3 1
I = 1 — = : C=
(4|x+1|3 + 8|x+1]) +1z 8N T

+
31>+ 6z 4+5 /5 3
= —2 0.
5z 1 1) Vzi42z— 8arcsml +1|+C T < , £ >0.p»
2
103. / \CETFN
< meem
212 2 42 1 1 dz
— — + ; =1In(z + V22 + 2).
z? +1 (24 DvVr2+2 V2242 (224 1)V22 42 VI +2 ( )
Ias BEIMHCIEHMs HHTerpaia f (x%ljj/ﬁ NPMMEHUM TOACTaHOBKY \/;T =t. Torga
/ d = dt = arctgt = arct, ——r
P +1)vaitre ) Err OF SV
CurenoBaTtelbHO,
2
g:?dx—lll(x+\/zz+2 ) + arctg —— +C. >

IlpuBopa kBagpaTHEe Tpex'uieHbl ¥ KaHOHUYECKOMY BHAY, BEIUMCINTE CilefyIoLIe HHTETPaJIbl:

zedzx
104. /(4—2x+x2)\/2+2z—x2'

< Omeem

2 dz _ T + (2¢ —4) dz
(4—2x+x2)\/2+2z—22— V2 4+ 2z — 22 (4—2x+x2)\/2+22~x2'

HepBH]‘/’[ U3 3THUX MHTETrPAJORB BBIMIMCIAETCSE HeIloCPpenCcTBEHHO:

r—1

/ dz —/ dz = arcsin ——
V2 +2¢ — 22 V3 —(z—1)2 V3’

Ko Bropomy uHTerpany npumeHum rnoacraHoBky £ — 1 = z. Torpga oH npeo6pasyeTcsa K MHTe-
rpaixy

2z~2
B+ zz)\/3 — z2

KOTOPHIH pacKiIafblBaeTCl Ha IBa MHTerpaja

L4l _/ 2zdz _2/ dz
PTET ] BB 2 B+2)V3-22

IepBriit 13 HUX BRIMMCAAETCA C MOMOUILIO MOLCTAaHOBKM /3 — 22 = {:

L =-2 ——i{—z———l—ln Vet
612 &

V6 —t
Bosspamasice ¥k nepemennon ¢, moiyyaem

I ___l_ln\/§+\/2+2x~—x2
YTV Ve—VetiioaZ

dz Ed
Jlns BEIMHCIeHs MHTerpana [ = —2f————-— rnoaraeM ——==— = t; TOTfa
(3422)4/3~-22 £/3=z2

2 dt V2 V2 V2(z — 1)
= — = ——— e — ———— = - — tg ——————
Iz 3 / 571 3 arctg V2t 3 arctg T
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Takum 06pasoM, OKOHUATeABHO UMeEEM

VI VIEE P VB VEE—))

I = arcsin 2= — 2 arct +C.»
\/_ \/_ \/—~V2+2x—x2 3 g\/ 2+ 2z — z?
o 1
105. C nomomsio apo6HO—TMHERHON ITOICTAaHOBKN & = al.:_'[i BLIMMCIUTE WHTETPAJT

I = dz
(xQ—x+1)\/x2+z+1'
<« [lpuMeHss NpeioKeHHYIO IOICTAaHOBKY, ToJyvaeM

(o4 B8)° = (1+8)(a+ )+ (1 +)°

2
- 1=
z T+ 1+ t)2 ;
t t t t)?
RPN C L 9-l sk d 65 ) (GR Y UR J¢ 1)
(1+1)?
Yucia o« u f onpemensiem T2k, YTo6b1 kK0dbDOUIIMeHTH pK ¢ G61am paBHLL Hydo. CllegoBaTels-
Ho,
2af —a—F+2=0, 2af+a+8+2=0.
Pemas cucremy, naxogum o =1, § = —1. Torpa
1—t —~2dt 5 3t2 41
Erire YT Ay TN T oo
Vit4z+1= @ (mast cay4as, korga 1+¢ >0, 1. e. ecin > ——1).

Taxum o6paszom,

/ t+1dt *_2/ tdt . di
B+ 1)VE+3 (312 + 1)V2 43 B2+ 1)V +3

JlIs BHIMMCIeHHS TTepBOro M3 9THX UHTETpaIoB TpUMEHMM TOACTaHOBKY /12 + 3 = u. Torma

/ tdt du 1 1‘2\/§+\/§u 2«/_+\/3(t2+3
(3t2 2V2 — /3u 22— /3 +3)|

1

_2\/_

=2 = ——=1In
+ Ve + 8~—3u?  2./6

BosBpamasics x mepeMeHHoM T, MOIyvaeM

_2/ tdt _ A +2)V2Z+ \/3(z2+2+1)
Be+1)VE+3 V6 VI — 7 1 ’

< t
BTOPOM MHTErpan BBIYUCIAETCA C IOMOMBIO ITIOACTaHOBKHK =z

V243
0 dz 1 27/2z 1 V2 (1 - z)
8z2+1

—— arctg ——— = — ——=arct
2 T

V2 g\/z2+z+1'

_2/ G+ Ve

OxkoHuyaTellbHO UMeeM

I———l (1+x\/_+\/ (2242 +4+1)
G Vi —itl

Ipumensist mogcTaHoBRKK IHTepa:

1) Var? +br + ¢ = £v/uz + z, ecn a > 0;
2) Var? +bx 4 c=zz % /¢, ecmu ¢ > 0;

3) \/ax2 +br4+c= \/a(x —z1)(z ~ 22) = z(z — 1), HaWTH CIeRYIOUIHE MHTELPAJILL:

dz
106. 1= | ———————.
/1'+\/x2+x+1

Ll e V2 - )

ctg

+C.»
V2 vVt o +1
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<« 3pecs @ = 1 > 0, NOITOMY NpMMeHUM MEPBYIO TOACTaHOBKY

Vi2t+zr+l=—z+=z.

IMopcTaBuB 5TH 3HAYeHUs] B MHTErPaJ, IIOIYYUM

2
1:/22_1?_&,12.

_ 2% _ 22242242
OTCIOI[a. r = 112z dz = Wdz

z(l -+ 2z)2
Pasnoxenyne noghHTETpasbHOM (YHKLHY HIIEM B B
22°+2:+2 A B C

+2%)? Qi tixz 77

Iz onpepenenns HenzBecTHEX A, B 1 ¢ nounyuyaem cucremy 2 = 2B+4C; 2 = A4+ B+4C; 2 =
C,orkypa A=-3; B=-3;, C =2.
Taxum o6pasom,

dz dz dz 3 1 2t
=3 —— -3 ) ———+2 | = l C
/(1+2z)2 /1+2z+ /z 2(1+2) |1+2|3+ '
rpe z=z+Vzl+z+ 1, z£—-1. »

d
107. / z
141 =2c—2%
« Ilockompky ¢ = 1> 0, To, mpMMeHss BTOPYIO IIOQCTaHOBKY Jitrepa

zt — 1 =+/1 — 22 — 22, nonyuyaem

I_/ dx _/ —t 42+l
1+vV1-2z—22 [ tt-1)(2+1)

Pasnaraem mopnbiHTerpadbHyo QyHKIUIO Ha IIpocTelline gpodu:

—t° +2t+1 _A_ B L Ct+D
tt—-D2+1) ¢t t—1  2+1°
[IpuBoguM nocienHee paseHCTBO K 061eMy 3HaMeHATENIO
~P 424+ 1= AP - P +t— 1)+ B(t® +t) + (Ct + D)(* — ¢)
M IpHpaBHUBaeM k0IPDUUMEHTH MPH ONMHAKOBEIX CTeNMeHsx i:
£ l0o=A+B+C,
t?| -1=-4A-C+D,
t 2=A+ B - D,
t1=-A
Orcioga waxogum A =—1, B=1, C=0u D =2.

CremgoBaTenbHo,
dt dt —1
t—l 2r1 "

rnezt—1+\/1—2x—x2 >
108. / Va2 ¥3z+2
1:+\/a,2+31+

<« 3pecy 2 +3c+2= (z + 1)(z + 2), nosToMy MOKHO MONOXKNTE: Va2 +3rx+2 = t(z + 1)
(Tperpst moxcraHoBKa Direpa). Umeem

t —
t

1|—2arctgt+C,

_2=t L ndt _/ Va2 4342 —2t% — 4t gt
e -1z " x+\/x_2_+W t=2)t -1 +1)°
Paanoskenne NONEIHTer palbHOM (hYHKLMHU MINEM B BUIE
—2t% — 41 A B C D E
=G -De+1P Grip Tgre timi T i
OTKyHa .

2 — 4t = A(t—2)(t— 1)+ B(t— 2)(2 — 1) + C(£ — 3t +2)(£ + 2t +1) +
+D(t—2)(¢* +38 43t +1) + E(t — 1)(t> + 3¢ + 3t + 1).
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1 3 16
HNoxaras mocuepopareasto t = —1,1, 2, naxomum A = 3, D = 7 u B = —~5. [lanee,

NPUPaBHHBAS B TOXAeCTBe koadduumentsr npu t* u t°, noxyvaem ciucremy 0 =C + D+ E; 0 =
B —-C + D+ 2F, orkysa HaxogHM OCTAJbHbIe HEM3BECTHHIE:

. 17 :
To108° 718’
Taxum obpaszom,
1 5 17 3 16
I=- - ——njt+1|+-Injt—-1 - =Ihh|t-2|+C.
6(t+1)° 18(t+1) 108 nlt4ll+ ghnli-1] - orhnjt =21+ C »
Murterpan or nudpdepernuanbaoro GHHOMA
/xm(a + be™)Pdz,
rae ™, 7 U p — PANMOHAJBHEIE YMCIA, MOXKET GHITh HPHBEleH K WHTErPHPOBAHUIO PaAOHAILHEIX

GyHKOHE ML B CAERyOLMX TpeX Caydasx:
1. Tlycrb p — nenoe. Tomaraem = = tN | rne N — oBumit sHaMeHaTeNHL (POGER m B 1.

m
2. Hycts — npenoe. omaraem a + bz™ = ¢V, rne N — smamenaters gpo6u p.

n

m 41 _n N &

3. Tlycrs +p —— nenoe. [Ipumennm mogcramosky ar™ " +b =t , rne N — sHameHaTeas npobu

n
P. .
Ecam n = 1, To 9TH ciayvan »KBUBATEHTHH cieflyomuM: 1) p — nenoe; 2) m — uenoe; 3) m +p —
nesxoe.

Haitu cienyione MHTerpaJbl:
109. / ST da
4 Umeem npu = > 0, a Takke npu z < —1
I—/\/x +x4dx—/ _1+1)2dx
3pece n = —1, m = 2 ¥u 1"%1 — uyemce. Hosromy, nomaras z7 ! +1 = ¢, nonyuum I =

24 d
—f(t;,t 1;4 ——2]3—2]4,1‘)16 In=f“(—trtl);, ’IL=3,4,
HJI}I BLIYHCII€eHH ITOCHedHEr o HHTerpalia HaﬁnEM PEKYPPEHTHYIO (I)OpMley. HyCTb

dt
In=/m, a#0.

HMurerpupys no vacram I,_;, umeem

—a + a? t
= = a2)1z T —2(n- 1)/ ) 'dt = (12 — a?)n1 ~2(n—=UVln_1 +2(n — 1)‘?21"’

OTKyAa

t __2n-3
2(n — Da?(t2 —a?)m~t  2(n —1)a? not

IMocregoBaTtensHo NpuMeHss a1y Gopmyay (np# a = 1), noixy4aem

t 5 t 1
= 2[5 — —_——— - — = = =
[=2l -2 ( 6(17 — 1) 613> 3E_1p 3

-t =t 3 N__t . ¢t _1f -t 1.3
T3E 1) 3\AB 1) 47) T3@ 1) T (12 4\2(-1) 21 N

t t i 1 I+C

3@ 1P @ 1E B#E-1) 16

In=“

t+1
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Bosspamasick kK MEpeMEHHON &, OKOHYATEILHO UMeEeM

2 _ 1+ o1
\/m;&c + 2z 3+1 142 +1+C.>

I= 1
24 g T2l
110. [ Y5 4
1+ Vx)?
< 3mecs p = —2. IIpuMeHss MepByIO MOACTaHOBKY & = t°, Momyyaem

_[_ V= _ [ that s _ g2 g AN
I—/(1+%)2daz—6 (1+t2)2_6 t 2t° 43 (1+t2)2 dt =

6 s 3 dt 1% dt
= -t — 4t 18t — 18 —_— —_—
5 + /1+t2 (1+ 2)2
ITockonbky
2 dt 1 1 t .
e = — td(———) == — tgt,
1+ ) 2/ 1+e 21+ T2 ¥ee
TO OKOHYATEJILHO MMeeM
1—% —4t? +18t 4 3t —2larctgt+C, t=z% p»
111. / zde
\/l+ )
<« B Hamem ciyuae m =1, n = % 1 m—“ = 3. Monoxum 1+ 23 = t?. Torga
zdx
I= 3 —_ =3 [ (#*-1)? -2 43t 4+ C,
\/1+ z2
e t=\V1+ Va2 »
112. /\/ 3z —z3dzx.
<« 3mech m = %, n=2p=3 Ly m+l +p=1. Honoxum 3¢7% —1 =1, Torma
9 t3dt 3 1 3t dt
V3c—adde=—= [ ——— =2 [t = - = )
/ z-otde CEE 2/ d<t3+1) 208 +1) BF1

Hockonpky (cM. mpumep 73)

dt (t+1? 1 2 —1
= -ln—-—"T"") 4 arcte -
/t3+1 s B i1 BT

TO OKOHYAaTeJIBbHO MMeeM

3t 1. (t+1)° V3 2t — 1

= — X2 arct

TP+ 4 e —t+1 2 3
3
rnet:@,0<x<\/§,x<—\/§.b

YrnpaskaeHHa A CAMOCTOATEIBHON PaGOTH

+C,

Haiitu vHTerpansl or MppayMoHaIbLHBIX PYHKIMH:

VI V1) (#42) dz
97. f(\/IT 7 dz. 98. [ s de. 99, f_——_(\/mﬂn/\/_r_z:'
z2—1 x dx 8x4+713+6:1:2+2:1:+3
100. [ e e 101 f\/ﬁ' 102. f——————m dz.
da z dx 223z +.z‘-|-1
103. ‘f (z4+41‘3+6:v2+4a:)\/x2+2a:+2 ’ f (z+2)3/22+1 -1 f

23 —1 dx \3/1+\4/5
106. fﬁ dz. 107. frT\/TT 108. f—\/—x——dl‘

(17—z+1)1/12+z+1



§ 4. MHTerpupoBanue TPUrOHOMETPHUYCCKHX QYHKIHH 241

§ 4. HTerpupoBanme TPUrOHOMETPUIECKUX DYHKIMH

/ sin™ z cos™ zdz,

rfe M ¥ n — ILelble YMCaa, BHUYMCIAIOTCA C ITOMOIMBIO HCKYCCTBEHHBIX IIPe06pa30BaHHil MM MPH-
MeHeHUeM GOPMYI IIOHNKeHHUST CTeIIeHU.
Hasitu cnenyloume MHTEr pais:

113 COS r
SlIl T

« U HTerpupys mo 4acTsam, IMoayyaeM

4 3 2
1 1 1 S cos®
C,Os3zdx:—— Cosszd< — ):—~ C.Oszz—i—3 (,)S dz
sin” z 2 sin” 2 \ sin“z sin

COS3 x
114. /
91[1 i

2
4 AHasorMyuHO APEemBILYUeMY

HNurerpanb Buga

i

——ln

2' s Akn, kEZ. >

= —=CO0ST — t
5 cos g

2sin” ¢

. 2 < d
[amn=- [t cer feer, ot [ G n]s}]
sin® sin ¢ sin T sin® « sin® sin® z 2
dz 1 T cos &
= -—hjftg=| - ———+C T £ kx. »
/sinsx 2 t g2 251n2x+ ’ 7
d
sin”  cos® z
4 Umeem
dtgl‘ 1 3 2 1 4 kﬂ'
1+ tg’z)° = 3In |t St —t c =
/sm T cos® x /(+gx tg’z 2tg2x+ n|gz|+2gx+4g:v+ ’ zf2»’.
116. /tg‘r’xd:c.
« Ovepumio,
5 1 I (sec? o 1
/tg“z dz = 5/(56021: — 1)2(—%2;) = SPZ d —sec’zs + gln(seczx) +C =
t tg?
:—i—-{—g—zi—lnhosxi—%c, x;é'%‘—r—"kw,
180073 ‘
5 1 tgtz 1
Sy dr = t3 ( _]) = — ( —l)d =
/tgx z /g "\ o2 dz ) tg oz z
tg? tg?
=82 _ gx—lnlcos;c|+0.>

117. /ctgex dx.

« Iocue oueBiHBEIX IpeoGpasoBaHUK MMeeM

1 tg” 1
/ctgsalcdx:/Ctg41:(.2 --l)dac:—cgr,Gln—/cthclE(.2 ——1)dx=
sin® ¢ 5 sin” z

5 3
:_C_t,gg.i+_c_tl§—x_ctgx—z+c, 1}‘%]67"’
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118. /_i—_
cos £Vsin® ¢

. k
« lonaras t° =sinz, z £ =, UMeeM

/ dz _ / d (sin t) _ 3/ dt 3 / dt + 3 / dt
etz L= % T 1=¢ T2 3 =
coszVsin® z (1 — sin® z)(sin® z) 3 11 2/ 1= 2) 1+1

1, (1-t) 3 2041 1. (1+8)2 | /3 2t—1
=—-ln—+ 4+ ¥ Z V3 oarct -
4nt2+t+1+2arctg 7 +4In2_t+1+2arcg 7
QA+2@>+t+1) V3 V3t ,
1 @ErDE-1p T 2 T O

119. BuBecru GopMyIs NOHMKEHUA A HHTEIPAJIOB:
. . de
a) In= [sin"zdz; 6) Kn= [ ——, n>2.
cos™
« Unrerpupys no vacram, nonydaem:
a) In= -—/sin"_1 zd(cosz) = —coszsin" 'z + (n — 1)/sin"_2 zcos’ zdz =

= ~coszsin® ' &4 (n — D)oy — (n — 1)In,

oTKyHa
1 . n—
I, = _z((" — 1}Jn—2 — cos zsin ! ), n=23,4,....
1
d (sin 1) sin ¢ sin®z sin ¢
6) Kn= ,/cos"+1 T costtlg (n+ 1)/cos"+2 = Costlp (n+ DKotz + (n+ 1)K,
OTKYyNa

sin © n
(n+1)cos™tlsx + n+1
C nomowso dopMy:

I. sinasinf§ = %(COS((‘( — ) — cos(a + B8));

Kny2 = K., n€Zo, x;ég+k7r, keZ. »

II. cosacos f = %(cos(a — ) + cos(a + B));
L. sincocos B = —;—(sin(a — ) +sin(a + 8))
HaMTH MHTETPAJbL:
120. /sin osin = sin = dz.
2 3
4 Umeem

. . T . X 1 T 3z . =«
sin z sin — sin - dz = — (cos——cos— sin —dz =
2 3 2 2 2 3

1 5z Tz . 1z
== (—sm—+sm—+sm—————smT) dz =

4 6 6 6
—écosi— 3‘co 5_2: 3 co 73E+ 3 113':+C
ST T T 1a e T3

121. /sin3 2z cos” 3z dz.

« Ucnionnsys popmyny 111, umeem

/sin3 2z cos® 3z dz = %—/(3 sin 2z — sin 6x)(1 + cos 6z) dz =

1 . 3 . 3. . 1.
=§/(351n2x—Esm4x+Esm8x—sm6x—§sm12x) dz =
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3 3
= —i—ac052x+——cos4x~ ﬁc058z+—cos6x+ —9—2-cosl2z:+C »

[Tpumenss popMyns: .
IV. sin(a — B) = sin{(z + a) — (z + B)); ,
V. cos(a — ) = cos((x + @) — (z + 8)), ' : L

HaWTH MHTEerpaihl: . -

dzx
122. / sin(z + a)sin(z +b)

4 Umeem

dx _ sin((z + a) — (z + b))

sin(z + a)sin(z +b) ~ sin(a —b) sin(z + a)sin(z + b)
sin(z + b)
sin{z + a)

_ 1 cos(z + &) .- cos(z + a) x) _ 1 In
sin(a — b) (/ sin(z + b) d / sin(z + a) d sin(a — b)
sin(a — b) #0. »

123. [ %= L
: Sine —sina C

+C,

o U3 roxpmectsa cos ¢ = cos (1;“ - lja) ciaemyer
r—a zta
dz — 1 COS((z)—(z))dxz 1'ln 2 |4 ¢
sint —sine  2cosa sin 5% cos 21+ 1+“ cosa  |cos I_'2t£‘. ’

cos¢ #0, sinz #sina. »

124. /tgztg(z +a)dzx.

4 Umeem

cos z cos(z + a) + sin v sin(z + «) . .,
=3 - d =
/tgztg(x+a)dz / < cos 2 cos(z + a) | 1)dz o
cos g cosz
= —_— - = — t In|———
/cosxcos(z+a) do =2 z+ctgain cos(z + a)

sina #0, cosz#0, cos(z+a)#0. »

/R(sinz cosz) dz,

rge R — paumoHaJIbHEast (})yuxnnx B 061].[eM ciy4dae HPKBOH?{TC?{ K HMHTeI'PHPOBAHHIO paJ.IKOH&JIbHHX

byBRIMIT ¢ TOMOMIEBIO OACTAHOBKH tg 7= =t. " i ‘-§

a) Ecnn Bemonseno papeHcTBo t

+C,

VHTerpans Buma

R(-sinz, cosz) = —R(sine, cosa)
st
R(sinz, —cosz) = ~R (sinz, cosz),

TO BHIFOMHO HPUMEHATH HONCTAHOBKY COS# = t MM COOTBETCTBEHHO sinz = t.
6) Eciu BBIOIHEHO paBeHCTBO : N

R(-siuz, —cosz) = R(sinz, cosz),

TO NIPHMEHSAEM IONCTAHOBKY tgx = t.

Haitru unrterpansr:

125. 1=/~.—"—’”-——.
28InxT —cosT +5H
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o [lonaras t = tg g, (2n —1)7 <z < (Zn+ )7, n € Z, Mony4aem

dt 1 3t4+1 1 3tg 5 +1
I = - = ——arctg —— + (), = —= arctg ——— + Cp,.
/3t2+2t+2 75 TR s TR

W3 HenpeprIBHOCTU TIepBOOOPasHOM clegyeT

e
I2nm4+7—-0)=12nTm+7+0 — 4+ C + Cy
( ) ( )y 2\/3 " 2\/— th
orkyma Haxogum (), = ? + C, tne ¢ = Cy — npoussonbHas TOCTOAHHas. V3 HepaBEHCTB

1:+1r

ar <z4+7T<(2n+2)7; 0 < < n+1 crenyer, uro n = [I;'—:] . Taxum obpasom,

1 .'Hg%—}—l T [e+7
[ = — arct ——“——}———[ }—}—(1, z # (2n + 1)x;
N 7 5on ( )
I= lim I{z)= 2n+17r, c=02n+ )7, nEZ »

r—(2n+1})mw ) 2\/5
n2 1 cogl
126, I :/ .Blll X Cos T d‘):

sin® z + cos?

nmw
2

I—/ t*dt 1+f/ V21 di _
A G t2+4+>f V2 24422
V2 + V2 t V2-+2 t

4

arctg — arctg ————=+Chn =
V2 4 4—2\2
y y. 2 V2—+/2 tg2
= 2+v2 arctg te 27 - V2 arctg 827 + Chp.

2 V4 + 22 4 VNG

W3 ycnosus HempepriBiioCTH NeppoobpasHoil Claexyer

I( +E—0)=I(% il ) n € 7,
\/2+ \/z+ +(, :_\/2+ 2.7r \/2—

2 4 2

oTKyfa (10 aHAJIOTUHN C IIPUMEPOM 125) HAXOUM
Cn =~ (\/z+f— V2 -2 )n+c C = Cy,
4 w
== (\/2—}—\/:—\/2——\/5) [ L ]

o Tlonoxum t = tg 2w, — E << §+ %, n € Z. Torga

n+1,

to|>1

™
CuneposateibHo,
+ /2 tg 2r V2 -2 tg 2z
I(z) = 7 arctg - arctg +
V4 +2v2 4 4—2V2

(VA [ e s Te

I (f + ﬂ) = lim (). »
4 2 A
4

2

127. HoxasaTb, uTO

dz _ Asing + Bceost e dz
(asinx +bcosz)™  (asinz + bcos z)n—! " | (asinz + bcos z)=2’

rae A, B, C — Heonpeneinernbre ko3 PpHUITUEHTEL.
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« Unrerpupys no yacrsam, nomydaeM
I - d(—acosz + bsin z) _ —acosx 4 bsinz (n+1) (acosx—bsinx)2 dr
"7 J (asing +bcosz)™*t!  (asinz + bcos x)nt! (asinx + beosz)™+2

_ —ucosT +bsing —(nt1) (acosz — bsinalc)2 + (bcos & + asin 1:)2
" (asin ¢ + bcos z)nH! (asin z + bcos x)"+?

dz,

OTKyJna

1 bsinz —acosx
In = T T, oy —2 In-— n .
(n — 1)(a? + b2) <(” Ynz + (asin z + bcos z)"—1> >

1l
28. Haii o
128 Hawm/(sinav:+2cosalc)3

d Ucrionbays goxasaHHyIo BHILIE (hOPMYNY, HaXOIUM

I = 1 dzx n 28I —coszT _
T 10 sinz + 2cos (sinz + 2 cos x)? -

tg (£ + %arcth) ‘ +

28l —Cos T

2 (sin z 4+ 2 cos z)?

=11—0<%1n >+C, z # k7 — arctg 2. »

129. Jlokasats, uro

dx Asinz dz dz
= Bf—rn-i——+C [ ————— b
/ (¢ +bcosz)®  (a+bcosz)n? + / (a +bcosz)n! +C/ (a 4 bcos z)n2’ laf # (8,

¥ onpeneauth koapchunuentsl A, B u €, eciu n — HaTypanbHoe yMcio, GoIbLIE eTMHUIH.
« Uuterpupys mo yacrsim, nonydaem

dx & +bcosz dsinz
Inos = _ = dv=al,_, +b | — 252  _
? / (¢ + becosz)n—2 / (a+ bcos x)n—? T= -t / (¢ +bcosz)—!

bsin z B2 sin?

=alpyt+ ——————-(n—-1) | ————dz,
din-1+ (¢ +bcosz)n? (m ) (a + bcos )" o
oTKyna, ucnombsys Toxaectso b sin® ¢ = —(a® — b%) 4 2a(a + bcos ) — (@ + bcos z)?, HaxomnM
bsin 9 o
In— = n— Y - - In -2 bt n— —-1 In_ s
2 =alny + (@ Thoos o) + (a® =" )(n—1) a(n— a1+ (n—1)n2
I = — bsin © n (2n — 3)a I, n—2 Ines.

(n—1)(a®> = b?){a +bcosz)*™* ' (n—1)(a? —b2) "~
Taxum o6paszom,

_ b _ (2n — 3)a _ n—2 '
- (n—1)(a?® — ?)’ B (n-l)(aQ—bQ)’ ¢ (71—1)((12 - b?) >

130. Haiiru /_‘!z___ ecmu: a) 0<e<1; 6) e>1.
14ecosz

o [lonoxum t = tg %, (2n—1)r <z <(2u+1)7, n € Z. Torga

dx 2 dt
I = = - -
1+ecosz 1—¢ 12 4 ite .

1—¢
a) I= 2 t\/l_-—&+c =1 arctg—————l_stg%
Vi—e? Vite U V1-e Vite
AHajoruyHoO peulenuio TpuMepa 125 HaXogum
2 Vv1—etg % 27 T4+
:\/1—52 arcte V1+e +\/1—52 [ 27
H{2n+Dr) = lim  I(z),

z—(2n+ 1)

arctg

+ Ch.

1 J +C, z#(2n+1)m,



246 T'n. 3. HeonpeneneHHuit HETErpa

t—q /2
6) I= 1 1

= In
€2 -1 t+ /:+;

131. Hajitu —ii—f-—,ecnu0<e<1.
(1 +ecosz)?

+ C, T#£2nT+ 7T >

« lIpumenum dpopmyny, nonyuyennymo B ripumepe 129. Ilonaras ¢ =1, b =€, n = 2, nonyyaem

I(z) = dz 1 —esing n dz _
- (1+z~:cosar:)2_-1——s2 l1+ecosz 14+ecosz )

1 —esinz N 2 vl—etg%_{_ 2 [z+7r] +C
T 1—-e2\14ecosz  +Jf1—e2 > V1+e Ji—e2 | 2r ’
T #2nw 4,

I2nr+7)= lim I(z).»
x—2nmw4m
YnpakxHeBHsA 0 CAMOCTOSITEIBHOM PaGoTH

HaiiTu uHTerpaiakl oT TPUTOHOMETPUYECKUX PYHKUHMIMI:

dx dx
109. f(cosx+5|n )4 110. fsm 3z4cosdx 111. fcossx sindzx° 112. f(sm z'+2secz')2

dz dz cosx+smx
113. fsm zcos 114. fsinxcosx\/sin4x+cos4:¢. 115. f Vsin 2z dz 116. f

4+3 ch

§ 5. IHTerpupoBaHue pasiIM4HBIX TPaHCUEeH/IeH THEIX
byHKIMMN

132. JToxasars, uro ecin P(z) — MHorouseH cremenu >n, TO

/P(x) dz =™ (f—gﬂ - % + .+ (=D P;:l@) +C.

« Jloka3aTenbCcrBo NPOBOMUTCSA C MOMOLILIO METOHa MHTErPUPOBAHHA 1o vacTaM. Umeem

/P(z) e dr = %e”P(z) - i/e”P'(z) dr =

(%e”P'(z) — %/e”P“(z)dz) =

_ e (P(x) _ P’(z)) N lz_/ewp“(z)dz.

@ - a? @

1 4z
= P(z)

8 |

IIpumenss MeTon MaTeMaTMUeCKON MHAYKUMH, HAXOMUM

/P(z) e dr =" (55%2 - M + .t (- ) PU}:l(f)) +

a2

+(- 1)k+lki1 /e”P““)(z)dz, k< n.

Monoxus k = n u npunss so BHuManue, uro P("*(z) = 0, nonyuum rpebyemyio popmyry. »

133. Moxasars, uyto eciu P(z) — MHOro4seH CTeleHy 1, TO

/P(z)cosaz dr = sm 4z (P( T) — P“( ) + P(IV)(I) - > +

at

+cosax (P( o) - P“’( ) P(V)4(z) _> 4+C u

[/
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/P(x)sin azds = _%‘i (P(z) - P';ﬁ’”’ + PO _ > +

ad

+su;az (P() P!/I(z)+w—...)+c-

a? a*

o IIpu gokaszarenscrse ucnonbayeM npumep 132, 3aMmeHss taM ¢ Ha ta, rge ¢ = v/—1, noay-

JaeM "
/P(z)e,"‘” de = e'** (—iP(I) P (’”) +iZ g’”) + ) +C.
a a a

Tonbaysce bopmynok 3unepa u pasgensid OeCTBUTENbHEIE M MHUMEBIE YacTH, HaXoguM Tpeby-
eMmoe. p

134. okasars, uro uHTerpan /R(z) e*”dzr, rme R — pauMoHanbHas pyHKUMH, 3HaMeHa-

Teb KOTOPON MMeEET IUWb RelcTBUTENbHEIE KOPHH, BEIPaskaeTcs yepea 3nemeHTapHme $YHKUMH U
TPAHCUEHREHTHYIO (DYHKIHIO

/ e——dz =h{e") + C,
T

dx ‘ Lo

rge liz = —_—
Inz

« PauyonanpHast hyHxiuys npencrapisercs B BUde

M(z)
R(z)=
N(z)’
rae M(z) w N(z) — muoroumensr. Beimenss uenyio yacts (ecnm oHa umeerca) panuonanhnou
(PYHKIMM, HogyHaeM N )
Akl
P(z>+ZZ
IJe my — KpaTHOCTh KOPHS i, Aij — HeonpeneneHHHe ko3 duuuentr. Hakxouew, vm"rerpupya
R (z), nonyuaem
Tk ag
azx . azx €
/R(’«‘) dz /P(z)e dz+z};;Am/(I_“)

[lepBeiit MHTErpan BEIUMCHAETCS [-KpaTHEIM WHTErpUpoBaHUeM 110 YactaM (I — creneHb MHo-
royneHa P(z)). Beruncass BTopoit MHTErpal, Haxomum

o e ey ! N o e™
I'k”/(z—mi / d( (i—l)(z—m') VR
@ 24T dx az 1 B @ _
+i—1/(w—zk)i—1 =¢ ( (i—1)(z —zx)? (i—1)(1'—2)(373—':%)"2

ai—’) ai—2 e dp _ B B '
_(i—l)(i—Z)...l(x-—xk)>+(i—1)(i—2)...l/x—xk— ) :V?,

an 1 a a2
~ ((i T Py e 31 ) [y A GRS 1 m) *
uz -2 L ea(:p—-xk) . 1 '
(1—1) / T — Ty Az — zk) = —e ((i—l)(z‘—rk)""1+ . ot
) e (),
+(i —1)(E—2)(z — zi)"2 e (1= 1)z~ xk)> + (¢ =1t ( o )

Urak,

my,
/R(x)e” do= Ry(z)+ Y Y Awilin. »
k i=1



248 Tn. 3. Heonpeneneduulil HHTErpas

135. B xaxom cayuae uHTerpan /P (l) e“dr, rne P (l) = a9 + (;—1 + ...+ -Zi
T T

n

o, 41, ..., (p — HOCTOSHHEI, IPeACTABIAIET COGOM 3AEMEHTaPHYIO DYHKIUIO!
<« Ucrnionbsys obosnavenust npumepa 134 ¥ uHTErpUpYS MO YaCTsIM, Holy4YaeM

/P(l)ezdz:/(ao-ky—l—i—-..+an)6 dz =
T z T
a3

= age? +ay li(e*) — “Ze® 4 az i (e?
T

z dn
ife®)— ... 1)
Uy Un 2273

T e—Dm-2z"2 7 (n-1lz t (n —1)!

Li(e”).

Otcropa crefyer, uTo eciu

%] as an

(11+*‘+—+ m

TO JaHHBIM WHTErpal ecTh viIeMeHTapHasl (PyHKIUS. P
Halitu urerpamnr:

2\2
136. / (1-2) e e
T
<« Ucnoarsya oGoaznavenns npumepa 134 u HHTErpupys 1o HaCTsIM, MOJydaeM

/(1—%)2e$dz:/(l—%+%)ewdz:e —4li(e )——e +4li(e’) =€" (1——)+C

z;éO.P

:U7

YnpakHEHNS NI CAMOCTOATEIbHON PaGoTHI

Ha]/[TM UHTETPpAAbl OT CH(‘JIyI()II[HX TI)?)HCI[F‘H,[IF‘I{THBIX (1))’]—{]{1{””

117. f(1+“;2 de. 118, [ == dr. 119. fm. 120. [ 22 121, [ch'zds.

ch

2x

122. fchzxsh rdr. 123. jmdz

§ 6. Pasnble mpuMepsl Ha MHTerpupoBaHue GyHKIUN

Hawirun MHTerprm

137. / ,
1+z +z8

« TlpencraBnsad sHameHaTeas B Buge 1 + 2t + 2% = (1:4 +1)P2 -zt = (z* + 4+ 1)(alc4 -+ 1),
PAa3lNoXK MM NHOIEIHTErPalbHY 0 (DYHKIMIO Ha NMpocThle ApoSu:

1 1 241 n 1—~ 22 .
14zt 428 2\t 4224+1 zt—2z24+1)°

Wnurerpupys nocregnee BhipaskeHne MOUIEHHO, IOy YaeM

2 +1 d (73 - ‘) —1—arctg Fota § + ~I=sgnz eciu £ # 0
T dr = Z_—L__ = V3 23 23 ’ ?
T

T g2 41 L—-l‘) +3 0, ecan z =0,

1—x? d($+i) 1
/m“:’/m:?ﬁh‘

Wrak, HCKOMBII HHTerpaj paseu

x2+x\/§+1
2 ~z/34+ 1|

;2 24z T 4
;W(arctgl?\/?l—}—%ln ﬁ%—% +§sgnz>+c, ecmu « # 0,

C, ecin £ = 0. »

- dx
138. zzfm.




§ 6. PasHEle npuMepH Ha MHTerpupoBaHue QyHEIMH 249

o [lonbsysce pesyasraroM npumepa 131, Haxogum

dz _ d(g—z) _ L _cosz +_2_/ de
(2+sinz)2—ﬂ (2+cos(§—z))2_— T3 24sing 3 2+4sing’

o o x
NMOCHEeAHUN MHTET paJl BBIYUCAUM C TIOMOINBIO YHUBEPCaIbHOW IIOACTAaHOBKHU ¢ = tg 5 nr—m <z <
T+ 207, n € Zo,

" dx 2 2tg 5 — 1

Us ycnoBus I(m+2n7 — 0) = I(w + 2n7 + (), aHaZOrWYHO TOMY KaK MBI NOCTYNAIM IIpH PeIIEHUH
TpuMepa 125, HaxogHm '
‘ 2w 1 1 1 ¢
an—\/—_gn—}—C, C =y, nTr — T <z <7+ 2n7w.

Taxum obpasom,

T dz 1 cosx 4 2tg = + 1 4 g
=) / (24smz)? 3 24sinz + 33 arctg + = pye +C, z#2ar+m

I2ar 4+ 7)) = lim I(z). »
139. /[z[d.'z:.

r—2nmT4+T
« [Ipu z > 0 uneem

2

T
dz = — + Cy;
/zz 5+ O

2 R
T .
—/ldl——;—*—(;g.

B Touke x = 0, corgacHo ompepeieHuo IIepBoobpasHoi, gokno C) = Cy = C, e C —
NMPOM3BONBHAN MMOCTOMHHas. 1losToMy TIpu Bcex & uMMeeM

aHaJorM4Ho Npir z < 0

2
/]x]dx: %sgnx—}—(}: w—[;—l—}-(/. »

140. /ga(z) dz, tne ¢(r) — paccrosHue uncia £ 1o GAMKANIIETo 1[€I0ro Yucia.

o U3 ycnosus sapaum ¢(¢) = [t~ n], n— é <z <n+ %, n € Zo, noaTOMY

I(z) = /cp(z)dz = %(z —n)lz —n|+Cn, n-— % Lzr<n+ %
W3 nenpeptisiocTu rieppoofpasHolt oLy yaem
]('IL—*—%*O) :I<7b+%),
T. €. % + Oy = —% 4 Cng1, Cngr = Cn + ;1-, orkyga (' = 77:- + C, rpe ¢/ = Cy — npousBoOJbHAA

TMOCTOSTHHASI,
1 17.
[Tockoasky n < ¢+ 5; <n+1, 10 = [z-—}— —2-] . OkoHYaTEeNAbHO HAXOEUM

=4[+

141. /[z]] sinwz| de.

1 1 1 ,
-] [+3lrrg) o
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« Ilo onpemenennio egOH YacTH UMeEEM

[g]|sin7z] = (—1)"nsin7rz, n<Lz<n+1l, n€&o.
[loaromy

_1\n+1 '
/[z]]sin wz|de = L—%——ncos 7t +Cn ngz<n+l

W3 HenpepriBHOCTM NepBoOGpasHOM B TOUKaX T = n + 1 IonyyaeM paBeHCTBa

_1\n+1
[(—1—7);—— ncos T + (7,1}

)
x=n+1l

0
= - (n+1)cosmx + Cnyy

r=n+l

2 2
orkypa Cny1 = Ch + —":—1 Peuras sto ypaBHenue, noaydaem C, = C + "7-, C = Cy. Iloaromy

_1\n+1l
/[z]]sinmc]dz = l:(——%-— Cos & +7z] %—}— C, nr<n+l

Iockonbky £ M3MeHseTCs B YKa3aHHHIX lipepemax, T0 Bcerga 12 = [¢]. Takum oGpasom, okoH-
YaTelIFHO HMeeM

/[z]] sinwz|dr = [—:1([16] — (=) cos 7z) + C,

rge ¢ — npousBolnbHAS MOCTOSIHHAA. P

142, Tycrs f(x) — MOHOTOHHAs HernpepbIBHAA (DYHKIUHSA U f;l(x) — ee oB6paTHasd PYHKIUA.

Hoxasars, uro ecin | f(x)dz = F(z)+ C, 10

/f_l(x)dz = xf_l(x) - F(f (x))+C.

« B cuny ycnosus teopembl, CipaBeIaIMBO PABEHCTBO

z=f(f7(z)) = F'(f7(2)).

Wurerpupys ero no f'l(z), nonydyaem

/ rd(f~ () = (/™ () + C,

OTKYyHIa

/ rd(f7H(2)) =2f " (2) — / fM@)dz = F(f™ (z)) + C. »

YapaskHeHH IS cAaMOCTOATEIBHOM PaGoTH

[lonpsysack pasaMUHBIMM METONAMMU, HAWTH ClIeXyIOINMEe MHTErPallbl:

2

5x~
- sin @ cos z
124. f(—xf_—*'l—);f’ 4« dr. 125. fﬁ? 126. fmdx 127. f__—sxnxm

x+sin x 22 d2 22 dx
128. [tgz/cos2xdz. 129. fl+c”dx. 130. [ ortgee 131 [

z—gzcosx)? "’

sin z dz dz : arcsin e
132. m 133. fm 134. fl‘l(l +lnz)dz 135. f—eT——dI

136. I%dz 137. [(lz+ 1| - |1 —z|)ds. 138. [\/z(1-z/z) " ds.
139 140, [l o> 141 [ s>0.

"o * f z /1+1.3+$6 ) 22 4[x]2?
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§ 7. NuarerpupoBanue BeKTOp—(QYHKIUHA U
PYHKIMOHAJBHEIX MaTpPHUI]

Teopema 1. Bexmop-dynxuus F = (F1, Fa, ..., Fm) seasemcs nepsoobpasnoti eexmop—
dynxuuu £ = (f1, f2, ..., fm) Ha unmepsane X € R moeda u moavxo mozda, xozda Ha ImoM
unmepeaae pynxyuu F; seazwoncs nepeoobpasnvinu pynxuud fi, t = 1, m. _

Teopema 2. Ananrozuuno, dynxyuonaasnas smampuus B = (bij) seazemcs nepsoobpasnot
Ha unmepeaae X Qynxyuonaavrold mampuusvt A = (ai;) moeda u moavxo mozda, xoeda na 3Mmom
unmepeaae Gunxyuu bij A6AKNOMca nepeoobpaznsimu Gynxyud aij, t=1, m, § =1, n

Haiiru MHTerpaan OT BEKTOP—(hYHKIUI:

1 1 1
143. , , dz.
\/1»—132 Vi—z2 1422 4420
« Ecan HeonpeneneHHENH MHTerpal yka3aHHOH! BekTop—QyHKUUN 0603HAYNM CHMBOJIOM I TO,
COrilacHo teopeMme 1,

dz . dz dz dz
1 = — 4 —_— i} C — 4 C ——— 4+ C } =
(x) (/ ,——1_x2+ 1,/ ,——4_x2+('2,/1+z2+ 3’/4+x2+ 4)

= (arcsin T, arcsin %, arctg z, %arctg ;)+ C, |15| S 1,

rae C € R* — nocrosuusii BEKTOpP. P

1 z gm!
144. /(1“, 1+x2,...,1+zm>dz

o AHaIOIMYHO Ip eIy NIeMy TIPUMeEpY
I(z)=(nll+z|, In\/14+22 ..., In V1+z7)+C. »
145. /(cos z, cos2zx, ..., cosmz)dz.

o Umeem

. in2 in m
/(cosz, cos 2z, ..., cosmz) ds = (smx, %ﬁ, R Smm :c) +C. »

Hality MHTErpansl or GYHKUMOHAABHBEIX MAaTPUIL:

sinz sin2x sin3z sin4z
146. / cosxr cos2r cos3r cos4r dz. 5
tgx tgl2z tg3r tgdsr

« llycre A — neppoo6pazHast MaTpMI(a, TOIIA

COS T cos 2z cos3x __cosdzx
2 3 4
s in 2z sin 3x sin 4z
Az) = sinz £

2 3 7 ’
—lIn|cosz| —Iny/jcos2z| —In {/|cos3z| —In y/|cosdz|

M MHTErpas paBeH (yHKUMOHaIbHOM Matpuue & — A(x) + C, rme C — nocTosHHas MaTpUIua. >
i

147. V/(a,g)dx, rne ai; =7, i=1,m; j=1 n, t >0.

o IIpn puxcupopaHHBIX 1 U J

i j it
i dr = T 3 +ciy.
/ i+ ’

Caenosarensto, [(ai;)dz = (bi;)+C, rne bi; = —+7 ¢ 7 ,aC = (cj) — NocrosHHai MaTpulia. P
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148. oxasats, uro

' n 1 _ T
/(E+Ax) dr = A YE + Ax)"t! ¢, (1)
rne E — epunuynaa, A, ' — nocrosgHHbie MAaTPUILI ONHOTO MOPSAAKAa ¥ MAaTpHlla A — HEBBIPO-

JKIEHHAs, 1 — HATYPAIBHOE [UCIIO.

« Jlis QoKa3aTerbcTBA HOCTATOYHO TIOKA3ATh, To MpPOM3BOJHAS JIEBOM YacTu paBeHcrBa (1)

PaBHa ToBIHTerpatsHON MaTpuie. [lo npasunay nuddepeHUnpPoBaHU IIPOU3BENCHUS MATPUL UMe-
eM

1 —1 n+1>’ A_l
A = —
(n+1A (E+ I) n+1

A Ttak xax Marpuuei A u F + Az KOMMYTaTUBHEI, TO

((E+A2)" A+ (B + Az)"A(E + Az) + ... + A(E + Az)") .

-1

(a=E v an™) = A a s )(E+ A0 = (B4 40" >

n+1 n+1
YnpaskHeHHs [ CaMOCTOSTeIbHOH PaGOThI
Haiitu unTerpansr oT BeKTOp—(hYHKIMIL:
142. f(sin z, cosz)dr. 143. [(tgz, tg2z, tg3z)dr, v €10, T[.
144. f(r sinz, rsin2z, ..., rsinmz)dr. 145. f(:cezz, 1,‘3612, 1‘5612) dz.
146. f(:v, 2, ..., ™)dr. 147. f(r, 2, ..., t™)Inzdr, =>0.

Hautu unrerpanst or (DyHKUMOHAJBHBIX MATPUILL:
148.

z dz.

- : si
/ 2r + cos 2¢ rcosz +sinr + L fcosclnz
In 2z

—xsinx+cosr+%”—sinzlux cos 2z + 2

n

T sin & ] cos 10 0
149. /( cosz  Inz ) ( Csinz 1 )dx. 150. / 0 z O dr.
) ’ z . 0 0 gz
1 0 0
151./ (E+A( 0 sinw 0 )) dz.
0 0 cos &

152. [lycrn Bce a1eMeHTHI KBafipaTHOM (byHKUMOHANBHON MATpUYbL T — A(r) uUMeT npons-
BogHBIe Ha uHTepBaie Ju, b[. [lokazars, “TO HAa B3TOM MHTEpBaJe CNPaBeNJIUBLI PABEHCTBA:

a) [(A(z)A'(z)+ A'(z)A(x)) dz = A*(z) + C;

6) f(Az(z)A'(z) + A(x)A'(z)A(z) + A'(z)A%{(x))dz = A®(z) + C.

153. Jlokasarts, 4ro

[ (A(z)L B(z) + (= A(r)) B(z)) dz = A(z)B(z) + C,

rge A n B — xBapgpaTHble QYHKIUHOHAIBHEIE MATPUIBL.
154. Mycrs A — mocrosHmas KsagpaTHas maTpuua. Marpuuy e? ompepmennm mocpencTsom
PaBeHCTBA

e = lim (E + :—lAz)" .

=00
HoxazaTs, 4To
feAz dz = Ae?® + C,

MPOU3BOJILHAS IIOCTOAHIIAA KBAaApaTHas Marpuua.

roge C
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OnpeneleHHLIN NHTErpall

§ 1. Narerpanx Pumana

1.1. BepxHuil n HuskHHUH HHTerpausl Pumana. Kpurepuin HHTerpupyeMocTn ¢pyHKIHHU.

Onpenenenne 1. Pas6uenuen I ceemenma [a, b] nasvieaemcs xoneunoe muoskecmeo movex
{To, T1, ..., 2n},2dea =20 <21 < ... <Tp =b.

Tlycre [ :]«, b)) — R u f — orpanuyeHnas Ha cermeHre [a, b] dbynkuud, a Il — npoussoiaLHoe
pasblieHMe 3TOr0 CErMeHTa.

Bepxneti u nusmned unmezparsHbimu cymmany, COOTBETCTBYONUMU pasbuenuio 11, nasuiBalor-
cs 4ucaa

n—1 n—1
Su(f) =) Mz, Su(f)=) mils,
=0 - =0
ede M; = sup {f(z)}, mi= inf {f(z)}, Az.=z:i51 — ;.

T, Lo 41 2 LILT 41
Ounpepenenne 2. Yucaa

/ fis = (Sa (1)}, / s = suplsa (),

2de mounvie panu Gepymcs 1o 6cem 603MOKHLIM pasbuenuin cezmenma [a, b], Hasvisarwomes co-
OMEEMCEMEENHO BePTHUM U HUKHUM unmezparamy Pumana pynxyuu f na ceemenme [a, b].
Onpepeaenne 3. Pynuxyua f nasvisaemes unmezpupyemots no Pumany na ceemenme [a, b],

ecau f fdl‘ = f fdl‘, a 061,“88 FHAUCHUE BEPTHE20 U HUMHECZ0 UHIMEZPALO8 HAIBIBAEINCA URM EC2Pa-

. b
aom Pumana dynnyuu f na omom cezmenme u obo3nauaemes ff(z) dr.

a
Knacc Bcex unTerpupyemsrx no Pumany dbynkuuit f obosnadawor f € Rla, b].
Kpumeputi unmezpupyemocmu. [Jas mozo umobvi ozpanuvennas pyuxyus f : [a, b — R
6vina unmezpupyenmoti na cezmenme [a, b], neobrodumo u docrmamouno, umobus Ve > 0 cywiecmeo-

sano maxoe pazbuenue 11 omoeo ceemenma, umo 0 < Su(f) — Su(f) <e.

CoxpallleHHO KPUTEPUN UHTEIPUPYEMOCTH 3allMCHIBAIOT CAERYIOMUM 06pasoM:
n—1

fERla, b & Ve>0 3M:0<Sn(f) - Sulf) =) widzi<e
1=0

(3pmeck w, = M, — m, — konebaHue QyHKUUN f HA cerMeHTe [Xi, Tig1]).
1.2. VnTerpan Pumana kKak Ipegel HHTErPAIBHBIX CYMM.
Hycrs I — nponssoanHoe paséuenne cermenta [a, b] u d(I) = max Az;. Ha xaxmom
TN —
cermenre [T, Tiy1] BO3bMEM NPOU3BONLHYIO TOUKY &, U 0Bpasyem Tak Haa‘\m;aemylo UHTETPANbHYIO
CyMMY

Su(f) = f(&)Ax:.
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- Tomaraen lim Sn( AET, ecru Ve >0 36> 0:
—0

VIIAA(I) <6 = [Sn(f) - I <e.

Teopema. FEcau:

b
1) npu d(Il) — 0 Aim Su(f)=1, mo f € Ra, 8] u [ f(z)dz =

b
2 € Rla, b], To 3 lim Sg = z)dz.

)€ Rl b w03 i Su(f) = [ ()

DTa TeopeMa YCTaHaBJAMBAET [Ba YKBUBAJEHTHLIX ONMpeNeleHUs MHTerpaina PumaHa.

1.3. HekoTophie kaaccul PyHKUHUH, HHTerpupyemMuix no PuMany.

Teopema 1. Ecau f € Cla, b}, mo f € Ra, b].
Teopema 2. Fcau f monomonnas na ceemenme [a, b] Pynxyus, mo f € Rla, b].

1.4, Mepa 0 JleG6era n mepa 0 YKoppana.

Onpenenenne 1. Mepoti pJ ceemenma J = [a, b] (sepoti pJ unmepsana J =a, b) naavi-
sawm ezo Jdauny, m. e. wucio b—a.
.+ Onpepenenne 2. Muowxecmeo X C R uscem ne6ezoey mepy 0,.ecau Ve > 0_cywecmeyem
maxoe cuemuoe noxpuimue W = {JJ, J € N} smozo muomecmea ceemeuma/nu J, (cuemnoe

noxpoumue W = {J;; j € N} unmepsaramnu J;), mepoi xomopuix fij, «mo Z uj < e, ede Z iy =

=1 J 1
n
Iim E Hy-
n—00
7=1
Il pumepoM MHOKeCTBA N1e6eroBoit Mepsl 0 MOXKeT CIy’KHTh MPOU3BOJILHOE CHETHOE MHOXKECTBO
Touek X C R.

Onpenenenne 3. Muomecmseo X C R umeem wopdanosy smepy 0, ecau Ve > 0 cywiecmeyem
maxoe xoneunoe noxpuimue W = {J;; j =1, n} (W = {J;; j = 1, n}) smozo mromecmsa
n

ceamenmanu 7, (unmepeananu J;), mepoi xomopouw fij, umo . uj < €.
J=1

ITpuMepoM MHOMECTBa >KOPHAHOBOM Meph ( MOMKeT CIYXXKUTE TI060e KOHEHHOE MHOXKECTBO
touek X C R, a Takke moboe cuerHoe MHoxkecTBO Touek Y C R, uMewlee xoHedHoe HUCIO
MpeNebHEIX TOYEK. '

U3 onpegenenust 3 chaegyer, 4TO BCAKOE MHOKECTBO JKODHaHOBOM Mephl 0 uMmeer neberomy
Mmepy 0.

Teopema (NeGera). IIycms f: [a, b] —» R — oepanuuennas pynxyus u £ C [a, ] — mmo-
mecmeo ee mouex paipuviea. LPynxyus [ unmezpupyema no Pumany na ceemenme [a, b] mozda u
moavxo mozda, xoeda E — muomecmeo aebezosoti mepnvi 0.

Cormacno teopeme Jle6era, kiaccy uHTerpupyeMuix 1o Pumany GyHKIUI IPHHALIEXKAT Orpa-
HUYeHHbie QYHKUMU, MHOXKECTBO TOYEK Pa3phlBa KOTOPEIX He Gollee YeM CYETHOE MM MUMeeT KOop-
oaHOBY Mepy 0.

1.5. UnTerpansl gyurnui, 3aJaHHEIX Ha IPOU3BOIBHBEIX OrPaHNYEHHBIX MHOKeCTBaX.
MHuosxecTBa, H3Mepumiie no JKoppany.

Onpeneaenne 1. yems £ C X CR. Qynuxyua x, : X — R, 2de
0, ecauz € X\FE,
x(z) = { eauz € X\

ecauz € F,

nasvieaemca xapaxmepucmuvecxol Pynxyueli muoxecmsa E.
Onpenenenne 2. [Tyemv £ C [a, b)) CR, f:[a, )] — R — oepanuvennas ¢ynxyus. Ecau

fxg € Rla, b], mo ,
/ F(z)dss / F(@)xp(z) de.
E a
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Onpepenenuie 3. Hycmy £ C [a,b)] CR, f: E — R — ozpanuvennas pynxyus. Ipodorxum
dynxyuwo f na eecv cezmenm [a, b], o6pasosas pynxyuw

f(z), ecauz € E,
F(z) = { ,( : ec;u : € [a, B]\E.

Ecau ¢ynxyus F unmezpupyema na cezmenme [a, b], mo

/fx)dz—/ (z) da.

Oupenetenue 4. Ozpanuuennoe muowxecmso E C R, epanuya xomopozo umeem Jze6ezosy
mepy 0, nasvisaemes usmepumvin no Kopdany, a unmezpan

E/dm=a/xs(r)d$> ' ‘

20e [a, b] — npoussoavuviti ceamenm, codepacawuti mromecmeo E, nasvieaemca xopdanosott se-
poti muomecmea E, uau ezo daunoti.

1.6. CpoifcTBA MHTerpala, BHpaKeHHHeE DABCHCTBAMH.
1) Ecau f € R[a, b], To u ¢f € R[a, b], ¢ = const, mpuyem

/bcf(:c)dx= c/bf(x)d:c.

a

2) Ecau f, g € R[a, b], o u (f £ ¢) € R[a, b] u npu atom

/b(f(r):tg(x))dx=/bf(x)dz:t/bg(x)dz.“

3)Ecau f € R[a, b] u ¢ €la, [, T0

b < b
/f(:c) d:c:/f(:c) d:c+/f(:c)d:c (cBoiicTBO AAIMIUBHOCTH), oA

4) Ecnu cysxenns dpynxuuu f : [a, b] — R na cermentni [a, ¢] u [c, b] mnrerpupyemst, o

f € Rla, b) v npu s1OM
b . b
/f(:c)d:c:/f(x)d:c+/f(:c)d;c,

1.7. CpolicTBa HHTErpaia, BHPaskeHHEIE HEPABEHCTBAMHU.

i . R B A L

1) Ecan pyuxuus f unrerpupyema Ha [a, b)) u f(z) > 0 Vz € {q, b}, TO ff(z) dz > 0; ed:m

f(z)20, f€C[a, b] u f(z) £ 0 na [a, b], TO ff(:c 2 c>0,rmec — HEKOTOpas NOCTOAHHAA.
2) Ecin f(z) < g(z) Vo €a, b] u f, g€ R[a, b], To

/bf(x)dx < /bg(z) dz.
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1.8. ®opMyasl 3aMeHK ePeMEHHOH U HHTEerPHPOBAHHUA IO aCTIM.

a) IIycrs BErmonnenn yenosust: 1) f € Cla, b]; 2) cerment [a, b] aBaseTca MHOKeCTBOM 3Hade-
Huit HeKOTOpOii hyHKUUM x : ¢ — g(t), o < t < B, umeromeii Ha |a, B[ HeITpePHBHYIO MPOUBBOXHYIC;

3) gla) =a, g(B) =b.

Torpa cnipaBegauBa opMyia 3aMeHBI IIEpEMEHHOMN

b B
/ fz)dx = / Fo(1)) o' (1) dt.

6) @opMysa MHTETPUPOBAHUS TO MACTIM.
Ecau u, v € CW[a, 8], 70
b b
b
/u(r)v'(r) de = u(z)v(z)| — /v(z)u'(z)dw.

a a

a

B npumepax 1-5 uHTerpansl PuMaHa BLIYMCIAIOTCH C MOMOMIBIO MHTerpaibHbix cyMmM S (f).
Hna mwo6oit uurerpupyemoit no Pumany dyuxuuu f: [a, )] — R umeem

b
/f(z) dr = d(%ll.o Su(f)

He3aBUCHMO OT BHIBopa pasbuenus Il u touex & € [z, ;41], HUITOMY NpU pelleHMM yKauaHHbBIX
npuMepoB paséuenus 11 u touku & BEOUpAOTCA ONpenenseHHEIM 06pas3oM.
Beruucnuts cnepyonue uHTer pasin:

1. j(1+x)dx.

4 Oyuxuus f: v — 1+ 1z, -1 < z < 4, npunagnexur kaxaccy C[—1, 4], cnexoparenbno,
f € R[a, b]. B cuny auueiinoctu pyuxiuuu f, yno6Ho Mpu Mpous3BoabHOM pasbueHuu Il cermenta
(-1, 4] B3saTs & = ?'—+%j'—l Torpa unterpansras cymma Sp(f) pasHa camomy uHrerpany. Mmeem

Sn(f) = gf(a)mi = i (A + _+_2—_) _

i=0
Ty — 28
2

Tn+ To
2

=T, — 70+ = (Tn — To) (l+ ) = 12,5,

Tak kKak g = —1, r, = 4. CuegosarennHo,
4

/(1 +r)dr =12,5. »

~1

b
2. /rmdac,()<u<b7 m# —1.
a

4 Bu6epeM rakoe pasduenne I, wTo6s1 naunst cerMenToB (2, Ti41] 06pa30BHIBaIM FeOMETPU-
4eCKYI0 mporpeccuio, u so3bMeM & = ;. Torma
by [ b\
n n
a a

n-l 1 n—1 i(m+1) b % 3
Sn(f) = Zf(lfi)AIi ="t (g) | Z (%) ) (E;m+1 1 '
=0 i=0 5N g

a

3]~

1
. b\ n b
zi==zo9q¢", 1=1,n, To=ua, Tp =0, q=(—>n, f,'=a(-—)
a a
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Mockoasxy d(I1} — 0 mpu n — oo u

1
LA T L
(a) 1 — lilll nln +O( 2— — 1

711me (ﬁ)mjl_l n—00 m—:—lln +0( )-m+1’

o

bm+1 — am+1
TO fxmdz— llm bn(f) I T >
i
3. / : x, 0<a<b.
< Hycn, 0 ={zo =4, 21, ..., £n = b} — mpouspoxbHoe pasbuenne cerMenta [a, b]. Momamn-

Terpaibnas PYHKIUsI HHTErpupyeMma Ha [a, b], B cHmy 4ero, Xak FoBOPHIOCH BHILTE, (hm Suf{f)

CYUIECTBYET M HE 3aBUCHUT OT BhIGOpa Touek &;. [lonaras & = \/TiTit1, MOAYUHM

n—1 -
Az; 1 1
S = = =2_z
H(f) Z Z:Zit1 Z < T xz-}-l) a b
Paw _ o 11
CaemosarensHo, [ == (11_};11 Sn(f)==>- 3 >
P a

4.

sin rdr.

o\wla

4 Bags II = {rl_zl, 1=0, n},5¢=:c,-,nMeeM

n—1 : ('n L
T Z T V2r ) SIN\T ~ In
n

A.’I:,‘:.—ﬂ.—) Sn(f)zz—- sint-— =

2n 2n 4n sin —
i=0 in
I puuumas Bo BuuManue, uro d(Il) — 0 mpu n — 00, HaxogUM
s
2 3
2 sin (-— - ——)
sinz dz = lim - = =1. »
n—oo 4n vy
4n
0

5. /ln 1-2acost +a’)ds wpu Ja| <1 u |of > 1.

< BOSLMeM H {:c;; = ;k, k=0, n}, & = zi. Torpa d(Il) — 0 mpu n — oo. OGo3HauMB
z=¢e% =cosz +1isinz, Z=e¢ "7 = cosz — 15in £, MOTyUUM

f(z) =In(@~2)(a — %), Su(f)= %nz—il“ (a _ e’f"‘) (a 3 e—i%k) _
k=0

n~1

_x R —iZy T (a—l)(a’?n—vl)
‘ElnH<a'e )(a_e )‘nl“ ar1

Ecau o] < 1, 10 (lim Sn(f) =0, Tax kak a*™ — 0 npu n — oo.
4(l)—0

Ecau || > 1, To, mpeactasass Su(f) B Buge

Su(f) = % (nln o +ln (@-1Q _a—2")> ,

a+1
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noxyuuM, uro lim  Sp(f) = lim Sp(f) = =in o, CnepoBaTensHo,
d(I1)—0 n—00

m
/ln(l —2acos + o) dr = { 0, ecmu || < 1, >

wlna®, ecaulo| > 1.
o

6. Hycrs byuxuus f : [a, b] — R monoronna na cermenre [a, b]. HoxasaTs, uro

J@ (42 =0 (L),

<4 Ecin f € Rla, b], To mpu mwbom paséuenun I cermenta [a, ] u mpousBoabHOM BHEOpPe
Touek §; € (zi, Ti}1] BHINMOMHAIOTCS HEPABEHCTBA

b
sn(s) < / f@)de < Fa(f),  Sn(f) < Sn(f) < Fnlf),

B CUJIY KOTOPBIX

| ryas - Sn(f)' < Fn(s) = su(h).

a
s Monorounoit hyukimu f npu pasbuennu cerMenra [a, b] Ha n paBHBIX HacTeil MMeeM

Sa(f) - su(h) = 2@ - @l =0 (5).

b

[ #xyde=sn(s) b
O6o3nauus a—?—(f_)—?)_ = 8, nonyuum, uro [ f(z)dz — Su(f) = ¢ (gn(f) - SH(f)) =
- n —5n —

a

O(—l—), Tak Kak |8] < 1. »

n

7. Oycws f, p € Cla, b]. [lokasats, 4to

b
d(gl)gofm(fw) =/f(w)<ﬂ(x)dx,

Ime an(fqa) Z]‘ DAz, o L6, 8 KTy

1=0
n-—1

« Usouenxu |Su(fe)~on(fe)l E [ F(&)le(8:)— ¢(&i)| Azi, orpannuennocTu pyukuun f,

ycaosus ¢ € Rla, b] n ouenxu |p(8;) ~ <p(£ ) € wi, re w. — konebanue GYHKUUU © HA ceTMeHTe
[zi, £i41], moayuaem, uTo d(hgn (Su(fe) - an(f<p))
m—o0

Caeposatensno, lim on(fe)= lim .Sn (fe)= /f z)dz.
(IT)—~0 KT}~

8. Hoxasars, uto dyurumus Jupuxae y : [a, b] — R, rue

(x) = 0, ecau T UPPALUOHATEBHO,
X\ = 1, eciu z panUoOHAaALHO,
He MHTerpupyeMa Ha cermente [a, b].

<« Oynxnusa y orpaHMYeHa u Pa3prIBHA B KOKIOW ToUKe cerMeHTa [a, b]. Cormacho Teopeme
Jle6era, Y He MHTerpupyeMa Ha 5TOM CerMeHTE. P
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9. Hokasars, uro (hynkums Pumana f : [a, b] — R, roe

f(:v)={ "’

0,

m
eCHu £ = —,
n

€ClIM £ MppalUOHAJIBHO,

b
am u n (n>1) — B3auMHO IPOCTHE UeJble YMCa, MHTErpUpyeMa Ha [a, b] n /f(:c) dz = 0.
a

<« B npumepe 263, ru. 1. gokxasano, 4To GyHKuus Pumana HenpepHBHAa B KasKI0OH HPPaiiuo-
HAJLHOU ToYke cerMmeHTa [g, b] M pasprBHa B Kaxkgol ero payuoHaibHoit Toyke. [lockonpky ona
OrpaHMYeHa U MHOXECTBO ee TOYeK PasphlBa CUETHOE, TO, COTIAacHo Teopeme JleGera, f€R[a,b].

Ilpu mo6om pas6uenuu II cermenta [a, b] kaxmbiit cerMeHT [, Zi41] COOEPKUT HPPAHOHANE-
HEle TOukM, moatoMy Su(f) =0, B cuny uero

.o .
10. Hoxasars, uro paspbiBHax hyHruus f : T +— sgn (sm ;), 0 < z < 1, uHTerpuUpyeMa Ha
noxyuntepsane |0, 1].
4 Oyuxiua f paspeHBHA Ha CHETHOM MHOXecTBe Touek X = {z) = %, k € N} u orpanuyena.
MuoskectBo X uMeeT OIHY NMPEHEBHYIO TOYKY & = (), TMOSTOMY HUMEET >KOPHAHOBY Mepy HYIb.
Gyuruust F : [0, 1] — R, rne

o ecmux € X U {0},
F(z) = { (), Comn ¢ [0, 10\{X U {0}},

orpanuuena Ha cermenre [0, 1], a MHOkecTBO ee Toex pasphisa X U {0} umeer sopganosy mepy 0,
crnegosarensno, I € R[0, 1]. Coraacno onpenenenuo 3, n. 1.5, f € R]0, 1]. »

11. Jloxasars, uro cykeHue orpaHuYeHHONR Ha cerMenre [a, b] dyHKyuH f Ha MHOMKECTBO
E = {a} unterpupyemo Ha mMuoxxecrse F u '

/f(z) dr = 0.

<« O6pasyem dynkuuio F : [a, b] — R, rme

0, ecma < x < b

F(:L‘) — { f(U/), ecIn = g,

b
®ynruus F unrerpupyema Ha cermenre [a, b] u [ F(z)dz = 0, tak xax npu f(a) # 0 oma

a
PaspHBHA JMIIL B ONHOM TOUYKe, a Tpu mobom pasbuenun I cermenrta [a, b] umeem Sn(F) = 0,

b a
der = f F(z}dz = 0. O6osnauum ff(r) dr = ff(r) dx. CormacHo omnpepmenenuio 3, n. 1.5,
- a E

a
a

nonyuaem [ f(z)dz =0. » .

a

!
12. Mycrs f : [0, )] — B — orpannuennas ua cerMente [a, b] dynxuusa. Pas6menmem II' -
1
cermenra [a, b] B HampaBneHuM OT TOYKM b K TOUKe a HasoBeM MHOxecTBo Touek II' = {zo =
b, 1, ..., &n = a}, rae T; > Tit1, 1 = 0, n —1. Ha kaxkmoMm cerMenre [Tit1, 7i] BEbepeM

TIPOM3BBOJBHYIO TOYKY &; M oBpa3syeM cyMMy

n—1

Sw(f) = f(&)(mirr — ).

=0
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Ecau Hd( li'l';'l S (f) = I', To rosopun, uro dynxuusi f uHTerpMpyeMa Ha cerMente [a, b] B
m')—0

HallpaBJI€HHUH OT TOUYKH b x Touyke a u 3anUcHiBaeM

= b/ F(z)dz

a a b
Hoxasats, uro ecau f € R[a, b], To cymectsyer /f(:c) dz, ¥ ipu sTOM /f(:c) de = — / f(z)de.
b b

« Ecgn Tou4KH pasbuenus Il = {Zo = a, T1, ..., Tp = b} coBmagaoT c ToukaMu paszbueHus I,

a Touru &; € [%;, Fj41] cosnagamwr c TO‘{K&MI/I & € [zi, zig1], To Sw(f) = —Sn(f) e Su(f) =
n—1

3" f(&) Az;. Mockombky El hm S'n(f)——ff(:c)d:c To 3 111;1 Sni(f).——ff(:c )dz. »
j=0

13. Hycrs §: [a, ]—»R,feR[a, l, A< flz) < Bu ¢ [A Bl - R, ¢ € C[A4, B,
g=1vof: [a b —R. Jdoxasars, 410 g € R{a, b].

« Us ycnosus f € Ra, b] cnenyer, uto dynruus f ymosiaersopsier kpuTepuio Jle6Gera mHTe-
TpHpyeMocTH nio Pumany.

Kommosuyust ¢ = 9 o f HenpepriBHA B KaXkIOW TO4YKe HeNpepHBHOCTH MYHKUUHU [, TIO3ITOMY
TakKe yHoBIeTBOpseT kputrepuio JleGera. Crnegosatentno, g € R[a, b]. »

3ameTnM, UTO yTBep KieHHe, copepkallleecsi B HOKa3aHHON TeOpeMe, B 061eM ciiydae TepseT CAIY, eCJIH

YyCaAOBHe HempepHBHOCTH (QYHKINM 7 3aMeHHTH YCJIOBHeM ee mHTerpupyemocTH. [lycTh, Hampumep,
P :[0,1] = R, f:][a, b] = R,
W(y) 0, ecmxy =0, (o) 0, ecam x EppanUOHAJBHOE,
= ) =
Y 1, ecmy #0, L ecmmz=2

n’ n?

rme m @ n (n 2> 1) — B3aMMEO HPOCTHIE HeJble TUCTA.
PyHKnns f MHTErpUpyeMa Ha ceTMeHTe [a, b] (cM. mpuMep 9), 2 GYHKIMS /) UHTeIpHpYeMa Ha cerMeHTe
[0, 1]. Baecre ¢ Tem bysknst Yo f : [a, b] = R, Tae

boflz) = 0, ecim r mppanmHoOHAIbHOE,
- 1, ecuu x palMOHAJIBHOE,

HE MHTerpupyeMa Ha cerMente [a, b] (cM. mpmmep 8).

14. Tycrs f € R{a, b]. Hoxasars, uto |f| € Rla, b] n

/bf(x)d:c S/blf(x)|dx.

« Iockonpky dynkuus f ymoBIeTBOpsSeT BCeM YCIOBMAM Teopemki JieGera, To 3THM K€ CBOH-
crBoM obmagaer u gynruus |f|. Us nepasencrs —|f(z)] < f(z) < |f(z)], = € [a, b], u cBoiicTBa
2), m. 1.7, cmegyert, 4to

_/b|f(z)|dx</bf(x)dxg/b|f(z)|dx, T. €. jf(z)d:c g/b|f(x)|dx. >

a a a a a

3amMeTnmM, UTO W3 HHTErPUPYeMOCTH |f| He ciemyer, Boo6le IoBOpsi, HETEIPAPY eMOCTh f; HampuMep,
dysxmms f :[a, b] > R, Tne

f(a;) _ 1, eciv T pauMOHAIBHOE,
—1, ec/u r uppauoOHAILHOE,

He HHTerpmpyeMa Ha [a, b], XoTst hyHkims |f| AETerpupyema Ha >TOM CerMeHTe.
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15. Tycrs f € Rla, b], ¢ € R[a, b]. Jloxasars, o fo € R[a, b].

« Eciu ynrmuu f M ¢ uMEIOT TOUKM paspeiBa, TO MHOKECTBA STHX TOYEK SBISIOTCI MHO-
sKecTBaMU ne6Gerosoit Mepn 0 kaxkgoe, a o6beIMHEHUE STUX MHOXKeCTB 6ymeT B obuleM ciy4dae
MHOXKeCTBOM To4Yek pasphiBa dyHkuuu fe. [lockombky 10 06BeNNHEHHe ABIIETCI MHOMKECTBOM
neGeropoit Mepel (0, To hyHKUMA f¢ ymoBinerBopser KpuTepuo Jlebera MHTerprpyeMocTH mo Pu-
MaHy. P :

16. [ToxasaTs, 4T0 eciu OTPRHUUEHHEIE Ha CeTMenTe [a, b] dyHKIMM f B ¢ COBHANAIOT BCIOXY
Ha HeM, 3a MCKINOYeHUeM Iulllh MHoxkecTrBa X C [a, b] kopmaHoBoil Mepsi 0, To M160 >TH DYHKIUY
UHTErpupyeME Ha [a, b] 1
b

jf(:c)d:c:/cp(:c)d:c,

a
6o OHH He MHTeI pUpyeMEH Ha [a, b].

4 Ecmu f € Rla, b], 1o, cormacHo Teopeme Jlebera, MHoXKecTBo Todek paspriBa dyuxunu f
uMeer neGerosy Mepy 0. B CIUTy yCIOBHII NMpHMepa, MHOXKECTBO TOYEK pasphiBa (hyHKIMH @ TaksKe
nmeer neberosy Mepy 0, mostomy ¢ € Rla, b]. Coraacuo csoiictsy 2), n. 1.6, dynxuus o = f—¢
uHTerpupyema Ha [a, b], a u3 npumepa 14 crenpyer, uro || € R[a, b]. TIpu npoussonsHOM pas-
6uenuu II cermenTa [, b] KaXKIbiil CerMeHT [Zy, Zi+1] conepkuT X0TA 6B OAHY TOUKY, B KOTOPOIl

b

|a| = 0, cregosaremsno, Su{le|) =0, sup{Sn(f)} = f|a/|d:c =0, f'a’(:c)[da: = [lalde = 0. To-
—_ { —_— -

b

f alz)d

a

jla(z ldz, To fa/(:c)d:c—f(f(:c)— (:c))d:c—ff(:c)d:c-—f<p(:c)dz-—0

CKONBKY

b
Taxum o6pasoM, ff z)dz = f@(z

Ecnu npennonomnu, y1o f g Rla, b], a ¢ € R[a, b], To, cormaciHo mokazaumoMy, AOMKHO
6uTh f € R [a, b] u mony4aem npoTuBopeyue.

CaenoBatensto, ¢ € Rla, b]. »

U3 npumepa 16 cienyet, ato ecan f € R{a, b], To He nsMeHssI CBORCTBA HHTErPAPYEMOCTH U BeIMIAHED

MHTErpala, 3Hauenne GyHKIHH [ Ha MHOKeCTBe >KOPIaHOBOM Meph 0 MO’KHO 3aMEeHHTH MPOW3BO/IbHbL

MM KOHEYHbLIMHU 3HaYeHMAMUA.

b
17. TUycrs f € Rla, b]. HokasaTh, 4To paBeHCTBO /fz(:c) dr = 0 BLinONHIETCI TOTHA

a " -
U TOXBKO TOTHA, korga f(z) = 0 BO BCeX TOYKAX HEMpPepPHBHOCTH (QYHKIMK f, IPHHAMIEIKALULIX
cerMenty [a, b].

b
<« Heobrodumocmy. [JokasarenbcTso 6ymeM MpOBOMUTH oT MpoTuBHoTo. [IycTh ff’(:c)d:c: o, f
a
HellpepHBHA B TOYKE Ig E]u b u f(zo) # 0. Uz HempepuiBHOCTH qijKuI/II/I f B Touke Iy cienyer,
YTO fz(:c) > 0 B HEKOTOPOIL OkpecTHOCTH S(%g, §). Mcrmonpsys cBolcTBO afTUTHBHOCTH m{'rerpana,
UMeeM

b o= I
a/f2(r)d / (z)dz +IDL f(z)dz +%16 FA(z)ds > 1016 fz(z)dx%c,

rge ¢ > 0 — mocrosinHoe yuciao. [loxyuunu nporusopetune, Tak Kak

b
/f2(:c)d:c =

Hocmamounocmy. Ilycrs f(z) = 0 B xaxpoit Touke HenpeprBHocTu. U3 Toro ure f € Ria, 5]
cienyer, yro f° € R[a, b]. Tlpu mo6om pas6uenuu Il cermenta [a, b] xaskukii cerMent [%:, Tit1)
COEPIKUT TOKM HETIpEPHBHOCTH (hyHKiuK f (B MPOTMBHOM Ciy4Yae MpH HexoTopoM pasbueHmu I1
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cy>keHue PyHKUMM f Ha KaKOW-TO CEIMEHT [Z;, Z;41] 6BLI0 GBI BCIOAY Pa3pPEIBHEIM Ha HEM M, CO-

raacHo Teopeme JleGera, caepopano 6u1, uto f € R[a, b]).
Takum o6paszom, npu nobom paszbuenuu II umeem

b
Sn(fz) =0, /f2 dr = /fz(x) dr = ?{UI}){SH(fz)} =0. p»
z o=

18. Mycre dynxuusa f : [a, ] — R orpanuuena u pornyra ) Ha cermente [a, b]. [lokazats,

(b—a)f—(i;“ﬂs/bf(x)dxs(b—a)f(“j”).

« Boruyrocts dyHkuuu f osHauaet, uro dyskuMsa —f BHOYyKIa, cregoBarenbuo, f € Cla, b]
(cormacho mpumepy 112, ru. 2).

TakuM o6pasom, f € R{a, b]. Ucnoarays croiicTBo BOLHYTOCTH, HAXORXHM

P = (4225 2 Lot 9+ 50-€), 0<e<i-a

Wnrerpupys no & B npegeaax [0, b — «] n npouspons samenst ¢« +€ =1 u b — & = z noxyyaem

4TO

b—a
a+b 1
G- (3> 1 /fa+6)d€+/fb— it /f )
Brinoanus pazbuenue I = {x,' =a+4 i:—la; 1= 0, n} u B3AB & = xi, MOAyYUM, Yro Azx; =

b—a
— U
n
n—1 n—1

. b—a b—a b—a
S = : __b
nn =t s (et t) = o (- Wt ).
B cuay sornyrocrn dyukuuun f, umeem

(-2 et D) > (1- 1) @ + Lrw),

507> L2050 (12 2) s+ Ly0) = 120 (S L + 5 m)

n

1=0

[punumas Bo BHuManne, uro d(II} — 0 npu n — oo, MOXYYUM, TIEpeHAA K MIPpeleny NpH . — 0O
B JEBOH M MPaBOH YacCTIX NOCIHEAHETO HEPABEHCTBA,

[ = 52w+ 50, @)

Comnocrasiasiss HepaBeHcrBa (1) ¥ (2), MOAyunM foKasHBaeMble HepaBEHCTBA. P
T

3
2 .
19. Brruncaurs /z sin z dx.

0
« CHavana aBakabl IpuMeHUM (QOPMYNy HHTErpupOBaHUA 1o dacrsaM, n. 1.8., a 3areM BoOC-

Nolb3yeMcsi pemenneM mpuMepa 4. Iomywm
2
—/sinxdr) :2(%—1) =7-2. »
0

m m

ks 2 ks
2 . Z
+2/xcosxdw:2 (xsmz
0 0
0

2
1) BoruyTsre (hyHKIMH MHOIA HASBIBAIOT 8bINYKALIMU 66EPT.

2 . 2
/:l: smzdr = —x"cosz

0
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YupaskHeHus AJA CAMOCTOATEIbHOH PAaGOTHI

Beruncauth onpeneneHHBE HHTETPABI CAEAYIOLNX GYHKIMHE, COCTABIIsA HHTETpaJbHEIe CYMMBI
Su(f) u nepexons k npegeny npu d(I1) — 0:
1.z—2% —3<2<5. 2. 24/, 0Kzl 3. 23" 0<2<7T.
4. & — cos z, nggg. 5. x— 245z, -3 x<6.
Haiitu cnepyroniue npemens:
3 3 3
6. llIIl (_711_4+721_4++4nn—;1 ) 7. liIIl (n—;-;—_}'-l-ﬁ%?-{--{—;;“—z_ﬁ)

n— 00 7— 00

8. L 2 2 2 ) i Virt1)(n2) . 2n
nl—I»I(l)o (\/4712—13 + \/4712—22 + + \/4712—7),2 9 nl—l}éo n

Hoxkaszars ]/(HTF‘I‘])preMOCTb CIHeyIOUWUX qjyﬂxuuifr:
10. ¢~ [2] —2[2], 0 <z €1 11 20 [2]27, 1
12. o — -8 1< e <40, 0> 0. 13 xH[ 2], 2 €
14. z — [Lf] 0,5< <z<10.

<z <105, a> 0.
x

X
< .
15. Mycte f € Rla, b] u f(z) > 0. O6osnauum fin = f(a+ kés), 6 = L’l‘i. Jokasars, 4T0

n b
lim % > fin= gi—aff(x) de, Ym Vfinfen .. fan = exp{ fln f(z)d }
72— OO kzl a T — OO

. n
lim =

noon 1 b ’
- §__ dx
._‘f f
- a

16. Mycre f € C 1, +ool u f(z) 20, f(z) >0, f’(z) <0 Yz € [1, +oof. Tloxazars, wTo
éf(k) I lff(z)dx +0(1).
17. Oycre f € P Ja, b u _
A,,:ff(x)dx—ﬁ——“ 2f(a+ (2k - 1)E2).

o . 2
Haytu lim n°A,.
T — OO

2. OcHOBHbIE T€OpeMBI U ()OPMYJbl MHTErPAJbLHOTO
UCYUCJIEHUSA

K Baxnenuium reopeMaMm u pOpMyZaM MHTeIPAJbHOTO UCUUCIEHMA OTHOCAT: OCHOBHYIO Teo-
peMy MHTerpajabHOro ucuncienus, hopmyny Heiorona—IJleiitunna, TeopeMs o cpenteM, a Takxke
hopMy Il 3aMeHbI IepeMeHHOIl U MHTerpUPOBAHUA 110 HacTAM (TMOCHeaHH e iBe NPUBENEHbi B MY HK-'
Te 1.8).

2.1. OnpepeneHHEM HHTerpal Kak PYHEKLUS BepXHero Ipefelna.
Teopema 1. Ecau f € R[a, b}, mo Ppynxyus
x

<I>:xl—>/f(t)dt, a <z <b,

nenpepuiena Ha ceamenme [a, b).
Teopema 2. (oCHOBHad TeopeMa MHTeTPAaJBHOTO McHUUCTeHUd). Dynxyus

<I>:x|—>/f(t)dt, a<z<b,
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2de f: [a, }] — R, f € Rla, b], duddepenyupyema 6 xaxdoti mouxe z € [a, b], 8 xomopoti pynxyus
f nenpepviena, u npu amom ®'(z) = f(z).

Teopema 3. (ocHOBHas opMyda MHTerpanbHoro ucyuciaenus). Ecau f € Rla, b] u mno-
HeCmeo mouex pazpvisa pynxyuu f ne 6oaee uem cuemnoe, a F' — npou3zsonsnas nepeoofpasnas
dyrxyuu f Ha cezmenme [a, b}, mo cnpasedausa dpopmyaa

b
b
[ 1@z =re| =ro) - @)
Hasvicaemas Gopmyaott Howmona—Jelibruya.
2.2. TeopeMmun o cpeaHeM.

Iepeax meopema o cpednem. Ecau f € Rla,b], ¢ € Rla,b] u g(z) > 0 (g(z) < 0)
Vz € [a, b], mo enpasedausu Ppopmyna

/f(z)g(z)dx =u /g(x) de, m<p<M, (1)

a

em = inf {f(@)}, M= sup {f(z)}.

agzgh

Ecau f € C[a, b], To dopmyna (1) npuHuMaer Bun

j}uwu ()/ﬂ@ ) @

Ecan f € Cla, 8], g{z) =1, 10

/fumw=ﬂaw—@, celot] @)

Bmopas meopema o cpednem. Ecau
1) ¢ynxyus f : [a, b}] — R wne sospacmaem na ceemenme [a,b], f(z} > 0 Yz € [a,b] u
g € Ria, b], mo 3£ € [a, b] maxoe, umo

b 4
j}mawm=ﬂ@/AMM; @)

2) f we ybuisaem na [a, b}, f(z) > 0 Yz € [a, b] u g € Rla, b], mo 39 € [a, b] maxoe, umo
b b
[r@utwyis= 1) [ o0z %)
a n
3) f monomonwna na [a, b] u g € Rfa, b), mo I€ € [a, b] maxoe, umo
4
/f z)dy = f(a)/y(w ) dz + £(b) /y (6)
a ¢

Dopmynrr (4)—(6) waseBator gopmynamnu Boune.
[Ipumenss dopmyay Hriorona—Jleitbuuira, BHIYUCIUTE cleayomue UHTerpaias PumaHa:
4

20.1:/-—‘5”——,0<s<1.
l4ecosze
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« Cornacno nmpumepy 130, ra. 3, hyHKUUS . ,
2 1—c 2r [zdw ) b
- \/T_ﬁdmtg(\/uetg )+\/:2—[27r]’
T

. z € R\{r + 2k~}, -
—ﬁ(2k+l), :l:=7r+2k7r, kEZ, . ’ ’

asagercsa nepBoobpaszHoll GYyHKIUM T ﬁ—s%‘g, r €R, 0 e <1 Uo popmyre Hriorona—
Jenbuuia umeem

4w

I=F(4W)—F(O)=——_it?.. »

(M

dz
1. 1=
2 /a"’sin22+b2cos2x

0
< [IpeoGpasys mogbIHTEr palbHY IO DPYHKUHIO K BUY
1 _ 2
a?sin®x + b2 cos2z (a2 +b%)(1 4 e cos 2z)’

b2 a2 :
rpe € = a2+b2 , U MIPOU3BeJid B MHTerpale 3aMeHy 2z = t, TONYYUM aHAJIOTUYHO pemenmo npes-
Rylero NpuMepa

m

I = 1 dt _
T a2 l+4ecost

0
=0
o (e () ]
T a4 b2\ T2 & 1~l—|5|g 1—e2 L 27 o B

Hcnoasays dopmyny Helorona—Jleii6Huia, BHIMMCIUTS MHTETPAIBI OT Pa3pHIBHHX (DYHKIMR
MyTeM MOCTPOEHUI UX NMepBOOCPa3HEIX Ha BCEM MPOMEXKYTKE UHTErPUPOBAHUL:

- [ L@ E+_1)£;1_) —[-
22. 1= [ prprs e ) = RIS B 11 0} U 2
E

<« Dynkuus f He onpeneneHa B roukax =0 u z = 2 cerMeHTa [~1, 3], a noANHTerpaILHyIO
$YHKUMIO MOKHO 3aluUcaTh B BUfie

fl(x) '
———~ _— = (arctg f(z)), z€F
1+ f2 (x) ( g f( )) s
u pyuxuus z — arctg f(z), £ € E, spasercsa nepsooGpasHoll OrpaHUYEeHHON Ha MHOXecTse F
1
dyHKRUMUH T-Jriﬁ CoraacHo onpenenenuo 3, m. 1.5, umeeM

T
2|ab}”

3
f'(z)
———dr = F d ,
1+ 2(0) " (z)de
-1
Hi»)
rae F(z) =< 1+72(=) ecinx € E,
9, eciizr =0nauz = 2.

[Teproobpasnyo ¢ dynxuuu F Ha cermente [—1, 3] crpoum crepyiomum oGpasom:
arctg f(z), ecin — 1< <0, u I]in_l_0 arctg f(z), ecmuz =0,
arctg f(z), ecn 0 < r < 2, u ]im arctg f(z) 4+ C1, ecmuz =0,

hm arctg flz)+ C1, ecanz =2,
arctg f(z}), ecmu 2 < z € 3, u hm arctg f(z)+C2y, ecmmz =2.



266 T'n. 4. OnpepgeseHHBIN HHTETpPAI

CiegoBaTelbHO, MOJyYaeM
arctg f(z), ecaiu — 1<z <0,
$(z) = ¢ arctg f(z)—m, ecmmOLe <2,
arctg f(z) — 27, ecmm2 <z <3,
rae ®(0) = -3, ¢(2) = —%w.
IIpumenus popmyay Hulorona—JlentGumita, HaxomuMm

I =®(3)— ®(—1) = arctg f(3) — 27 — arctg f(—1) = arctg ?Ti —27. >

2m

| sin® © 4 cost

0
. 3 1
< Hpm—mmax BO BHHMaHUE paBEHCTBO sin* ;c-l—cos4 r = Z(l +&cos 4x), rhe € = 3, U NPOU3BeNs
B MHTErpaJje 3aMeHy 4xr =1, IOJyMHM, UCTIONL3YA peleHud npumepos 20 u 21,

8 8w

1= dt =e 2 arct ——1—€t t +____~'27r [__t+7r] =
) THecost T\ VToe 0F T4e o2 Vi—ez |l 2n -

0
8me
V1 —e?

31,5

24. 1= /[x]dw.

4,5

<« IocrpouM neppoobpasnyo hyuxuun f : r +— [z}, 0 € # < 00, uMeloUell paspHIBBI IEPBOLo
pona B Toukax z =n, n € N.

Ecmu z €]n — 1, n[, o f(z}) = n —1; ecmu = €]n, n + 1, vo f(z) = n. Takum obpasom,
dynxinst Fn_y :x—~ (n— 1)z + Cyh_y, Croy € R, aBasercs nepBooGpasHoit cysxenus dyHxuuu f
Ha uHTepBaa |n ~ 1, nf, a dyuxuus F,, : z — nz+C,, Cp € R, asasercs neppoobpa3Hoit CysKeHUs
dynxnuu f Ha uHrepBax |n, n + 1[. Us ycroBus HenpeprBHOCTU NepBOOGPa3HON B TOYKAX T =n
noxysaeM Fp_ij(n —0) = Fo(n +0), 1. e. (n—1)n+ Chey = 0® + Cp, otxyma Cn = Cpr1 — 1,
n €N, [logaras n =1, 2, ..., moayuaeMm C1 = Co—1,Co =C1 -2 =Co =3, C3 = C2—3 =y -6,
Ci=Ci—4=Co—10, ..., Cp = Co — 22 ¢y = const.

Hockonsky n = [z], * € [n,n + 1], To F(z) = z[z] — Ir_]([_;]ﬁ) ABJISETCS NMEPBOOGPa3HON
dbyHkuuu f.

ITo popmyne Hrorona—Illeiibunya umeem

I[=F(31,5)— F(0,5) = 31,5-31 —31-16 = 480,5. »
20T
25. 1= / sgu (sin ¢} dz.

~11l7
<« Oynrmmo f : 2+ sgn (sinz), r € R, npexcrasum B BUE

f(z) = { Gy T €R\{km; k €2},

0, z € {km; k€ Z}.
Hockoneky f(z) = % npu r # km, To HempepbiBHasi dyHKus F : z — arccos (cosz),

z € R, sBasiercs nepsooGpasHoit orpaHnueHHOM pasphisHON dhyukuuu f. CnegoBaTensHO,
I = F(207) ~ F(—117) = arccos 1 — arccos (~1) = —7. »
40
26. I = /(—1)(1‘1 de.

=21
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« [lockoneky (-1)[’”] = sgn(sinrz}, z € R, ro, npunuMas Bo BHMMaHue pellieHHe IIPeABIAYIIero
npuMepa, UMeeM

40
1= L arccos (cos wx) = l(&rCCOSl — arccos (—1)) = 1. »
T —21
2
27, 1= /[ex]dx.
0
4 Qynxams = — [e"], 0 € = < 400, paspuiBHa B TOYKaX T, = lnn, n = 2,3, .... Iycrs

z €)Tn, Tns1[. Torma -

/[e*] de=nx+C,, C,€R, ), =const.
Ecat  €12n41, Tnea|, 1O

/[ez] dz = (n + 1)1 4+ Cry1, Chr41 = const.
3 ycioBus HenpephlBHOCTU NepsoobpasHoil dyHkuuu z v [e®], 0 € £ < +400, B TOYKAX Tn
TIoJyyaeM 3aBHCUMOCTE MexRy € u Chyr:

Cny1 = Cp —In(n + 1), n €N,

Jlonaras nocaexoBaTeAbHO B IOJNY'UMEeHHOM paBeHCTBE 7 = 1, 2, ..., HAXOUM

n =C —Inn!, C = const.
Taxum obpasom, pynkuus F : z — [e”Ja — In([e®]!}), 0 < = < 400, ABAgercsa neppoobpasHOil
dyuxuuu z — [e¥], 0 < ¢ < +co.
Mockonrky [€*] =7, 10 I = F(2) — F(0) = ([e*]z —In([e"]))]Z =14 ~In 7! »
28. 1= /Sgn (sin(in z)) dz, E =]o, 1].

E
4 Dynxyus F: [0, 1] — R rue

Fz) = { sgn (sin(ln x)), ecanz €]0, 1),

0, ecau ¢ = 0,

orpaHmycHa Ha cermenTe [0, 1], a Muoxecrso X = {z) = ¢~*"; k € N} ee Touek paspsiba CHETHOE,
ciaexosatensto, F € R[0, 1], u, cornacHo onpegenenuto 3, m. 1.5, umeem :

1

E/sgn (sin(ln z)) dz = /F(x)d:t.

0

OGosauum F(z) = [sgn(sin(lnz))dz, = > 0. Ecan BT g < e7FT 1o F(z)
(—l)k_lw + Cy, roe k = [——]—“—z-], 7 = const. Ecam sxe e~(F¥D7 < g « (KT 4g F(z) =

kL
(=) z 4+ Ciyy. Cry1 = const.
Us yenosus Fe™ 07 —0) = F(e="+U™ 4 0) waxomum

Ok+1 =Cr + (_l)k—l X 26._(k+1),r7

orkyma Crp = Co — 2(e™" — e 2" 4 ... + (=1)*"1e™*™), ) = const. Cnaepoparensto, F(z) =

inx

m

(—1)[ ks ]_11—2(6"”—6"2”+ +(—1}[—Ln1ri]e[ mz]”)-{-(}o, npuyieMm F(0) = k]il‘{l Ck

1T

e
Vg — 2———, F(1}) = -1+ Ch.
(1] 1+8_7r7 () + 0
Takum ob6pasom,
e " e —1 T
=FQ1)-F(0)= - 2 = =th =
I=F)=FO) =42 = mar =ty »
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6

29. 1 =/[z]sin7%vdz.
0
<« Paccmorpum F(z) = [[z]sin 2 dx, 2 > 0. Ecm z €]n—1, nf, 10 F(z} = —(n—l)% cos %=+
Cn-1, Cn-1 = const. Ecau xe z €]n, n+1[, 10 F(z) = —n% cos %=+ Chn, Cp = const. Us ycuosus
F(n —0) = F(n + 0) nonyyaem

Cp = s cos *% 4 Ch—i,
T 6
OTKYHa
Cn=Co-}-E (cos£+cos-2l+ +cosﬂ).
T 6 6 6
CrnenoBateasHo,

6 tr 6 T T T \ _ _ 30
F(.’l:)——;[:l:]cos—ﬁ—--}-;r-(cos—6—+c052—g+...+Cos[x]g)+60, I=F(6-0) F(O)._ﬂ_.>

'2—71'

30. 1= / = sgn (cos ) dz.

ki

r
<« Paccmorpum F(z) = fxsgn (cosz}dz, z € R. HopeiHrerpanpuasd pyHKUNSA pasphiBHa B
Toukax zx = 3 +kw, k € Z, nosromy

F(z) = (-1)F= +Ck,ecnnx€]g—+(k——l)7r, +k7r[

F(z):(—l)k+l%+0k+1, ecnan]%%—kr +(k+1)1r[

t\.’>|>|

s ycaoBus F(zi — 0) = F(zy + 0) Haxomum
T 2.
Cry1 = (- 1) (-2—+k7r) + Cy,

N\ 2 r 2 o1 [T 2 )
G=(5) = (5+7) +. +(1) (53+@®k=1)7) +Co, Co=const.

‘ 4+ 7
Hockoarky k = [ 2 ] , TO

I_t;‘ 2 2 2
F(z) = (—1)[ ]%4- (g-) - (iw) +.. +(—1)[
CrenoBaTelBHO,
e (@) ()= () ¢ (5 -
)+ ) ) () -4 =

Wuorpa npeneis pasdMHBIX CyMM BEIMUCIAIOTCSA Ty TeM IPUBENEHUS X K MHTET PaJbHBIM CyM-
MaM [JIs uHTerpupyemuix pynkuuit. I1pu nepexone k npemeny nNpu 1 — 0O MOMYyYaeM MHTETPAJH,
KOTOpbie BRIMUCISAIOTCH ¢ MoMmompio dpopMynsl Helorona—Jlenbuuna.

P e (] e

Bruucaurs: . ; )
31. lim S, Sp=—— +——+ ... + —.
o 7™ n+1+n+2+ +2n

« 3amucap S, B BUge
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1 .
TIPUXOUM K BBIBOAY, MTO 3TO HWXKHASL MHTErpalbHad CyMMa NI QYHKUMH T — 1=, 05281,
N R 3

npu pasbuenun II = {z; = ;il-; t =0, n} cermenta [0, 1] n BEIGOpPe & = z;. [loaTomy -

1
1
lim Sn=/——d—x—-=ln(l+z) =in2. »
0

L—r 00

32. lim S, S, = l(\/l-l- +1/14 \/l+")
N n

< [Tockonpky Sn:’z ﬁ Zf(& )Ozi, e f(z) = V12, 0€z <1, Ei=ai= 2,

n
t=1

e 1
1=1,n, Az, = 3, 10

n=—od

1
2 A
lim .5'”2/\/1+xdz= §(1+x)2
0

=2evi-n. »

33. lun Sn, Sp = sin — Z

2+cos—- )
ST T 1 . 1 - 1
< HOCKOJILKy sin oy = by + O (n_3) U nhnloO '1;; m = 0, TO
- Ccos =
k=1 n
. 1
lim S, = lim = —.
n— 00 n-oo N 2+COS—‘
k=1 n
Ho = Z ~ Z F(€x) Dk, tre f(2) = oo, 0SS, e =k5, k=T n, Azp = T,

Torna

lim S, = [ —%& .1 iz _ (2 L85, 2 [z-l—‘lr}
noo” " = [ 24 cose 2 T+ 05cose \v3 P\V3 /)T Bl or
0 0

(cM. npumep 20). »

n

34. lim S, Sp=3 2n

T
n—x n -
i=1 + :

« Ilpencrabum S, B BUge

:
ERLE G iy O RO
i 1+ 77;
1. L e 1 & 2 2
rnebsl)—-—z2n,5,(l)=—~ 1+m W3 ouenku 0 < S()< § = 5 CIeRyeT, YTo lim S'()—O
i= ™ =1 N -t 0O
MOBTOMY ! !
1
) 22 1
lim $, = lim SV = [ 2%de = —| = —.
n—I-Ioo n—]il)o " v In2 0 n2 >
0 . i At
Ucnonrays npasuaa Jlonurans u reopemy 2, m. 1.3, pacKpITh HEONPENEIEHHOCTH BUAA 2%1“@2:
fcos 2 dt
35. lim *—n——

z—40 x
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« [Ipumenssa neproe npasuiao Jonutans u reopemy 2, 1. 1.3, monyyaeM

x -
fcos t? dt . z
lim &—— = lim -(—/cost2 dt = lim cost*=1. »
40 T z—+0 dx t—+40
0
x 2
2
(fet dt)
36. lim ——?E———.
Z =00 fegtz dt

0
« [Ipumensis sropoe npasuio Jlonurans gBa pasa, HaXoRuUM

x 2 T ” 2 €
(f et dt) £ (f et” dt) 2¢%” et at
0 " \o 0 —

lim —————%— = lim — < = lim e
z—+ 00 x—+4 00 z—+c0 €
22 a4 2t2
fe dt - (fe dt)
0 0
xz 9 d &€ 2
5 [t d [t
er dt o fe dt 22 .
= lim —2—— =2 lim ——3——— =2 lim =2 lim —=0.p»
z—too € z—+00 —d—el‘2 z—+oo 2xE" T—+o0 2T
L

=00

1
37. Oycrs f € C[o, +oof u f(z) — A npu x — +oco. Hajirn lim /f(nx) dx.
0

« Ilpoussens B unterpage saMeny nx = t, noarydaem
ke el

1 n
lim /f(nr) dr = lim l‘/f(t)dtz Lim ¢,
n-—oco 1 N =00
0 0

e ¢n — 3HaveHHs QYHKUUM @ : T > i f(t)dt, 0 < z < 400, B TOUKaX T, = n, n € N.

O w

CrenoBaTennsHoO,
lim @, = lim - / by d.
7 — 00 z—40c0 T
(]
Ecau A =0, 10 Ve > 0 3A > 0:Vzx > A = |f(z)] <

cityqae QyHxuMs [ dBadercd orpaHudeHHoi, To IM > 0: |f(
fIycte @ > A. Torna

. HOCKOJILKy B paccMaTpuBaeMOM

) < M Ve € [0, +o0].

%jf(t)dt:i—/Af(t)dt+%jf(t)dt.

A r

, Hswal <22 2 [ jga) < <622 <

2z 2

B Nn

W3 ouenok

g A

l T
0

noJyvyaeM OHEHKY

2MA
eciu r > P
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CrnemoBarensno, lim ¢, = A =0.
n—r X

Eciu A #0, T0V5>03A1>0 Vx>A1:>A—5<f(x)<A+5 I[Mpn z > A1 umeem

0/ F(2)dt = / ft)dt + A/ OLE / @) dt+ (A= e)o — A).

TTosromy lim /f(t)dt:
T4 00

0
IIpumensist Bropoe npasuno Jlonurans, Holydaem

lim l/f(t) dt:$_l_igloo d—ci—/f(t) dt=IEgloo flz)=
0

=400 T

CnepoBarensHo, lim ¢, = A. »
=00
X

1_2

2 e
t
38. [oxasars, uro /e dt ~ <= TPU & — oo,
2z

0
x

R
QIf et dt
. 0
« [loraxem, uro lim ———5—— = 1, IpuMeHUB BTOPOE MPABMIO Jlonurans:
-t oo .
T x x
2 2 2 2
t d ) t t z
~ccfe di = (2J:fe dt) 2fe dt + 2xe
. 0 . o . 0
im ———= lm ————"= lim ———— =
T+ e* T 400 e~ T4 00 2xe®

= 1 & 41| =1 S = I e +1) =1 »
x—{l.-ll.loo et + J:—{I-{I-loo dLi_(er2) +1 :r—-le-Poo 612 +2.’l}2€z2 +
x

C TOMOUILIO 3aMeHL! TIEPeMeHHOU C NMoCAefyonrM npuMeHehueM Gopmyast Heortona—Jlen6-
HWLA BEIYHCIHTDL CAEAYOI[Me HHTETPaJEL:

0,75
dx

39'“/«75?%?

T2 d 7.2
Jetdt o [ dt ( e
0

1 1 dt 2
o [lonaras 1 = ¢ moayvaem: & = o — 1, de = -5, ?41= = — 7 +2; rorpa

1:/1__‘12__:_1_ 1_iﬁjL:
4

VIt +1 V2 N2, 1
4 4 (t - E) + 7
T
1
1, 1 V2 1 1, 94+4v2
= —1In (t——) + (t——) 4+ =—=Ih=—=L=Y2 »
V2 2 2 i, V2 7
y 2
14+
40. 1_/1“4@
-1
<B HeonpeneneHHOM MHTErpale f 1+z" dx, r € R, npousBegeM 3aMeHy nepeMeHHOH Io dop-

Myne £ — ; =1t, 2 #0. Torga

1+1?2 dt 1 t 1 2
— €r = ,— —— ‘V: t C R 0
/1+I4dx /t2+‘2 \/_Earctg——ﬁ+C ﬁarcg z\/_ +C, © € R\{0).
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B nmpumepe 20, ra. 3, nokasaHo, 4To QYHKIUI

2.—-
Foze % arctg %T’; +e(z), ecam z#0,
» ecuz =0,

2
rae e(z) = # SgN T, ABIAETCA MepBoobpasnoit yHKIMK T — T2 ¢ € R,

1422
Caeposarensno, [ =¢e(1) —e(-1) = % >

2

41. I=/(1+z—%) e“’%dz.

0,5
« [Ipoussenem B uHTETpANE 3aMeHY T + % = 1. 3nech KaxaoMy 2 < t £ 2,5 cOOTBETCTBYET ABA
3HayeHUd 2, MO>TOMY NMpefCTaBUM MHTerpal Ha cermeHTe [0,5; 2] B BMAe CYMMEI [IByX UHTEr PalloB
Ha cerMentax [0,5; 1] u [1,2]: I =1, + I, re

1 2
1 1
Il=/(l+z—%)em+§dz, Iz:/(1+z—%>em+?dz.

0,5 1

t—/t2—4 — t4+/t2—4¢ To

Tak xak B unTerpanax I3 u I> COOTBETCTBEeHHO MMeeM T = 5 , T 5 ,
2 2,5
— t t i v/ 12 - t ! 2
11—0,5/6 <l—ﬁ+t— t—4)dt, 12—0,5/6 <l+ﬁ+t+ 12 —4 dt,
2,5 2
2,5 2,5 2,5
b4

I=]e|———+ V124 dt=/e‘d t2—4+/e‘ 12 —4dt=

[« (= v

2 2 2

= et\/tz-‘4

2,5 2,5
2,5
—/e‘\/t2 —4dt+/e‘\/t2 —4dt=15" »
2
2 2

27
42. B unterpane [ = / f(z) cos z dz mpouseecTH 3aMeHy MepeMeHHON Mo GopMyie sin T = .

0
« [Ipeacrasum unterpan I B BUjie CYMMBI HHTErpalloB Ha YETHIPEX CEIMEHTAX [k%, (k+ 1)%] ,
k = 0, 3, Ha Ka’kAOM M3 KOTOPHIX YHKUMs T +— sinz, 0 € ¢ £ 27, MoHOTOHHa. Torga Ha
cermenrax [—1, 0] u [0, 1] onpenenens! ¢yHKUMHM, OGpaTHBIE CY’KEHMSIM CUHYCa Ha yKa3aHHBIE
YeThIpe cerMeHra. Ecinu 1 € [0, %], To £ = arcsint, 0 < ¢t £ 1. Ecmu ¢ € [12'-, 7r], O T =
3 .

, 5-7\'], TO £ == 7 — arcsint u t y6miBaeT oT 0
3 . o
ao —1. Ecmu z € [57\', 27\'], T0 ¢ = 27 + arcsint, —1 € t € 0. TakuMm o6pasoM, mocie yKasaHHOU

3aMeHBI MoJy4aeM

m —arcsint u t y6nBaeT or 1 no 0. Ecmu z € [7\'

1 0 -1 0
I= / f(aresin t)dt + / f(r — arcsin t) dt + / f(m — arcsin t) dt + / f(27 + arcsin t) dt =
0 1 0 -1

0 " 1
= /(f(27r + arcsin t) — f(x — arcsint)) di + /(f(arcsin t) — f(r — arcsin t)) dt. »
~1 o

C nomoumpio GOpMYILH UHTETPUPOBAHUA MO YACTAM M IIOJIY4aeMEBIX PEKYPPEHTHBIX COOTHOIIe-
HUM BEIYHUCIUTD CHENYIOUIMe HHTET PAIIBL:
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sin” zdx.

43. 1=

O\NH

« WHTerpupyem no 4acTaM, noxaras sin ¢ dz = dv(z), sin™ ' z = u(x). IIpu sTom umeem

m

™ ™
o 2 2 2
+(n - I)/‘Sinn_2 zcos’ ¢dz = (n —1) (/sin"_2 cdr ——/Sin" T d:c) =
™
2 0 0 0

= (n—1)(In-2 = In).

I, =cosz sin® 'z

Iloayumau pexyppenTHoe cooTHomeHMe [, = —"—;—I-In_.z, C MOMOLIBIO KOTOPOFO HaXOAUM
2k — 1)1
(_ﬁT)— . g, ecau n = 2k,
In = E2k;!! >

m, ecmn = 2k + 1.

™

2

44. 1, = /cos”zdz. .
0]

m m

2 2 .
z =t y6exxgaeMca B TOM, YTO fcos" zdz = fsin" zdz. »

- o™
<« C noMouipo 3aMeHEL 5=
0 0

2n

45. I, =

zdzx. .
.

O\»Ia

4 NHrerpupys B npegenax or 0 o % TOXKAECTBO

rdr = tg?" 1 d(tgz) — 187" P2 da,
NOJNy4YaeM peKyPPeHTHYI0 GOpMyIy
-1 |7
tg2nlg |1 1
In=7——| —-Iia= —In-
’ 2n —1 n T g —g T b

0
C TMOMOMIBIO KOTOPOI 11aX0HUM
n k-1 k—n
-1) (= 1)
=S iy = (=) (g

" o 2n—(k—l) (=)o = 0 Z2( ’

Py
rae Io = fdz =
BBons HoBHIM UHIEKC CYMMUPOBaHUA 12 — k = m, OKOHYATEILHO MOJyYaeM

n—1
~1ym
=(~-1) T_ (—L- . >

4 ! 2m +1

m=

w13

W |

sin z — cos ¢ } 2" !
46. I, = —_— dx.
SIn T -+ COS T L

0
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« Ilpoussens B MHTerpane zaMeHy f — z =1, Moay4umM

7\’
Znt

t 1
I, =— tg2"+ltdt - T + Iy =——+1,1.
2n 2n

O\AH

0

locnepopateTbHO UCMOIB3Ys MOAYUEHHYIO PEKYpPPEHTHYIO dhopmyly n — 1 pas, umeeMm

In:(-l)"( L+l Z ) >

m

4 0 4}
rae Io=ftgtdt=ffﬂc°—”)-:lncost =nv2. »
0 s

cost

N

.2 2
sin“™ z cos“" z dzx.

47. 1(2m, 2n) =

c\w]q

« Tlonaras cos z dz = dv(z), sin®™ z cos?™ ™ » = u(r) ¥ npuMensT PopMy Iy HHTETPUPOBAHNA

10 YacTAM, HAXO[UM PEKYPPEHTHOE COOTHOIEHUE

I(2m, 2n) = 22n III(Qm +2, 2n —2),

MOJBL3YsACh KOTOPHIM 1 — 1 pa3 U NpUHMMas BO BHMMaHHWE pelicHUue MpuMepa 43, Hory4yum
(2n-1)(2r-3)...3-1

1(2m, n) = 2m+1)2m+3) ... 2m+2n—1) I(2m +2m, 0) =
(2n — D)M(2m + 2n — 1! 7 (2n—1DH2m —1)!
(2m +1)(2m +3) ... (2m+ 2n — 1))(2m + 20)!! 2 2(2m + 2n)!
_ 7(2n)!(2m)! _ 7(2n)!(2m)! >

T omEntl(m 4 p)i2mtngpinl T 22mt2ntlginl(m + n)!

48. 1, = /zm(ln )" dz, £ =]o, 1].
E
« Coraacho onpeptenenuwo 3, n, 1.5, umeem
1

I, = /F(z) dz,

0
s"(nzx)?, z€F,
0, r=0.

h{'r_l F(z) = 0, cregoBareasho, F' € R[0, 1]. IHTerpupya mo 4acriM, noiyunum
= OO

rae F{z) = Dyuxius F HenmpepnlBHa clpaBa B TOuKe & = 0, Tak Kak

1

n m n—1 n
— 1 dr = ———1In_4.
0 1n+1_/x (In z) * m—+~1n1
E

In= ——F(z)

m-+1
Paccyxaas aHallorMYHO OTHOCUTENBHO MHTET PAJOB In_l, In—2, ..., I1, HaxopuMm

I =(-1)"

—_ ]
(m -+ 1) o

. OxkoHYaTeaBHO UMEEM

1
_ m g
rneIo-fz dz = m+1

n!

)(m+1)”+l >

In=(
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pumepsr 4954 ABAAIOTCI TeopeMaMu, KOTOpble MOTYT GBITH UCMONB30BAHE MPH BEIYHCHEHUH
HEKOTOPHIX UHTErpaloB M PaCCMOTPEHUU OT/IENBHBIX BOMPOCOB TEOPUM.

49. Moxasars, uTo [ HenpepHBHOM dyHKIMU f : [~, ] — R umeem:

! !
1) /f(z) dz = Q/f(z) dz, ecnu QpyHKIMA f yeTHad;
e )

!
2) /f(z) dr = 0, ecniv QyHKIUA [ HeyeTHad.
=t

« B cuny ceoiicTBa ajjiMTMBHOCTU HHTerpalia CIIpaBelJIUBO PABEHCTBO

t 0 !
/f(z)dz ='/f(z)dz+/f(z)dz.
) -1 0

Ilonaras B mepsoM MHTerpale & = —t, UMeeM

/f(z)dz:/(f(z)+f(—z))dz. .

Ecmu f verHas dyukius, To f(r)+ f(—z) = 2f(z), 0 € = < I, v monyvaem 1). Ecm f nevernas
dyuxims, o f(z)+ f(—z) =0, 0 € z < I, u monyuaem 2). »

50. Jlokas3aTh, 4TO OfHa M3 MEPBOOGpPa3HBIX eTHOM (DYHKLMM €CTh HeuyeTHasds (DYHKLMUA, a4
BCSAKas TepBoo6pasHas HEUETHOU (DYHKIMK ABISAETCA YETHOM PYHKI(UEN.

« Ilycts f € R[—1, [] u asnserca yetHont dpyuxuueii. Torpa mobas yHkuus
x
F zn—»/f(t)dt+C, ' = const,
0

aBJIgeTcA Teppoobpaszuoit GyHKIMM [ ua cermente [—I, {] (MHOXKecTBO Touyek paspriBa GyHKiMK f
He 6ollee yeM cUeTHOE).
-

Paccmorpum uHTErpadl f f(t) dt, npoussepeM B HeM 3aMeHY —t = z U BOCIIOIB3YEMCS YE€THO-
)

cteio pyHkuuu f. [Ipu sToM momyuum

F(-z)= —/f(z)dz+C.
)
Cueposarensho, (F(—x) = —F(z)) & (C = 0), T. e. muub PyHKLUA T — ff(t) dt, =l <z <l
0

SIBISETCS HEYETHOM.
Mycrs f — Heuerwad Ha cermente [, {] dynkuua u f € R{~1, l]. Torma
/f(z)dz: /f(t)dt+C, C = const.
0

PaccMoTpuM nmpousBoabuylo NepBooGpasHyo dpyHKuuu f

Fi(z) = /f(t)dt+Cj,
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IPHHANICHKALLY IO MHOXKECTBY { Jf@®dt+cC } HMeem
(1]

Fi(~z) = ]‘f(‘)f“ +Ci= —jf(—z) dz+C; = jf(z) dz + Cj = Fy(z).

Caenosareasto, Fj aBaserca vernoit hyuxuueit. »

51. Joxasars, uro ecin f : R — R sBasercs HENpepHIBHON MEPHONMMECKOR dyHKI(MEN,
umepmeii nepuon T, 1o
a4 T T

[ steyae = / f(z)d,

a
IJle ¢ — NPON3BOJALHOE IeHCTBHTENBLHOE YHCIO.
4 B cuay ceolicra azAHTHBHOCTH MHTErpana, HMeeM

atT T atT
!f(z)dz=!f(z)dz+ T/ f(z)dz.

U3 ycaosus nepuoguunoctu dyuxumu f caenyer, uro

_A atT atT
. !f(z)dz:[f(z-—T)dz.

Ilpoussena sameny z — T = ¢, nonyuaem
a4+ T a

T/f(x-T)dz.-:O/f(t)dt.

a+T a T T
/f(z)dz=/f(z)dz+/f(z)dz=/f(z)dx. >

852. Hoxasars, YT0 NpH HeveTHOM 1 DYHKLUK

Caenoparensto,

z x
F:zb—r/sin"tdt, G:zr—»/cos"tdt
° o

— NEPHORMUECKHE C NEPHOROM 27, a IPA N YETHOM KasKHad M3 3TUX bYHKUHI €CTh CyMMa TUHENHOH
DYHKIUHH H NEPHORKYECKOI HYHKLHH,

4 Hoxasareancrso nposefeM aias pyuxkuuu F. Ilycts n = 2m + 1, m € N. Torna
z42m 421
F(z +2x) = / sin®™*! ¢dt = F(z) + / sin®™+! ¢ dt.
(1] : x
Ananoruvso pemeMuo nprmMepon 51 u 49 HMeeMm
z$2m 2’ T
sin®™* tdt = / sin?™*! tdt = / sin®™*! tdt = 0.
x 0 ‘—w :

Cuenosareasmo, F(z + 2x) = F(z), 1. e. F — nepuonuveckas GpyHKUHs ¢ HepuonoM 27.
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Ecim n = 2m, m € N, 10

' e ST LN NN S L

2
.,
Fr+2r) = F(z)+/s1n " edx.
) 0y IR ’, e
Hockonsxy GyHKIMA = — sin®™ z, z € R, uMeer Mepuofd 7, a ee Cy’KeHUe Ha CETMEHT [—g, lzr-]
ABISAETCSI YeTHOM (DYHKI(UEH, TO -
e CE. £ . bl T REDYE, sRL
x Ld -
27 T . B PR T T i
.2 .2 .2 ) TR TRV IR ST Y)
/smmzdz=2/smmzdz=2]smm:cd:c=4 sin®™ g dz.
0 0 _x . 0
2
CnepoBaTensHo,
™
2T 2 Rt BT LTt e,
1 4
in? 2 ; M‘:q{f':u",ﬁb‘af
'm = | sin“"rdz =4 ‘sm‘"'“:bd:c=27r( R .
(2m)!
0 ’ 0 ‘

(cm. peurenne npumepa 43). Taxum o6pasom, F(z +24) — F(t) =

Paccmotpum dyHkIMO ¥ @ T — F(T) — C"‘z z € R. Hockoasky ¥(z + 27) = F(z + 27) —
%(:}: +2x)=F(z+27) ~Cm — —:1: = F(a:) - ——:1: = (), To ¢ sBnFeTCE, 2T-TiEPUORHEecKpil
GYHKIMEN, B CUIY YEro
= Cm
Toon’
T. e. OyHKuUs F OpecTaBUMa B BUMIE CyMMBI 27 —TiepHOAMYECKON (PyHKIMM 1 M auHeinoi (opmo-
POJHOM) PYHKLUM & — @rnT. P .

F(z) = 9(z) + amz, z ER, am

Byoa 5. s mu);

53. Moxasats, uro PyHKIMS

F:szf(t)di, z€R,.

T W I TIRE] (N
rue f — HENpEpHIBHAS [epHO eCKas dyukuusa c nepuogoM 1, B o6uieM ciyuae €CTb CyMMa
AMHEWHON (PYHKI(MM ¥ IepHOfMUecKOi (hpyHKIMU meproga T .

<« Cormacuo Teopeme 2, m. 2.1 q)yl-[mma F puddepeninupyema V:cER }{n}}}{ atoM F'(z)} = f(z).
B cuny nepuoguunoctu f, umeem F'(t +T) = f(t). WHTerpupys Ha cerMenre [zo, &], Haxomum
F(z +T)— F(zo +T) = F(z). Hockonsky o .

e I Brelow 4L .Lt’,‘e
zo+T

Flzo+T) = / ft)dt /f(t dt—C C = const,

0 F(z +T)~ F(z) = C. Ecmu C =0, 10 F(z +T) = F(z) u F spnserca nep}{onw{gcxg“
GYHKIUUEN C TIEPUOIOM T ECJI]/I C # 0, To BBEllEM B paCCMOTpel-me qu‘mcumo T

@:z»—»F(z)—%:v;" z €R. S TR U R
Tockonsky @ gBnsgeTcs MepUOSUUECKON hYHKIMEN C nepMOnOM T, to

s C
F(r)=®(z)+ax, z€R, a=T

€CTb CyMMa NepudAMyYecKod U NTUHEHHON (OfHOPOXHOI) by HKILMH. ».
54. HoxaaaTL, uTo eCJm f ecjo, 1], To:

1) /f sin & dz-—/f (cos z) dz; Zﬂ)/:cf(smav)da:~ /f sm:c)d:c ‘f

T RS TE g

LS N A A [EFRLS S REAT BN LS 1]



278 I'n. 4. OnpepeneHHBil HHTErpan

<« 1) Tonaras 7 —z =t, nonyuum

ks

2 0 %
/f(sinz)dz:—/f(cost)dt:/f(cost)dt.
0 s o

2

ks ks

/zf(sin z)dz = /zf(sin(ﬂ- — 1)) dz

0 0

2) 3anumem

M MOJOXKUM T — z = {, TTOAY4YUM

ks

O/zf(sinz)dz = !(w—t)f(sin t)dt = W!f(sin t)dt—;)/tf(sin 1) dt,

OTKyfda

/zf(sinz)dzz g/f(sinz)dz. >
0 0

B nmpumepax 55-—62 paccMaTpUMBAIOTCA pasiMuYHBIC MHTerpalhl. HeKkoToprle M3 HUX BEIMHCIA-
JOTCA MyTeM MCMONb30BaHus GopMyn Jilepa
iz .. —iz .
e’ =coszt +:18Inzx, [ =COST — 1SN T.

BBI‘{]/ICJIPITL HUHTETrpalbl:
200m

55. I = /\/I—COSszz.

0
2007
« Mockoasky I = /2 f |sin z{ dz u dyuxuus z +— |sin z|, £ € R, mepuoguieckas ¢ MepHOTOM
0]
T = 7, To, coriacHo npuMepy 51, umeem

s
I= 200\/§/sm zds = 400V2. »
0

ks

56. I=/z—s.mi—dz

1+cos2z

0
T

4 Tak xax [ = fzf(sin z)dz, tne f(t) = ﬁ, TO, COr1acHO MpUMepy 54, moay4yaeM

0
7r sin © T d(cos T) w 0 g2
I 2_/2—sin2z z 2_/1+cos2z 5 are g(cosz)” 7
0 T

. 2
B7. [= | ™% 4 )
7.1 1+ 2acoszt + o? 7, «€R

0

s 2
212y = fsin2 %dz, rne E = [0, x[. B stom cayuae [ = 325
)

4ECHH(Y=1,TOI= T2 cosadl
B
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IIpu o # 1 npencrasum [ B Buge [ = 1+a2 (I1 — I2), tne
™ ™ 2 ™
dx cos* cosT 1 1 i I
L=)————— L= ——— _dz = —_—t ———ldr = —— + =
! _/1+ecos:z: 2 _/1+5cosz _/( € e2+52(1+c0sx)) =ta
0 0 0
2c
€= Trar le] < 1
CneposarensHo, [ = ;—2—(%_“!—23(7\' —(1- 52)11).
=0
_ 2 1—|e x 2 x4 _ L :
Mockoaskry I; = (\/l__;arctg ( TI‘_} tg 5) + S [ o ]) Y s+ {cM. mpumep20),
TO :
™ ™
I= —V1-e)= — af ~|1—a
S ) = (L 4+a® ~ |1 - %))
[IpuHuMas Bo BHUMaHMe, yTo | = % npu ¢« = 1, nonyvaem
g, ecau Ja| < 1
= T cmu |a| > 1
—, e .
202’ .

27

dzx
58. I=/(2+cosz)(3+cosz)'

0
« U3 toxpecrsa 1 = (3 + cos )

— (2 4 cos x) caenyerT, uTO

27T 2T
dz dz
I=¢, | m——————— —&y | —m—,
1+e¢e3cosx 1+excosz
0 0
rje € = %, €2 = % Tax kax
2w 2w
dz actg( > 2 [z+7r]) 2T
= T —_— e
- V1 2 2
1+¢€;cos2 1= 1—¢? 27 . /1_5;'
T01=2w<—51————‘3——>=w(i—L.P :
A/ 1—e 1/1—62 V3 V2
sin nx
59. I_/———dz, E =0, [,
sin &
E .
« Mockonsxy Hm == =n, hm sanz _ (-=1)"*'n, To
J}—>+0 sin —0 sin z
ks
sin nx
/—,—dz:/f(z)dz,
sin ©
E 0
L miech
rpe f(z) = npu z = 0,
( "' mpuz =,
%(e"km —e7**) k=T, n, cnenosareasHo,

W3 ¢popmyn Diinepa caepyer, uTo sin kx =

ina, __e—nm . -
fz) = e _Z i((nt1)—2k)2 _

_f 2(cos(n — 1)z +cos(n —3)z + ..
2(cos(n — 1)z + cos(n ~ 3)z + ...

. +cosz), €CIIM N Y€THOE,

+cosz)+ 1, ecau n HeveTHoe.
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3 .
ITockoasky fcos(u —k)rdr= sin(n=k)z
0

n—k

T
.=0,%=13,...,n~1, 10
)

€CJIU N HEYETHOE.

T
si
/ nuz o /f(:u,)dz;:s{ .(1)‘-, _ecaun verHoe,
b
°

60. I =/ st 24, £=po, s\ {3}

cos(2n41l)z
cos x

<4 Pynxkuua z —
(~1)*(2n + 1), nosromy

, £ € FE, nmeer npepeiasHoe 3Hau€HHE OPU T — %, paBHOe

/cos(::s: )z 4. /f(z:) iz,

E
cox(@ntl)e ecanz € E,

me f(z)={ == o
(-1)"(2n+1), ecanz =3 ;

Cornacxo dopmyiaaMm Jiinepa, HMeeM
cos(2n + 1)z = %(,Ei(2"+l)z +e7 )T o5 g = -21-(e'.z + 7',
. ‘ :
f@) =23 (-1)* " cos2(n = (k=1))z+(-1)", 0Lz

k=1
CirenoBaTeisto,

k=1

/f(a:)dz:—22( —1)*- ’/cosz(u-(k-l))zdz+( ~1)'r =

- —asin2(n — (k= 1))z i ne (1P
__22(_1)):1 2 (D) 0+(—1) = (-1)"r. »

T

61. I=/cosuzcos"zdz.
o

4 C nomomtsio dopmyn Jiinepa HaxoxuM

n
ZCk(eﬂ(n—k)z + e—s2kz) —

cosnzcos" z = _.l_(,,""r + c“"‘)(e‘* + e—l'z)n =

2n+l 2n+l
k=0
n-1
== S 2"+1 (Z Cheitn—k)= +ZCk —l2kz> =—+ _Z C¥ cos 2kz.
k=0

Hurerpupys nonyuennoe smpaxenne Ha cerMenre [0, 7] ¥ npuauMas Bo BHUMAaHHE PaBEHCTBa

T
/cos2kzdz =0, k=1 u,
0

nony%euffl'bs-zf;’. o R S W e

T
‘
o . T
}162. I=.(/sm_m§§m"‘a;dz. P
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« IIpoussenem B unTErpane sameny = ; +t. IIpu srom noayumns SRR NI

Wl

I—smvg cos tcosntdt+cdzm— / cos"tsmmdt§

1
”H\mla

»aa

Tax xax pynxuus t — cos™ tsinnt, —F <t 7, HeerHad, To, CoriacHo n;muepy B9; Hmelutt

I
2 : ; porcile i
/cos"tsinntdt =0, R REATI RTINS
-r . .
3 .
CnegoBaTtenbHo,
L
? T L
. x n ; L H\ L
I=sinn= [ cos" tcosntdt, A
2 ) g oyt i
Ld ‘ ¥
~3 T TS Wao N sty el )
B npepnimyuieM ripuMepe TIoka3aHoO, MTO ‘ : '
cos"tcosnt = — + — E C* cos 2kz.
T km1 )
IIpuHUMas BO BHMMaHME paBEHCTBa
. RS RTE SR ST N
z
; 1 2 — "
cos2kz dz = -ﬂ-smzkz =0, k=l # FRRTN
f ) i
)
HaXORUM o .
T * 1 &
sinn < 2 z
5 x %
I=——2 [ dt=—sinn=. p
2" 2" 2
—; , ; : fa
63. Muorouxen Jlexannpa onpegenserca tbopmynou
By g TR S 2
1
Po(z i =1 n€Zo.
"( ) 2"“’ dz"( ) ) :
. A T #3
HokasaTs, 4TO
1
0 ecaum # n
Pon(z)Pr(z)dz = "2 - f '
nF1? ecaun m = n.
-1
« Paccmorpum npr m < n uHTErpait . D0 skt gmid
1
_ d" 2 _ l)n ™ dr
-1

M BBIYMCJIHM €To, NPHMeHUB HOPMYy HHIETPHPOBAHHA IO MaCTAM ™M pas. [Ipa avom moaywHM ..

1
n—1m n—=m-—1 1 H P
I=(-1)mm!/dd —(2* - 1)"dz = (- 1)'"mv____d‘l — (s = )" =0, 1)
-1

-1
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1
=0mpun k=0,n—-1.

dk
2
Tak KaK g (z

an
Muorounen Pn(x) oramyaercs oT MHOroMIeHa d:;(xz —1)" IMB NOCTOSHHBIM MHOMKHTEJEM,

a MHorouneH Pp(z) sBasercs nuHelHOW xoMOMHalMell creneHel ¥, k = 0, m, nosromy us (1)

clleqyeT, 4To
i

/Pn(ac)Pm(:c)d:c =0, ecmum < n.

-1

1 1
Ecan m > u, 10, ouepunso, [ Pn(z)s"dz =0, B cuay uero [ Pn(z)Pa(z)dz = 0.
—1 -1

1
Taxum obpasom, [ Pm(z) Pu(z)de =0, ecnin m # n.
-1
PaccMorpum MHTErpan
1

_ 2 _ 1 " 3 and' 2 n
I,;—/Pn(flt)dx—m :l-:l:—"(x -—-1) m(ﬁ —1) dx
—1 —1
W AJA €ro BHIYUCIICHUS IIPMMEHUM 11 Pa3 cpopmyny UHTErpUPOBAHUA 11O YaCTAM, IOJIYYUM

In= %/ dez—nn((acz —1)*) (2% - 1)" dz.

-1

&0 (2% = 1) = (2n)!

Muorounen (ac2 —1)" umeer xoschpuunent 1 npu CrapiieM UleHe, MOITOMY

(CnenoBarensHo,

(=1)"(2n)! 1y 2(2n)! - 2(2n)! e ac
I,"" O / @ = e / @ 2 (7 / (a-synd

(8 cuny werHoctn dyHxMH z — (20 — 1)*, =1 € = € 1). Ipoussexs B uHTerpane 3aMeHy
arcsin £ = t ¥ NMPMHYMAA BO BHUMaHUE PelIeHUE TpuMepa 43, Haxogum
m

2
2(2n)! 21 2(2n)!(2n)! 2
I, = = - .
22n(n!)? /COS tdt 27 (a)2(2n +1)!  2n+1 >

64. Tycre f € R(a, b] u dynxumsa ¢ — F(z), ¢ < ¢ < b, rakas, uro F'(z) = f(x) Bciogy
na [a, b], 3a HCKIIOYEHHEM KOHEMHOrO MMCIAa BHYTPEHHUX TOMEK Ci, 1 = 1, p, M TOYeK ¢ W b, B
xco*ropmx F tepunt paspbisH neporo poga.

Hoxasarts, yro

P

/f(ac)dx:F(b-—O)—-F(a—{—O)—Z(F(c,'+0)—F(ci—0)).

i=1

< OGpasyem dpyuxumio £ — Fi(z), a <z < b, rne
F(z), ecou x € Jci, ciyal,
Fi(z)= ¢ Flci+0), ecmz=c, 1=0, p, co=a, cpp1 = b.
F(ciy1 —0), ecmnz = ciq1,
ITycrs I — npoussonbsHoe pa3bueHue cermeHTa [¢, b], B UnCIO TOYEK KOTOPOIO BXOMAT C;, § =
1, p. Hpumensis Ha KaxmoM cermente [z, ,41], J = 0, n — 1, hOPMYIY KOHEUHBIX MPUPAL(EHHI,
MOy 4YHM
n—1 n—1
Sn(f)=Z(F1(ac,+1)~F1 z;)) = ZFl(fJ)A”J “Zf(f])Ax]’ £ <& < Tjyr

=0 j=0
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Bumecre ¢ rem cymma Su(f) umeer Bug

Su(f) = Z(F‘(Ci+1)_F1(Ci)) = Fl(cl)—Fl(CO)+F1(Cp+1)—F1(0p)+Z(F(c;+1~0)—F(c-:‘;'d)) =

=F(b-0)—F(a+0)+F(c1—0)—F(cp+0)+Z(F(ci+1—0)—F(c,'+0))=

=1

= F(b—0)— F(a+0) = Y (F(ci +0) — F(ci - 0)).

1=1

b
ITockonsky f € R, b], To d(ll'ill)n O.S'H(f) = ff(:c)d:c =F(b—-0)—- F(a+0)-— i(F(c; +0) —
hind a i=1 )

Fei — 0)). »
65. Hcnoarsys teopembl O CpeHeM, ONPeReTuTh 3Hak) CIeXYIOMMX HHTETPaToB:
. 2
a) I = / su;x de, FE=]0,27); 6)I= /x321 dr.

E -2

4 a) Dyuxuus F : [0, 27] — R, rpe

sin 2
Fz) = — ecaur € F,
1, ecnu z = 0,

HelipephiBHa Ha cerMenre [0, 27], nosromy F' € R0, 27], npudem

2w
/Smwdz‘=/F(z)dz.
T
E 0

W3 cBoiicrBa agIMTHBHOCTH HHTETpaia CIERYET, YTO

2w 2 ™

/F(x)dx:]F(z)dz+/F(z)dm:w/%%);dx

k3

i
27

(B unTErpale f F(z)dz npoussenena samesa ¢ — 7 = t). IIpumeHUB nepByIo TeopeMy o cpenHeM,

MOy UMM

- .
=7r22—51n2, 0<é<m,
)

1 :WF(E)/ z‘fﬂ_ = nF(£)In(z + )

orxyna caepyet, uro I > 0.
6) Sammuem I = I, + I, rxe

0 2
L = /1:32’ de, I,= /x32” de,
-2 0 .
u npousBeneM B [ 3aMeHy z = —t, NONyYUM e

2

I= 2/393511(19111 2)dz.

o
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Cornacro nepiabﬁ Teopén;e 0 CpemHeM, HM€EeM ,
1=2m@hm{/}%x£8m@mzx 0<é<2

Cnenoaaren},}{o, I1>0. p» '
66. Ilycts f € ('[0 +oo[ u 3 hm f(ac) A, A€ R. Haiitn

:c—-+oo x/f(t

. Paccmorpers f(t) = arttgt, 0 <t < +oo.
4 [lockonpky 3 lim f(z)=A,10Ve >0 3B > 0:
=00

> B=|f(e) -4l < Z.

Paccmorpum mpu ¢ > B uHrerpan

z B 2
z _ 1 1 .
T !f(t) dt o O/f(t) dt + - !f(t) dt

S .. < B . .
Tax xax f € R[0, B], To"f f(t)dt =C, C = const. CornacHo neppoit TeopeMe O CpellHEM, UMeEM
o . ,

5 ‘ 1Iﬂﬂ=ﬂﬂ LAY
xﬁ/u (-2

i

N

S

N
8

Ouenum o(z) =

nupu = > B. Ameem

a(x)=]—’+(f(s)—A)—f<f) 1A - Al < = L@B] e

tak kak B < € € . Hockonsxy |C — f(f)B| = const, To NpU KOCTATOMHO Gomxbmmux x > 0 Bymer
C
BLIITOIHATHECA HEPABEHCTBO ——%ELB-{ < —, CIEROBATEIBHO, U HEPABEHCTBO a(r) < €, U3 KOTOPOro

clenyer, 4To

' ‘ BT T R ‘ lim /f(t)dt_

P GL

r—to0 T

Ecau f(t).-arctgt 0 <t < 400, TO
.7:'
lim = [ arctgtdt =< »
m = ==
z—+400 T TCle 2
4’ & 0

OueHUTh MHTErpakL:
2w

67. 1= [ 2
140,5cosx
o o v
< [Ipeacraum I B Buge I = I, + I2, rne

™ RTT . 2m

I = ‘nxdvx: §1 ] _ dx
te 1+0,5€os:c’ 2= 1+0,5cos:c'

o ™
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3amenss B unterpaie Iz nepemeHuyio no popMyie 2r—z = ¢, yGexaaeMcs B ToM, uTo Iz = I;

CrnepoBaTeasHo,
”

dz
’-2’*-4/mm'
0

x
Dynxuus f: x o~ f E2—d5—2—¢-, 0 € z € =, ynoeneTsopser Ha cermenre [0, x] BceM ycaoBuaM
CO8% = N P -

Teopemul JlarpaH:ka 0 KOHEYWHHX NMPUPAMIEHNAX, B CHAY Yero MMeeM
4

I =4(f(n) - f(0)) = 4xf'(§) = ———, O0< E< T
() = 10) =451 O = 7o
Tak xak >+ < ——= < 1, To cnpaBemmiBa ouenka X < I < 4x, uan —2= < I - &5y < &,
3 1+2ccs2€ 3 i -3 3 3
O6o3Hauus § = (1 — %") : %’, MOy YHM
8 4
] = —+ -x8 8l <1.
3 + 3% 8l<1. »
100
68 g
' ’-/r:ﬁa z.
4]
« [lockonbky pyHKUHS T $+1100, 0 € z € 100, MoHoTOHNHASR, 3 byHxuHT z +—+ ¢~ %, 0z <

100, nenpepsiBHasi, To X | MOXHO MPHMEHHTE BTOPYIO TeopeMy o cpenHeM (dopMyny (6) o 2 2).
Torna MOJIYYHM .

100
I =0,01 / e™* dz + 0,005 / e "dz =0,01(1-e"%)+0,005(e"¢ ~ %), 0<¢<100.
0 13
Tax xax € = 1008, 0 < 8 < 1, To ] npHHNMaeT BUR
I =0,01 —0,005(e°°% — ¢71%°) = 0,01 ~ 0,00586;,

rge 8, =e 1900 _ 7100 g9 < 1. »
2007

69. 1= / Sinxd:c.
T

100w co
<« Dynxuns z — =, 1007 € # 2007, MoHOTOHHaR, a yHKUMS £ + sin z, 100x < z < 200,
HeNpephiBHas, MOTOMY NMpuMeHnM Gopmylty (6), n. 2.2. pu aToM noay+um

13 ' 200

1 1 . 1~cosé
I= 1007 sinz dz + —— 7007 / sinzdz = - 2007 100r <€ < 209:.
100w I3
CaeposatenbHo, 0 < I < fﬁ_ O6o3maunm § = I : 100"’ rorga I = 100 0<0<1. '
200

70. I=/sin 7zl dz.

100
« Tlocse 3amMens nepemenHoit o dopmyie vz =, noaysum

200%x

st ] e

1002
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BocrnonssoBasmncs dhopmyioit (6), m. 2.2, numeem

¢ 20027
1 1 . 1 . 1—cosé 2 2
I=— | —r tdt + —— tdt | = —<58 100%r < ¢ < 200%7.
o/ | 100v/7 / T T / i 4007 ¢
10027 £

OyesnpHo, 0 < I < 27.107, nosromy I = 20—%;, 0<o<i. »
b

71. I=/C:)/S;dx,0<a<b.

<4 Dynxuus r — 71_;, a < < b, ybniBaeT Ha cermeHre [a, b], a pYyHKIMA T — cosT, a < & < b,

HeTlpephIBHA Ha HEM, ITOYTOMY, COrlacHo dopmyne (4), n. 2.2, umMmeeM

N

4
I=L cosxdm:w, a< €<h.
N

U3 ouenxu [sin € —sin a] < 2 caegyer, uro

2 2

—W<1<-\/—E.

Obo3Havus 0 = [ : %7 MOXYy HUM
260
I=—, |9<1 »

ﬁ)

. Hoxasars, uro lm sin"zdzx =0.
72. 1 1 "rdr =0

n—oo

O\NH

<« [Ipu qoxasarenbcrse MOXKHO GBUIO 6B BOCIIOAB30BATHCI PE3YNBTATOM pelleHus mpumepa 43.
M= BocmmonbasyeMcs 1epBoOi TEOPEMOU O CPEJIHEM.
w

2
IIpepcrasum I, = f sin® z dz B supe I = IS + L(Iz)’ rme
0

r_s s
2 2 2
1 . .
I = sinzdz, I3 = sin” r dz,
0 r._ s
2 2
0 < € < ™ — NMPOU3BOIBHOE, Hallepex 3afaHHOE YUCTIO.
IIpu mo6om n € N cripaBemnupa oleHxa
r
2
2) _ ¢
r_es
22
Tak xak sin”z <sin® "'z, 0<z < Z—%,T0
r_£
2 2

Y < I,(Il_)l, e I,(f_)l = / sin™ ' ¢ dz.
0
[Tockonsxy I > 0, To y6rBalONas MOCTEXOBATENBHOCT (I,(Il)) orpaHuieHa CHU3y U

3 IP=c Cc>o.

n—r 00



§ 2. OCHOBHHEIEe TeOpeMEl 1 (POPMYJIRL 287

CrenoBarenbHo,
1
IV=Cta, IV =C+8,,

rne «pn, fn — GeCXoHEYHO Malble IT0CIEN0OBATEMBHOCTH,
CoriacHo nepBoil TeopeMe O CPETHEM, UMEEM

I = sin &, 1Y 0<én<

n—1 2 ) t

SIEY

— sin .
oTkyna moayvaem C = ﬁ‘—fil—él, T. e. (' — BeCcKOHeUHO Mafdas IOCIegoBaTelbHOCTh. TaK Kak

. 5 1—-sin é,
C =const, T7o C=0. p»
n+p

. sin =
73. [loxasars pasencrso lim / p dr =0, p>0.

=00

n
1 .
4 Dyuxmus ¢ — =, n < < ntp, yOrBaer, a yHKUMA T — SIN T, n T < n+p, HENPEPHBHA
Ha Xa’KJIOM cerMeHTe [n, n + p|, IOSTOMY, IIPUMEHHB BTOpYIO TeopeMmy o cpefiHeM (dopMyna (4),
. 2.2), noxyunm

ntp én RIS
sin T 1 . COS 11 — COS
Inz/ dz::—/smzda::———————éﬂ, n<én <n+tp.
z n

n
n n
{cos n—cosén

' < % cnenyer, yro lim I, = 0. »
n—oo

Wz ouenxu |I,| =

n

74. Iycms f - [a, 8] — R, ¢ : [a, ] — R — HempepsiBHble dyHKUUU, MpHYeM DYHKIHUI
¢ nnddeperimpyema Ha untepsane Ja, )l u ¢'(z) > 0. [loxasaTs BIOpYIo TeopeMmy O cpelHeM
(popmyna (6), m. 2.2), NpUMeH:As MHTETPUPOBAHUE TIO YACTSIM U UCHOJIbL3YA MEPBYIO TEOpPEMY O

CpefHeM.
b
<« Paccmorpum uurerpan I = ff(x)cp(x)d:c 1 IIPUMEHUM K HeMY hopMyIy MHTET pHPOBAHHS

a
no 4YacraM, moaaras dv(z) = f(z)dz, u(z) = p(z). [Ipu sTroMm monyuum

b

I= (ﬂx) / f) dt) - / <<p’<z) / f() dt) dz = o(b) / f(2) dz — ((6) — ¢(a)) j f(aéﬁ dz

a a

b x
(npUMeHUB X MHTerpamy f («p’(w) ff(t) dt> dz nepsyio Teopemy o cpegHeM). IIpumenenue aToi

a a

TeopeMBl 3aKOHHO, NMOCKONBKY (PYHKUMSA T ff(t) dt, ¢« < z < b, HempepHisHa, a ¢'(z) 2 0

a
COrl1aCHO yCJIOBHIO.

Ilocae necnoxkunix npeobpa30BaHUM ITOTyYaeM

b 4
I:qa(b)/f(z)dac+<p(a)/f(ac)dac. >
é a

Ecau f € R[a, b], mo cpednun snavenuem dynuxyun f na ceamenme [a, b] Hasvieaemca wucao

M(f) = ! /f(ac)dx.

b—ua
Haiitu cpegnite sHadenys yHKLMIL Ha YXa3aHHEIX CErMEHTAX: ' S
5. p=—2L _ 0g<pg2r,0<e<].

1l—ecosep
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« CornacHo onpegeneHuio, uMeeM

2w

d
M =2 [ —% P _2 g /25802 +

2 1-ecosp 2m \/1I<e? l—¢ 72
0

{cm. mpumep 20).

L X 10—
Vicelow )|, T
2

W3 aHanuruiecxoil reoMerpum U3BECTHO, YTO € = @, p= %—, rge ¢ — Gonblas Moxyoch
SIIHRCA, b — ero Makag monyock. IloAcTaBHB BMECTO € M p MX 3HaueHHs, moayuuM M(p) =b. »

76. f:z — sinzsin(z + ¢), 0 < ¢ < 27.

« Ucxons us onpenenenus cpegHero sHaueHus hbyHKLHN, UMeEM

27 2m
M(fy= 2_17F/5in$5in($+<ﬁ)dx= i;/(coscp-cos(%-}-cp))dm:
0 0

2w
= :117}- (mcoscp—%sin@x—{—cp)),o = co;cp‘ >

77. Haittu cpeHee 3HaYeHHe CKOPOCTH CBOBGOIHO MAmalomero Tena, HavyajbHad CKOPOCThb
KOTOPOro PaBHa ¥o.
<4 CxopocTts cBoGOTHO MafaloWEro Tela B MOMEHT BpeMeHu § BhipakaeTcs dopmyroit
v(t) = vo + gt,
Ife § — YCKOopeHue CBOBOMHOro majeHus.
CornacHo oNnpeReneHuio, NONYYUM

_ »(T) + v

T
1 T
M(v):—j;/(vo+gt)dt=vo+g—2—- 2
0

TaK KaK 2} = ﬂzFi‘i >
78. Cuna MepEMEHHOTO TOKa M3MEHAETCS MO 3aKOHY
. .. 27t
2 = 29 Sih (—T—+4p>,
roe i — aMIUIMTYAA, ¢ — Bpems, T — mepuop, ¢ — HavarbHasd dasa.
Haiitu cpenHee 3HadeHWe KBafpaTa CUIH TOKA.

o Nockonsxy 12 = 12 sin® (Z—T’2 + <p) = 123 (1 - cos (4—;2 + 2cp)), TO
s 7 2
=B [ (1o (4 2p)) = B
M(z)—ﬂ/(l Cos(T+2cp dt—z.P
o

79. Mycrs f € Rla, b] u g € R[a, b). Hoxazars nepasencrso Komn—ByHsaxosckoro
2

/bf(x)g(ac)dx g/bfz(x)dx/bgz(x)dx.

4 Tak xax f € Ra, b] u g € R[a, b], 10
fe€R[e, 1), f*€R[a,b), ¢°€R[qb]

b b b
O6o3nauum o = ff2(:c) dz, 3 = ff(ac)g(:c) dr, vy = fgz(x) dT n paccMOTpPUM IBa BO3MOKHEIX

cryyvasd:
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1) @« =4 = 0; 2) XoT% GBI OJHO H3 MUCEN & MIM ¥ OTIMYHO OT HYJIA.
1) Iycrs a = 4 = 0. UHTerpupys HepaseHcTBO

F()a(e)l < 3(F2(e) + 02 (), <z <H,

noiayyaem
b
81 < [11@a@lds < 3 (a+)

orkyna 3 =0 M HokassiBaeMoe HEPAaBEHCTBO BRIMOIHIETCH.
2) Ichrb Hanpumep, ¥ > 0. Torma mpu Bcex ¢+ € R Bumomnserca nepasencrso (f(z) +
t g(ac)) 2 0, HHTerpupys xoTopoe IMojyvaeM

Y2 +28t+a20, teR
CruenoBaTenbHo, DHCKPUMHHAHT KBaJ[paTHOTO TpeX4jeUa
y=t° +28t+a
HeIoJOoMUTEJIEH, T. €. ,32 — av < 0. Taxum ob6pasom, B ay. »
80. Nycrs f e CMa, b] u f(a) = 0. JloxasaTs HepaBeHCTBO

b
<=0 [ 1@,

rge M = sup {]f(:c)]}

< BamuueM HepaBencrBo Komu—DByusxosckoro B Bujge

/f(t)g(t)dt < ]f2(t)dt jg2(t)dt,

a

e g(t) = f'(t), f(t) =1, a <t <z, a <z < b. Ono mpunMMaer BuxR

/ Fr(t)dt j f'(t)dt|,

OTKYHa MOJYYHM HepaBeHCTBO
x

[roavi=sisol acasn

a

(nmpuHKMas Bo BHUMaHite, uto f(a) = 0).

JleBas vyacTh MoCHeRHEro HepaBeHCTBA AMIL YCUIIKHTCS, €CIIH B Hell MOACKHATS & = b a B IIpaBoi
4aCTH MOXHO B3ATh U To 3Hauenue x € [a, b], npu koTopoM HenpeprBHad dyHkuus = — |f(z)],
a < z < b, mocturaer cBoeit TouHoi BepxHel rpanu M . CrenoBaTeasHo, cipaBelanBo HEPABEHCTBO

2 g(b—a)/f”(z)dz. >

YnpascueHus [If CAMOCTOSTENBHOHR paGOTH

Brruncants uHTErpansi, nocrpous NeppoobpasHEE NOOKIMTErPalbHEX hyHKIMH Ha BCEM Npo-
MEKYTKe UHTEr PHpoBaHUA M mpuMeHuB ¢popmyny Heloroma—Jleitoanya:



290 I'n. 4. Onpenene’HEl HHTErpal

150,2 35,5 125,3 VT2 0,81
18. [ [zle®ds. 19. [ Has. 200 [ Eaz. 21, [ [o%dz. 22. f [-};] dz.
1,3 2,4 1,2 VI3 0,04
100,2 20
[ [z]|sin rz{dz. 24. [ max(1, 2?)dz
0,25 —10
Briyucanrs onpejeneHnnle MHTErpaib:
2v2 1
(z—2)2 dx :!cz—l . 4
25. f3+ = dz. 26. f T 27. f w15 dr. 28, af(arcsm:c) dx.

IS

2w
29. fle"’ sinTrdz. 30. f—~“+°—°”——-—-dac. 31. f [cos (ln i-)l dz, n € N.

142a cos x4 a2
[} [+ e—2xn

—-mz 2n41

e cos zdx.

1 1 1
32. f ekaresine g0 33, fﬁ_j:—%"’dx 34. f(ii;)l, dz. 35.
-1 ) 0

I
I N T E]

™

dx -2
(GTsn? a2 cor?a)2 39. fSle nIdI, n €N,
o

S VT

36. f—-(——l“li‘“; dz. 37. fa“m” 38.

40. fwd:c E =0, w]\{-z-}, n € N.

cosx

Peumn YPaBHEHU:

x x
dt Ll dt L3
41. = —. 42, = 2
Jit o1 12 ‘nfz Veic1 8
&x
43. Haiitu abcomotnrte sxcrpeMyMnr ynxmmm f: 2 — [ 722?';1‘3;; dt, —-1<zg1.
o

44. MccnegoBaTh Ha 3KCTPEMYM M HAMTH TOUKHM neperuba rpaduxa GyHKUHK
T
frz— f(t-1)(t—-2)%dt, z€eR
0

sin? a2 cos? x

45. Jloxas3aTh TOXIECTBO f arcsin \/Zdt + f arccos \/Zdt = %.
0 0
= k=1 n—-1)z"-nz""141
46, [{oxasars, uro ’;1 kz = =1y .
47. Boruncnuth cpenHee sHaueHue QYHKUUU [ : T — f_‘_l, 0z <2,
48. Ilpu xaxoMm « cpegHee 3HaveHne GyHkuuu z — Inz, 1 € z < ¢, paBHO CpPegHEN CKOPOCTH
U3MeHEeHHS QYHKLHU

Iokasars, uro:

0,5
49. T 4z T, 50. 0,5 e <X, .
6<\[:74_12__$3<N2- ’ <0f:71_xzn\a’"/

1
dx
51. 0,78 < Of T < 0,93.

,Hoxcasa'rb paBeHcTBa:

200
2% dz sin nx 0,005 26
52. fx‘+.1:+1 ln2—-3106,0<9<1 53.1(‘){0—‘;_(1 pa —;gTO—G,O<9<1.

Hoxaaarb, yTo:
200 _

<. 85.0< [ %
)]

z®
54. 0 <fv—=;dx %

1
57. 0<f 2 oL osg i-lc e d<1,n>1.
o

1
" dr <0,01. 56. 1<f;i’wdx<1+—

2042

PLrEEe) 20
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1
59. Onpexenurs 3Hak uHTEerpana [ = f z?lnrdz.
0,5
: L 2 2T 2 .
60. Kaxoit unrerpax 6oagpme: [{ = fe"’ coszdr wiu I = fe_’ cos® z dz?
o™

61. Haitu hmf 33_‘_1

62. Haiitu 11111 ff(:c)— rge ¢ > 0, b >0, f € C[0, 1].

ac

§ 3. NurerpupoBanue BeKTOp—(pyHKIUM,
KOMILIEKCHOBHAYHEIX QYHKUHN U
PyHKIMOHAJIBHEIX MaTpPHUIL

3.1. Murerpan PuMana BeKTOp—DYHKIUH.

Oycrs £ : [a, b)] — R™ — BexTOop-DyHKUMUA ¢ KOMIIoHeHTaMH f;, J = 1, m, SBIAIOWMUMHKCSE OTpa-
HUMEHHBIMM Ha cerMmeHTe [a, b] dyHxumsamu. Paccmorpum npoussoibHoe paszbuenne II cermenra
[, b] u o6pasyem mpu no6oM BHibope Touek & € [zi, Tif1] CyMMy

-1
Sn(f) = E (&) Az,
i=0
KOTOPYIO Ha30BeM HHTErpajJbHOM cyMMoii BexTop-bynxuuu f Ha cermenre [a, b]. CornacHo ompe-
TENEeHUIO ONEPALMM CIOXKEHNA B IpocTpanctBe R™, unrerpaisHas cymma Sp(f) umeer Bup

Su(f) = (Su(f1), Su(f2), .-, Su(fm)), 1)

n—1
rae Su(f;) = E f;(&) Azi — wnrerpannusle cymmur GyHxwH f;, j = 1,
=0
O<m<ax Az;. llonaraem lim Sn(f)défl ectu Ve >0 36 > 0: VI VIII) < 6§ = |Sp(f) - I| <.
Lign~-1
Onpenenenue, Onpeaenennu.u unmezparom sexmop—pynxyuu f na ceamenme [a, b Ha3o-
eem npeden

Oycrs d(II) =

lim Sp(f) =1,
d(I)—0

eCaU OH Cywecmayem.
Ecnun Bextop-dbynxuus f umeer onpemeneHHbiit MHTErpax Ha cerMenTe [a, b], To 6yneM ee Ha-

3EIBATH UHMezpupyemoti no Pumany xa amom cezmenme, a ee MHTeTrpal 0603HAYATH CHMBOJOM
b

f f(z) dz. MHOXecTBO BCceX MHTErpHPYeMHX Ha cerMente [a, b] BexTop—-dyHkuuii f 6yaem o6osua-

a
vars f € R[a, b]. ‘
Teopema. Bexmop-gynxyus £ : [a, b) — R™ unmezpupyema na cezmenme [a, b) mozda u
moavxo mozda, xozda xaxdas ee xomnovenma f,, j =1, m, unmezpupyeMa Ha IMOM cezMenme.
[IpHUMasx BO BHUMaHMe 3Ty TeopeMy, Moxy4aewm, yto eciu f€ R [a, b}, To

/bf(ac /fl(ac /fz(:c ydz, .. /fm(ac)dac . (2)

a

Otmernm, 4To 3aMeHa MepeMeHHoil B unrerpaie [ f(z)dz comurca x 3aMeHe nmepemenHoit

a

b

B Ka>X[IOM H3 UHTErpajioB ff, (z)dz, § = 1, m, mockonbKy UHTErpHpoBaHue BexTop—pyHkuun f
a

HPHBOTHT K UHTETPDHPOBAHHIO T YMCIOBBIX (hYyHKIWIA.
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Ecan Bextop-dynxumn £ u g unrerpupyemu Ha {a, b] BMecte co cBonMM nporzsoanrMy ' K
g, To CRIpaBeMBL G opMyIIH MHHTEIPHPOBaHMA 1O YaCTAM JJIA CKAIIPHOTO M BEKTOPHOIO TPOM3-
BEeACHMH 3THX GyHKUMIL:

[a@,g@nis= @, g0 - [ sena, ®

/[f'(z), g(x)]dz. (4)

[t@), g@dz =156, 5] -

3.2. Unrerpan PuMaHa KOMOIEKCHO3HAYHOR QYHKIHNH,

Onpepenenne. [Jas ¢pynxuuu f : {a, b] — C, 2de f(z) = u(z) + iv(x), obpasyen npu npo-
u3soavHoM pasbuenuu I cezmenma [a, b] u mobom svibope movex &; € {z;, ;41] unmeepaavnyro
cymmny

n—1 n-1
Su(f) =Y u(E;) Az +i Y v(E) Az;.
3=0 J=0

Tozda ff(z) de®! lrgn . Su(f), ecau amom npedea cywecmeyem.

MHomeCTno BCEX HHTEIDUPYEMEBIX ITo PHMaHy koMnaekcHosHayHEX byHkuuit f GyaeM o6o3Ha-
qats f € R{a, b].
Teopema. 3 lim S 3 lim S AJ L
opema o n(f) & o ' (u) . Su (v}, npuven

m S lim S Lim S .
/ i, 1) = (d(ngn o Sn(): Hm n(“>>

Taxum 06pasoM, koMIlTekcHo3HayHas dyHKuMA f HHTerpupyeMa 1o PuMany Ha cermente [a, b]
TOrfa ¥ ToJbKO TorAa, korga u € Rla, b], v € R{a, b] u npu srom

/bf(x)dx=]u(z)dz+ijv(z)dz. 1)

a a

Ecmn xoMmirexcHosHauHas yHkums f MHTerpMpyema Ha cermemTe [a, b, To koMmmurexcuo-
CoTpsIKeHHAs eif yHKIHS F HHTEIPUPY€EMa Ha TOM CerMeHTe. Torna # nponsseneue f- f = |f|?
ABAAETCA MHTErpHpYyeMoil YuciroBoit GyHKuMeH, IpHUeM

[ o7 = [+ @) da (2)

3.3. Unrerpan PuMaHa QyHRUMOHAIHHON MATPHLE.

Ecin z v A(z) = (aij(z)), ¢ < ¢ < b, — dyHKuMOHaIbHAS MaTpHlia Pa3Mepa i X M, 3TeMeH-
TaMM KOTOPOI ABIAIOTCA OTpaHMUYEHHEE Ha cerMeHTe [a, b] GYHMXIMHM, TO OHa ABAAETCA 3TEMEHTOM
BeKTOpHOTO npocrpancra P Hag noreM R, npuyeM B 2Tom MPOCTPaHCTBE oNpefeieHa HHTET Palb-
Had cymma Stu(A) = (Sn(ai;)) npx npouspoisHoM pasbuennu II cermenta [a, b] u mo6oM BEGOpe
Touek & € [zi, i+1]. Momaraem

b

def .
= lim S
/A(z) dz d(nr)rl.o n(A),
a
€CIH 3TOT TIPefest CYILecTBYeT.
T .3 lim S 3 lim Sp(aij),i=1 =
eopema Bd(nr)rl.o n(A) & o=, m{aij), 1 ,n, § =1, m, npuven

li i
d(lrxlr)n o (4) = (d(nr)n Su(a ’)>
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b] Torfa M

Takum obpasoM, pyHKuMOHanbHad MaTpuua A(T) MHTerpupyeMa Ha cerMenTe [a,
TONBKO TOLAa, KOIJA Ha TOM CETMEHTE HHTETPHPYeMBl BCe €€ IEMEHTH ¢;i; W MPH 3TOM
=1, m. 1)

b
1=1,n, j

/A(x)d:r.: jagg(x)dm ,

a a
Knacc Bcex uHTerpupyemuix Ha cermenre [a, b] dhyHkuMoHansHeIX MaTpul A 6yneM ofosHayaTh

A€ Rla, ).
10
81. Brrumcaurs I = /(\/_ 2%)dz, paccMaTpuBas ero Kak Mpejel KHTErpaJbHON CyMMBI

0
<« Hocxonrky /x € R[0, 10] u 2% € R[0, 10], To (y/z, 2%) € R[0, 10] u npu mo6oM pasbue-
[rr,', Ti41] TOMYUUM

uuu II cermenra [0, 10] u npoussoibHoM BEIGOpe Touek &; €

1= ( lim Su(vz), d(ggn OSH(OI)> , rme Sn(vr)= Z\/{‘Az" Sn(?’) = ZZE‘A&
=0

d(IT)—0
Pas6usas cerment [0, 10] Ha n paBuBIX 4YacTelt W Nomaras & = z; = i MOXYYHM

3 n-—-1
Y 10\ 2 ; - 10 —
Su(Vz) = (77)2 E Vi, Su(2%) = 72 2’
1=0 1=0

(IpHHSB Bo BHMMaHMe, 4To Az = % .
n—1 i
PaccMoTpUM 4MCIOBYIO ITOCHEOBATENBHOCTD (Zn) = (y"), Ioe Ty = E Vi, yn = n2
KaK CYIECTBYET =
.z -z . . 1 2
lim n+1 n = lim \/j"— 3 = lim 3 = g’
n-—~o0 Yn41 — Yn N—00 (n + 1)5 —n3 n—0o ((1 n ); l)
To, coraacHo Teopeme [llTonrua, cymecryer
20
lim .SH(\/_)_.102 lim z, = V
d(I1)— n—00
10 10 2 10
. 10_o5 .10 2% —2= 2% —1
Hockoasky Su(2%) = EnE 2 mz " u lim —- 5 = , TO
27 —1 n—oo N — n?2
2n —1
o ey 2101
i Sn(2%) =
e T = Ty
10
Cneposarensto, I = (2—39\/10, 2—]—"2;1) >
1
82. Brrumcaurs I = /f(x) dz, rme
-1
1 1
f(x) = 3 - )
¥ —2rcosa+1 /(1 —2az + a?)(1 ~ 2bz + b?)
O<a<m o<1, [bl<1, ab>0.
< Cornacho gopmyse (2), n. 3.1, umeem
1 1
I— / dz dz
2? —2zcosa + 1’ \/(I—an+a2)(l—2bx+b2) ’
-1

-1

. Tax
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Mo3TOMY MHTerpupoBanue BexTop—byHruuu T Ha cermente [—1, 1] cBoguTCs K BBEIMMCIEHUIO IBYX
onpefeleHHbX HHTEIPAJIOB YHCIOBHIX (hYHKLUUH.
OueBUNHO,

1

dz d(z ~ cos «) 1 T — cos v
11 =3 = - = — arctg —_—
2 —2zcosa + 1 (z —cosa)? + sin? o sin o sin

-1 -1

1 — COs s
== (arctg ! ,COS @ + arctg ! _*_,COSO’) = ,1 (arctg (tg ) —+ arctg (ctg )) = W
Sin o 5

SN o sin o« sin 2 sin o

1

-1

B unterpane

__/ dx 1 z
V(1 —2az +a?)(1 - 2bz +02) 2Vab (A—z)(B—1)
-1 —1
rae A = s + (1 , B= b + l, npousBefem zameny, nonarai /(A —z)(B —z) =t(A—=z). Toraa
nony-am? | 28 27 %%
b—1 a
la—l! v

b— a
Ve ,
L=_L / a1 ’t-—l’ 1 m(mH) 1 14Vab

= In = = In .
2 —1 2/ ab ! t+1 2+/ ab Vab—1 Vab 1 —+/ab
b+1 &
m‘ﬁ b1

=I5
IZ(L 1 mﬂ), .

OKOHYATENBEHO UMEEM

2sina’ \/gb 1— vab

1

83. Buuucaurs | = /(f(x), g(z))dz, rne

0

- A W (s e
f(x)_(ln(m—}- T+2), sz), g(z) ( 1+x2,1+x2>.

<« Iockomery g(z) = v'(z), tne v(z) = (V1 + 22, ¥°6%), '(z) = (

1 1
2) i )
vi+z (1+x2)2)
To, corfiacHo cropmye (3), n. 3.1, noayuum

1

I = (£(z), v(z))l(l) - /(f'(x), v(z))dz = ( 1+ z%In (z +v1+ xz) + ‘xr——e:r_:_tiZ)

0
1

—/1(1+(—e-a—mi>dx_\/’ln(1+\/’)+ /(em%dx

2 2
p 1+22)2 1+ z2%)2
[onaras B nociegueM MHTErpale arctg Z =t ¥ UHTErpUpys MO YACTAM, HaXOTUM

m

’ earctgr et 4
/ /e costdt = 7(cost+sint)
1+ x2)2 0

1
OkoHuaTelnbHo NodayyaeM [ = V21 (1 ( \/_) -5

@
=13

1
7

S

v

84. Baruncanrs 1= ‘/[f(x)} g(z)]dz, tne f(z) = (z, 2%, 2°), g(z) = (%, €%, €*%).

-1
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e2x 3=

< Tax xax g(z) = v'(z), ree v(z) = (ex, 5 T)’ To coraacHo dopmyre (4), m. 3.1, umeem

1

I= [f(z), v(z)]lLs - / [£'(2), v(2)]dz = [£(1), v(1)] - [E(=1), v(~1)] =

N -i—/xe“dx—%/xzehdx +j 3/xze’dx—%/eazdx +

-1 -1 —1 -1
1

1
+ k %/e2zdz—2/zezdz

-1 -1

Briuncass uuTerpatbl U MpUHUMas BO BHUMAaHMe, ATO
[£(1), v(1)] = [f(=1), v(=1)] = i (%sh3 —ch2) + (2ch1 - %ch?:) +k(ch2 —2sh 1),
OKOHYATENBHO IIOIY UM
—i( Bz teans— 3ana-3 —2)
I_1(275h3 9ch3 ch2+4shZ 5¢ +
n (%shf& - —z—ch3+2chl —6sh1 +126“‘) +k (ch2 - %sh2+4ch1—6shl),
rie i, J, k — opTwl oceit koopauHaT. P
85. Berumcmurs [ = /z(x) dz, rae z(z) = e*(cos’ & + isin® 7).
0

« TTpumenus gopmyay (1), n. 3.2, moayuum

™ ™

I'=: /e’(l+cos?x)dx+i/ex(l —cos 2z} dz

0 0
Wnrerpupys mno dacrsaM, HaXOTUM

[ = —;—(ex(l + cos 2z + (1 — cos 2z))

+2(1—i)/exsin2xd1)=e"—1+(1—i)/e"sin2zdz.
0
0 0

MMockoaexy
o B _ (142i)z |7 n_ 2
/e“ sin 2z dz = Im/ 20T gy = Ime1 o |, = Imei T 2: = —3(6" -1),
0 0
‘ . 2 et o ‘
o [=e"—14(i- 1)~ 1); = ° La—2i). »

2m

—i 0 e .
86. Moxaszars, urto I = /e’"ze vma g, :{ ) cau m # n,

2w, ecaum = n.

« Hpumensas dbopmyay Sitxepa, nMoayuum

ln:x:e—-inw: — ei(n-—m)x

e = cos(n — m)z + isin(n — m)z.

Ecau m = n, to ™e7'™® = 1, cnenoBaTeibHO,

2m

I=/dx=27r.

0
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Ecau m # n, ro

27 2m

I = /cos(n —m)zde +i/sin(n —m)z dz = sin(n — m)x|(2)7r +icos(n — m)x|z7r =0. »
0 0

1
87. Buruncaurs [ = /A(x)dx, roe

0

_( an(x) an() _ 1 wo(a) = -
A(”‘(am(x) azz(x)>’ W)=y 0 T ae e

an(@) =2 V/1+22, an(z) = ﬁ 0sest

<« Coranacno gopmyie (1), n. 3.3, umeem

0
1 1

0 fu,gl(x)dx fu,gg(x)dx
0 0

U pelleHHe NpuMepa CBOIUTCA K BBIYMCJIEHHIO YETHEIPEX UHTErPAJIOB.

1 1
I/IHTerpMpya TOXITECTBO m = m — m, HaXodHUM

ayj(z)dr = | arctg x — — arc
0/ ® (tg 7 tg\/’)

1 - 1 _ 1 _ _1_ 2
4432242 T z241 242 u zdr = 2 d(x )7 TO

1 1
1 d(z?) d(z?) 1, 2241
/“12(’”)“‘2 /x2+1_ rz) T2t Ena|

0 0 0

/ flull(x)‘h fldlz(w)dx
/(x)dx_ 0

1
1

1
arctg ——-.
vz A

Ma

Mockoasky

Tak xak z° dz = 322 d(1 + %) = (1 +2%) — 1) d(1 + 2°), 10
1

4 1
/azl(z)dz = %—/((l +:c2)3 -1 +:c2)3)d(1 +z2) =
°

0

—

1

=28
0

3 2% 3 2\ %
= ('11(1'*'7” )3 —g(l'*'x )3>

[IpuHuMas Bo BHUMaHHe TOKAECTBO 2 + cos2x = 3 — 2sin? Z, HAaXOOUM

= -—l—arcsin \/2 sin 1
V2o 3

1

1
/a22 (x) dz = L (\/_smx) = L arcsin \/zsin T
V33— 2smx)2 3

[

1

0

OxoMuaTeapHo MojayvaeM

%—7 rctg\/_ 5111%

) % arcsin (ﬁsin 1) >

1=

~—~
@
o

SIS

+

3
28
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YnpaxHeHus qiIs CaMOCTOATEAbHOR paGoTH

Brruncauts cirenymomue unTer paIs:

1 : =
cos® g+/sin ©

) z _
63. [£(z)ds, £2) = (5, sy ). 64 [ A&, A@) = V5T necerts
2 0 \/2——‘; 14cos2 z

65. [ A(z)f(z)de, A(z) = (f ;2 ), f(z) = (In® z, arctg z).

1

66. [(f(z), g(z))dz, f(z) = («*, In(z + VI F 22)), g(z) = (™, 1).

0

§4. Hecob6cTBeHHBIE MHTErPAJIBI

4.1. HecoGcTBeHHEIE HHTErDATIH NEePBOro 4 BTOPOro popaa.

Onpenenenne 1. Tyeme J = [a, ] — noayunmepsanr uucaosot npamoti R, npuven b soxem
6uims cumeonom +oo, a pynxyus f: J — R unmezpupyema na mwobom cezmenme [a, 4’1 C J.
v’ -0

Feau cywecmeyem xoneunwviti npeden lim ff(x)dx, M0 €20 0603HAUAIM CUMBOROM ff(z) dz,
b/ —b—0
a

+ o0
ecau b € R, u cumsorom ff(x) dz, ecau b = +o0o. B omom cayuae zosopam, umo dynxyus  un-

@
b’

mezpupyema 6 necobcmeennom cmvicae na J, a lim ff(z) dz naszviearom HecobcmeeHHbIM
b'—b—0
a

(unu obobwennvin) unmeeparon pynxyuu f na J (nepsozo poda, ecav b = +co, u emopozo
poda, ecau b € R).

b
Onpenenenne 2. Ecau J =a, b], f: TR u ecau ’lim ff(z) dz cywecmeyem u xoneuen,
a’—a40 a

b b
mo 6ydem oboznauamv €20 CUMBONOM f f(z)dz, ecau a € R, uau cumeorom f f(z)dz, ecau
a40 . —co v

a4 = —00.
v b—0

Onpepnenenune 3. Fcau llim ff(x) dz = f f(z)dz cywecmeyem, mo zoeopam, umo we-
b/ — b0
[¢

1 a

b—0 400
cobemeennbili uHmMe2PAN ff(x) dz uau f f(z)dz cxodumes (cywecrmeyem). Ecau amom npedea
a a . !

b—0 +o0

ne cyujecmeyem (uaw becxonenen), mo 2osopaAm, umo unme2pan f f(z)dz uau f f(z)dz pac-
a ' a

zodumcsa (coomsemcmeenno pacrodumca x o).
b—0

Teopema (kpurepuit Komu). Humeepan f f(z)dz cxodumes mozda u moavxo mozda, Koeda
a

z2
/f(x)dz—»() npu 3 —b—0 u z2—b-—0.

z1

4.2. AGCONIOTHAS CXOQUMOCTb.
b—0
Onpepenenne 1. Ecau unmeepan [ |f(z)|dz cxodumcs, mo zosopam, umo unmezpan
a
b—0
f f(z)dx abcoarwomuo cxodumcs.

a
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b—0
Ecau f : [a, ){— R — HeoTpuuaremnHas (PyHKUMs, TO CXOQMMOCTH MHTErpaia f f(z)dz

a
O3Ha4vaeT ero 36COJIIOTHyIO CXOIUMOCTB.
x

Oycrs f(z) 2 0 Vo € [a, b], f(z) £ 0. Torma bysukuusa F : z — ff(t) dt, a < z < b, BoOs-

a
b—0

pacTaeT BMecTe ¢ £, a MHTerpai f f(z)dz cymecTByer Torga M TOJBKO TOTKA, KOLTa MHOXKECTBO

1)
x
{f f®) dt} OlpaHUYEHO CBEPXY Ha MOAyUHTepBale [a, bf.
a

b—0
Ecau sxe f(z) > 0 Vz € [o, b] u unrerpan f f(z)dz He sBIseTCS CXORAWMMCS, TO MHTErpal

a

b—0
[ f(z)dz = +cc.

b—0
Ecau unrerpan [ f(z)dz cxomurcs, To 6ymeM mucats
a

b]of(x)dx < 0.

a

Onpenenenue 2. Beaxutl cxodawuiica necobemeennviti unmezpar, abcorromuo pacrodsuut-
ca, 6ydem Ha3vicamy YcAO6HO CTOJAUUMCA,
3ameTtum, uto ecau f € R[a, b], 1o

70f(z)dx=jf(x)dz= jf(x)dx.

a+0
4.3. Anre6pandeckne CBOHCTBA HeCOOCTBEHHBIX HHTEIPALOB.

1) lyers f : [a, [ — R un cyskenue pyuruuu f wa nioboit cermenr [a, b'] C [a, b] unterpupyemo
no PumaHny Ha vem. Torma dyHkuus o f, o = const, unTerpupyema Ha [a, b'] Va € R.
b—0 x
Cneposatensho, eciu 3 [ f(z)dz = lim [ f(t)dt, 10
z—b-0

b—0

3/af(x)dx=cy f(z)de.

a

2) Nycrs f : [a, }[— R, ¢ : [a, }[— R — QyHKUNM, Cy>KEHUsS KOTOPHIX Ha M0G0 CerMeHT
(a, b'] C [a, b[ uurerpupyemst mo Pumany ua mem. Torga aTHM ke cBONCTBOM oGlaaeT U CyMMa
b—0 b=0
f+ 9, cienoBaTennHO, €CIU CYWECTBYIOT MHTETPAJIbI f f(z)dz n f g(z)dz, o
x x x
lim /(f(t) +9(t))dt = lim /f(t) dt+ lim /g(t) dt,
o b—0 2—b—0 Zoeb—0
a a a
B CHIY ero

b—0 b—0

/(f(x)-l-g(x))dx: 70f(x)dx+ / 9(z) dz.

a a

Takum o6pasom, MHoskecTBo E hyuxuuii f : [a, [ — R, unrerpupyemeix no Pumany Ha BcsikoM
b—0
cogepxamemcs B [a, b[ cermente [a, §'] u uMelomux cxoAIMUECT UHTET paIbl f f(z)dz, obpasyior

a
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b—0
BEKTOPHOE IIPOCTPAHCTBO Haf NojieM R, a oTo6paxenue f + f f(z)dz npoctpancrea £ B R
a

ecTh JIUHeWHas popMa.

4.4. 3aMeHa mepeMeHHOH B HECOGCTBEHHOM MHTerpajie ¥ GopMyla HHTETDHDOBAHUS IO
qacTAM.
b0
1) Oycrs f: e, {— R, f € Cla, b, n f f(z)dz < oo. llycrs [or, B[ — Apyroit moayunTepBan

a
us R, npuueMm o, ¢ € R, Ho # u b mMoryr 6sITh Kak KOHEUHHIMH, Tak M GeckoHeuHHMH. [IycTs
dyuxuus g : [a, B{— R pospacraer Ha monyunTepBate [«, B[ U MMeeT Ha HeM HempepHBHYIO
NIpoU3BOHHYIO ¢’ BCIOAY, 3a MCKIIOYEHIIeM CYeTHOTO MHOECTBa TOYeK, H, KpoMe TOrO,

g(lo, BD C o, B,  gla) =a, g(B—-0)=b-0.

Torpa cipaBegauBa GopMylia 3aMEHH IIEpEMEHHOU B HECOGCTBEHHOM MHTerpalie

b—0 £8—0
/AMM=/fmm¢ww- ()

2) Hycrs f 2 [a,b[— R, g : [a,b[— R, f, g € CWIa, I, i a — koHeuHoe uncio. Torna,
NIPUMEHUB (POPMYIly MHTEr DHPOBAHUS 110 4ACTAM Ha cermeHre [a, 2] C [a, b, momyuum

/ F(0) g () dt = £(z) g(x) — F(a) o(a) - / 7 9(t) de. @)

Ecau npu ¢ — b — 0 mo6le gBa U3 Tpex YieHOB paBeHCTBa (2) MMEIT KOHEYHHIl npepnei, To
U TPETMH ‘“JI€H 9TOTO PaBEHCTBa UMEET Npefiel, MOCKoILKY IpousBenetne f(a) g(a) onmpenmeneno.

Ecau, HanpuMep, CymecTBYIOT HHTerpalkbl lbfof(;c) g'(z)dz u 70 f'(z) 9(z) dz, To cymecTByer
npoussenenue f(b— 0)g(b — 0). ‘ )

Ecnu ke cynmecTByioT MHTerpal bf—of(x)g'(x) dz w npoussenenne f(b— 0)g(b — 0), To cyme-

a
=0
cryer u uurerpan | f'(z)g(z)dz.
a
B KaX0M M3 paCCMOTPEHHEIX CIy4aeB HMeeM

/ F(#)g'(x)dz = (b~ 0)g(b — 0) — f(a) g(a) — / P @)

Dopmya (3) Ha3BIBAETCS QOPMYAOT UHMEZPUPOCANUS 1O UACMAM HECOBCILEBENHBIT UNMEZPA-
08,

4.5. Cayuali BHyTpeHHEH oco6oll TOIKH.

Nycte dyHuxuus f : [a, ))\{c} — R, rue ¢ €la, b, umeeT unrerpupyemeie no Pumany cyxeHus
Ha mo6ble cerMentht [a, a'] C [a, ¢[ u [¢', b] CJe, b]. Torma nonaraem .

jf(x)dxdéf 70f(x)dx+jf(x)dx, (1)

c40

€CHM KaXIHH M3 HHTErpajoB, BXONAWMX B mpaBylo uactk (1), cymecTtByer, u 6yHeM. Ha3kBaTh
HeCco6CTBEHHBIIT HHTErPal CXOMMIMMCS.

Eciu xoTs 6B OMMH M3 TUX UHTErpaloB He CyH[eCTBYET, To TOBOPSAT, YTo HeCOGCTBEHHEIH
MHTErpaJl pacXomHTCs.
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4.6. Ilpuanaxm cpaBHeHMs u UpH3Haku AGens M JIupuxie.

1) Ecau f u g — HeoTpuuaTenpuble yHKUMH, ONpefeNeHHEe Ha NOdYyUHTEPBakie [a, +oof u
HHTeTPHpYeMbIe Ha dio6oM cermente [a, ] C [a, +oof, npuuem f(z) < ¢(z), To

/f(t) dt £ /g(t) dt, a<z<+oo,

40 +o0
M U3 CXOOMMMOCTH HHTEr pala f g(z)dz cregyeT cXo@MMOCTE MHTerpaia f f(z)dz, a us pacxo-
a a
+ o0 + o0
AMMOCTHU WHTErpajia f f(z)dz caemyer pacxomMMocTs MHTerpaia f g(z)de.
a a
2) Mycts f: [a, +oo[ — R — unterpupyemas mo Pumany ua mo6om cermente [a, b'] dyuxuus,

GeckoHeuHo Manas Mpu £ — +00, TOTO Ke NOPSIAKa, YTO U (PYHKLUUS T +> a > 0. Torpa
+ o0
f f(z)dz cxomwurest npu a > 1 u pacxomutest npu o < 1.

a

a® )

3) lMycts {a, b[ — R — unrerpupyemas no Pumany Ha nmio6om cermente [a, b'] C [a, b dyuxuus,

MMeooIas npu ¢ — b — 0 Tor ’Ke mMopsmox pocra, UTO ¥ (GQYHKUMSL T + Gooayr A > 0. Torma
b—0
f f(z)dz cxomutcs npu A < 1 u pacxomurcs npu A > 1.
a oo

Teopema (npusnak Abens). Hyemo f:[a, +oo[— R, g: [a, +oo[ =R, [ f(z)dz cxodum-

a
+

CR, @ PUHKYUR ¢ MOHOMONNA U o2panuvena. Toeda unmezpan f f(z)g(z)dx cxomures.

Teopema (npusuax dupuxiue). Iyems f : [a, +oo[— R, ¢ : [a, +oo[— R u Qynxyus f

UMEEM O02PAHUMENNYI NEPSOOBPA3HYI T ff(t) dt, a € z < 40, a Qynxyus g MonomMoHHO
a o0
cmpemumcs X Hyamo npu £ — +oo. Toeda unmezpan f Jf(z) g(z)dx cxomurea.

a

4.7. T'naBHOe 3HaYeHMe PACXOLALUIEr 0CA HECOGCTBEHHOTO MHTErpaia.
+ oo
Mycts f: R — R u uHTerpan f f(z) dz pacxomurcs.
—-CC
Ecau ¢yukuus f unrerpupyema no PuMaHy Ha BCAKOM cerMeHTe YMCJIOBOW HMpPsAMOH U eCIu
A

cymectByer lim j F(z)dx, To ero Ha3BIBAIOT 2aa6HbIM 3HAUEHUEM 6 CMbicae Kowu pacrodaue-
A—-+oo__A
2oca unmezpana U 0603HAYAIOT

+oo A
. p. Ndz = i dz.
V. p / f(z)de Ail}ylw/f(z) z
— 00 —A
b
Oycrs f:[a, B\{c} — R, ¢ €]u, b, u unrerpan [ f(z)dzr pacxomgurcs.
‘ c—e b
Ecau npu mo6om mocrarouHo ManoM € > 0 CymecTBYIOT MHTErPalibl ff(z) der u ff(x) dz u
a cte

CymecTByeT

c—¢ b b
linlo /f(x)dx+/f(x)dx =v. p./f(x)(lx,

c+e
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TO €ro Ha3BIBAIOT ¢AGGHLIM 3HauenUueM 6 cmuicae Kowu pacrodswezocs uumezpa.ua
Breruncaurs cnenymume Heco6CTBEHHBIE MHTET PaJibl:
I o
2
88. 1, = / cos2nzlncosz dx.

0
<« CornacHo onpepenenuio 1, . 4.1, umeem

z

1, = ligrn /cos 2nt In cos tdt.

X — =0
2 0

[Ipumennm ¢opmyily HHTerpupoBaHUs IO YaCTAM K UHTETpaiLy

x

Iﬁ,l)(x) =/cos?ntln costdt,

0
nonarast cos2ntdt = dv, Incost = u. Torma nonyyum
£ 1 r;

— [ sin2nttgtdt =
. + I sm 2nttg

0

) 1 .
11(11)(1) = g, sin 2ntln cost

x
1 Incosz 1 cos(2n — 1)$ — cos(2n + 1)¢ i

2n  (sin2nz)~!  4n cost
0

AnanoruuHo ToMy, kKak GbLI0 1OkasaHo B puMepe 60, zanuuiem

n-1
COS(27L - 1)t _ k—1 . n-1
o3 =2 kZ( 1)" " cos2(n — k)t + (-1)"77,
=1 .
cos(2n + 1)t 5 = E—1 n
o =2 ;( 1)" T cos2(n — (k- 1))t + (-1)".
CremoBaTelIbHO,
Incosz 1 — :
IW(g) = —mcose 1 —1)* "' cos2(n — k)t — 2cos 2nt +2(=1)""" |} dt =
» 7 (z) Sn(sin Zng) T + o 4;( )77 cos 2(n — k)t — 2cos 2nt + 2(—1) :

n—1

_ Incosz 1 g_1sin2(n — k)z 1 n—‘l z
= 2n(sin Znz) + - Z( 1) 2= ) sin 2nz + (~1)’ I

ITepexons x npeneny npu = — 1 — 0, moayuum
P y y

n-1 T . hl cos T
= (=1 Zn e o (sin 2nz)~!

n-1T lim ctgz

Y
2 N 4 E_o —2n(sin 2nz)~2 cos 2nz
2

= ()"

=(-1)

+

dz
89. 1. = / g(z+1) ... (v +n)

1

1
z{x+1) ... (z4n) <
In CXOOMTcs, Tak Kax

. .
<« [Tockoarsxy -5 1 £ 2 < 400, TO, COTNACHO MPUSHAKY 2), n. 4.6, unterpan

+ x

ﬂ: lim £li.—.: lim (l-—-l) =1.
z? T— 400 2 z—+4 00 z
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CornacHo OnpeneneHuIo HecoHCTBEHHOTO UHTerpana, uMeeM

x

dt
In= li = lim I{(z).
xﬂloo/t(t+1) (4 s too (2)
1

Pasnaras npasuasHyio xpobn Ha CyMMYy NPOCTEIX gpo6eil, HAaXOguM

1
t(t+1) ... (t4n)

n

1 Ay (*Uk kcﬁ
tt+1) ... (t+n) ;t—l—k’ e Ak kl{(n — k)! (=1 n!
CanemoBaTensHO,
Wy 1 ok rk . vkt ok N
1) = (;( DECEIn(z + k) + ;( D CE (1 + k) | =
=0 v =0

_ 1 - ~N(—1)FCk - k1 ok
== (m [l +5 +kZ(—1) ckm(+#4) ).
=1

k=0

Tak Kak CyMMa GUHOMMUaTbHAIX Kosthdulnentos C'F | CTOSIMMX Ha YeTHEIX MeCTaX, paBHa CyMMe
6MHOMHMAaNBHBIX K03 (PUIIMEeHTOB, CTOAMMUY Ha HEYETHHIX MeCTaX, TO

n

lim H(:c + k)(_l)kcﬁ =1,

T4 00
k=0

B cuay vero lim In [ (z + k)(‘l)kcﬁ =0.

T—too k=0
7
Taknm o6pasom, I = = 5 (1) CHIn(1 + k). »
k=1

+ o0

e COS(2m —
90. Buruncants I, = / e cos(2m — 1)z dz, a > 0.
cos

0
o Dynxins f : ¢ rr e0d2Bm=ls o R*\{zx}, zx = 7 +km, k € Zo, umeeT ocobsre ToUKH

zi. Ilockoabky cymecrsyer lim f(z) = (—l)"l+1(2m - l)e-a(5+k“), 10 pyHKuuaA t — F(t),
, Ty
0t < 400, TRE
f(t), ecnin t # zi,
F(t)y= { ( mt1 —a(£+k1r)
. (-1) (@2m — e 2 , ecanmt= xy,

uHTerpupyema Ha mo6om cermente [0, z], > 0.
Tak xax mMHoxectBo {21} umeer neGeroBy mepy 0, TO

]f(t)dt:]F(t)dt,

x
nosromy I, = lim f F(t)dt. Ha ocHoBaHuu pemeHus npHMepa 60, nMeem
0

=+t oco

F(ty= e ((—l)m_1 +2 2:(—1)”_1 cos 2(m — n)t) .

n=1

CuenoBaTenbHO,

/F(t) dt = (=1)""! <1—_—a£> +2 mz_(—l)"'_l /e_at cos 2(m — n)tdt.

0 0
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Mockoasky e~ cos2(m — n)t = Re el 7@H2(m=n)t 74
e(—a+i2(m—n))t x

/ €7 cosam - mjtdt = Re | =
0

—at
ecl.

= Rem(COS 2(m - 'Il)t + tsmn 2(m - n)t)(—a - 22('"1,
—at

= m@(m —n}sin 2(m — n)t — acos 2(m — n)t)

= m(e_“@(m —~ n)sin 2(m — n)z — acos 2(m — n)z) + a).

Taxum o6pasom,

1

_ . m— 11 ( l)n
I = zlﬂloo <( 2 + Z a? + —n)? . X

x (7**(2(m — n)sin 2(m — n)z — acos(m — n)z) + a)) =

)m 1 m—1 m~—1

_ (= Gl ) o ) i (===
= +2“Za2+4(m_n)2 =42y el

n=1 I=

+ o0

91. JHokasate paBeHCTBO / f (a:c + - /f(\/ 22 4+ 4ab)dz, rne a > 0 u b > 0,

0
npegnojaras, UTo MHTeErpan B JEeBOM 4aCTU CXOJIHILLI/[I/[CH

+ o0
4 O6GosHauum [ = f f(a:c + %) dx u NpousBegeM 3aMeHy a4z +£ = t, NpexBapuTENbHO

0
npenctasuB [ B Bume | = [, + I2, roe

(2
a

I, = /f(a:c—i—%)d:c, +/°°f a:c+ dx.
v

0

Ilocne 3ameHBL epeMEHHOU MOy UM

2vab + oo
I—L/f(t) -tV at I——l—/f(t) 14— ) dt
' 2a VE—4ab)  ? 2a Vi _—4ab)
+ oo 2+/ab
+ o0 + o0

_1 tf(t) _1 /o
2Vab 2vab

Ilonaras B uHTerpane \/t*> — 4ab = z, umeem

/f 2 4 4ab)dz. »

+ oo
92. Ecan uHrerpan / f(z) dz cxomurcs, To oasatensHo mu f(z) — 0 npu ¢ — +oo?

a
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+ o0
« He o6asatensho. Paccmorpum, Hanpumep, unrerpan ®pexens I = f sin z° dz. Ipouspens
0
B HEM 3aMeHY 2 = t, noayyum

+o0 1 +00
1 sin t 1 in t it
I=- | Z2dt=L+DL, meh== 2=, L= [ >=d.
2J Vi 2) Vi Vit
+o +0 1
. . int
Hockoabky lim Si/f = 0, to I, cymecrByer. HHurerpan [, cxogutcs no mpusHaky Hupuxie,
t=—+0

x
1 . .
TOCKOMBKY 7 | 0 mpu t — 400, a DYHKUUS T +> fsmtdt = cosl —cosz, 1 € ¢ < +o0,
1
) 1 . 2 0<
orpanuuexa yucaom 2 Vz €11, +oof. Cnemosarensno, I cxopurcs, a dyuxums ¢ +— sinz®, 0 <
z < 400, He UMeeT NpegeNbHOTO 3HAYEHUs PU T — +00.
+co )
PaccMmorpum rakxke [ = f zsin z* dz W npousBedeM B 9TOM MHTerpaje 3ameHy z° = t. Ilpu
0

+coo
o : 1 . . 4
9TOM TMONYUHMM CXOEAIIMNCH MHTerpan [ = 5 f sin t* dt. Bwmecre ¢ TeM dbyHKUMA T ~— T sin T*,

0
+ oo
0 € z < 400, He orpaHUUeHa Npu £ — +oo. CnegoBaTeNbHO, HECOGCTBEHHEIM HHTErpal f f(z)de
a
MOXKET CXOIMTHCA M B cliyuae, korxa GYHKUMSI f He orpaHMY€Ha npu £ — +oo. W
+ o0

93. MokxazaTe, 4ro ecnum MHTerparn /f(z) dr cxomurcs U f — MOHOTOHHas (pyHKuus, TO
a
1
flz)=o0 (—) IpH T — ~+00.
z

< U3 cxopumocru unrerpana cuegyer, 4ro |f(z)| — 0 npu £ — +oo (B NPOTUBHOM ciayuae

MHTEI'pax pacxomguiacs Ovl, Tak xax MYHKUUSI f B CMIYy MOHOTOHHOCTM ROJOKHA ObITH 3HAKOMNOCTO-
x

a
6B HeOTpaHW4YeHHON NMpu ¢ — +o0). Takum o6paszoM |f| — MOHOTOHHO yGHBalon(as QPyHKUHS.
Ilockoasky uHTErpan cxogmurcst, TO s HeTO BHINONHAETCA kpurepui Konim:

AHHOM TIPM BCex JOCTATOYHO GONBIMIMX T, MO3TOMY (PYHKLMS T ff(t) dt‘, a £z < 400, 6602

T2
Ve >03A>a:Vz; > AAVr, > A= /f(:c)d:c < €.

1

DukcupyeM npou3BoaLHOE To > A U PacCMOTPMM Iipu £ > Lo MHTerpal

] JOLD

Tak kak |f| — MoHoToHHO yGrBaromas dyukmms, 1o |f(z)] < |f(zo)| npu z > zo, mosTomMy
If(2)l(z — z0) < /f(t)dt <e.
o

Hockomsxy lim zo|f(z)| = 0, To u3 Mocneguero HepaBeHCcTBa CleRyeT, uto  lim zf(z) =0, . e.
T—4 00 z—40o

1
flxz)y=o0 (;) mpH £ — +oo. P
94. Hajiru npencrasnenue (—dyHxiuu PuMaHa ¢ nMoMousio HecoGCTBEHHOTO WHTErPaa.
< B npumepe 21, ra. 3, noxasauo, 4uto

- ], _1( [ 1 1 ,
' /ledz_— “;T+1+‘2‘X+"'+_'X +C, A#£0.

A [z]
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Ecau A >0, 10 . e
e
Az . 1 1
C()\):/zA+1dx=7111_{r;0<1+§;‘—+...+——), n=[z]. »

1

I/ICCIIGI[OBQTL Ha CXOAUMOCTE HecOGCTBeHHEIE MHTEerpajisl:

2
dz

95. 1= | =,
Inz

0
<« U3 nepasencrsa lnz < £ —1,1 < « < 2, cnegyer HepaseHcrso (In 2)7! > (z~1)"1, osToMy

1
lnt =1 tr-1

2

d
Tax kak lim In = = 400, To nuHTerpan f i~ PACXOEMTCSH, CHCAOBATENBHO, COrTACHA IYHKTY
=140
140

4.5, unrerpan I — pacxogdmuici. p
ki

2
_ [ In(sin z)
96. I “/_—_\/E dz.
+0

<« CpaBHum B npanocmponneﬁ OKPECTHOCTH TOYKM 2 = 0 TORBIHTEI palbHylo bYHKLMIO C
pyHrUMen [ @1 — —M <z < 2, 2 < A < 1, paccMorpes npefen

. In(sin 1 . In(sinz . ctgz
lim ——(~——l :— = lim —(—1——)- = lim ___5___T =
T4 0 T A 240 1. =40 4] a1
z2 (5-X)z "z

1 1
pYRES =
+3 X+2
= Itm

x—+0 (l - A) tgx - 112111-0 (

vaﬂ
o

Y
- N

(tax xak X+ % > 1)
IIpu © — 40 mombIHTETpanbHas MyHKIMA UMEET NOPINOK pocTa Huxke, YeM pyuxuus f. Tax
KaK MHTerpal

™

ki
2 2 p
T
/f(:c)d:c: -~
+0

+0
CXORUTCA, TO, COMIACHO NPU3HAKY CpaBHeHus 3), n. 4.6, unrerpan I cxopawuiica. »
+oo -
97. [ = dz
x?ln9z’
140

« [Ipoussemem B uHTerpalle saMmeHy MepeMeHHoll, nodaras Inz =t. Torma noxyunm

T ey
v 4
I= / ¢ dt
tq

+0 e

IIpencraBum I 8 Buge I = I, + I, rne it

1 + o0
e(1=p)t (1=t
Il = / dt, 12 = / dt.
t9 t9

+0 1
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(1—p)t
Oput— 40 (pymcumx t— i——L 0<tgl, ¢>0, p€R, uMeer ToT ke MOPANOK POCTa,

4TO M QYHKUMA T — t— 0<t<1, anpu g <0 unrerpan I, He aBusierci HecOGCTBEHHEBIM.

CrenopaTenbHO, COrNacHO NpM3HaKy CpaBHeHus 3), . 4.6, unrerpan I, cxomurcs, ecan ¢ < 1,

M pacxogMTcs, ecnu ¢ 2> 1.
e(l—p)t
tq

IIpu t — +o00 PpyHxuMsa t — , 1 €t< 40, p > 1, yboiBaeT OnicTpee M060H GYyHKUMHU

1

Bufa t > -, 1 <t <400, o > 1, Tax kak B ¥TOM Ciiy¥ae Ipu moboM ¢ € R umeem
(1-p)t
. e 1
lim ———: — =0,
t—+ oo 19 e

claenoBarensHO, uHTerpax I, cxomgurcs npu p > 1. Ecau p € 1, o I; pacxopurcs.
Taxum o6pasom, uHrerpan I cxogurca amms Mpu ¢ <1 U p> 1. p

 to

.2

sin® ¢
98.1:\/ de

T
+0
« [Ipencrasasas I 8 Buge [ = I, + I, re
1 + oo
-2 2
sin® z sin® g
L = / dr, L = / dz,
T T
+0 1
. sin? =z
BUAMM, uTO uHTerpan I cymecrByer, mockonsky 3 lim — =0.
z—40
3anucas I, B Bume
+ o0 z T
1 1 —cos 2z 1 . dt cos 2t
I =~ —_—dr = - lim —_ - d
2 x 2 r—+o0 1 t
1 1 1
W TIpHHSAB BO BHuManue, uto  lim f S = lim Inz=+oo, a unrerpan [ -cﬁzf dr cxomurcs 1Mo
=400 1 x—+00 1

npusHaky [upuxne, tenaeM BHIBOL O TOM, YTO UHTerpan [, pacXogurcs.

CaeposarenbsHo, uHTerpan | pacxogaumuics. p
+ o

99,u=/_iﬁ_.
P + z9
+0

« Ilpu p = ¢, oueBupHo, uHTerpan I pacxXomurcs, MOITOMY MCCIENyeM eI0 Npu p # q.
IIycts p < q. Opencrasnsaa [ B sume I = [, + Iz, rme

1 40
hz/_ﬂﬁ bz/_ﬂ_
P + 9 P + g4

+0 1

uccrenyeM uHrerpansl [; u I B 0OTHeIBHOCTH.
u z97°F 0 npu r — +0, 1O IIOI[HHTeI‘paJILHaSI GdyHKUNT B

Hockxoarsky ¥ = i)

I; uMmeer nipu p > 0 TOT >ke MOPAMOK POCTa, YTO M pyHKIMS = — —, 0 <z < 1, p > 0. Ecau
p £ 0, ro unTerpan I cyueciByer.
CunepoBaTensHo, COrilacHO MpHM3HaKy cpaBHeHus 3), I 4.6, 1 B paccMaTpuBaeMoM cilyvae
CXOomuTCs, ecau p < 1, u pacxonurcd, ecan p = 1.
Hccaenyem I, npencraBisis NOABIMTErPaibHy IO (pyHKIMIO B BUTLE
1 1

- = < .
IO = 5y = mag ey 1S

IIpn z — o0 f(z) = O( ) cregoBaTedsHo [> cXomMrtes npu ¢ > 1 u pacxompurcd, ecnu ¢ < 1.
Taxum obpaszom, eciu p < ¢, To I cxogurcs nmpu Bcex p <1 m ¢ > 1.
Ecau p > ¢, To, oueBugHO, HCCITemyeMBIi HHTETpall CXOMUTCS NP BCeX p > 1 n ¢ < 1.
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O6a paccMOTpEeHHBIX ClyYas Nerko oGbeauHAOTC B ofuH: I cxomuresa, ecoim min{p, ¢} < 1,
max{p, ¢} > 1. »
400
00 Pm.(x) o
1 . 1= P_(—) dz, rpe Prn(z) u Pnp(x) — B3aMMHO NpOCTHIe MHOTOUYJEHH CTeNeHel
T
n
40
COOTBETCTBEHHO M M N.
< Ecnu muorounen Pp,(2) uMeeT HeficTBUTEXLHBIE HyIMM T = %; Ha uMHTepsaje ]0, +oo[, To
HHTerpall PACXOMUTCH, COFJIACHO MpM3HakKy 3), m. 4.6, Tak kxak NIPU ¢ — &; IOABIHTETPAaTbHas
dyHxuMs GydeT UMeTh OXMHAKOBBIN NOP:IOK POocTa ¢ pyHKIHeil

1
T — z € S(zi, 8 Azl
(1}—1}{))‘, (t) )) = 4
(smecws S(zi, §) — 6—OKPECTHOCTH TOUKHU ;).
Ecau sxe muorousen P,(x) He uMeeT felicTBMTeNLHEX Hylel Ha unTeppaie |0, +oof, To upu
. P (2)
z — o0 =0
+ P (z) (
4.6, ecru n —~ m > 1, u 6ymer pacxoguTbcg npu n —m < 1. »
UccnenoBars Ha aBCOMOTHYIO M YyCIOBHYIO CXOTMMOCTH CHeNyoUMe MHTer PAIIHL:

1n—m) U uHTerpai | GyfeT CXOMUTLCA COTIACHO NPH3HAKY CPaBHEHUS 2), M.

+ o
sin x
101.1=L/“ de
T

40

4 lpepcrasum [ B Bupe I = I, + I, rae
1 + o0
sinx sin
I, :/ de, I = / de.
z z
40 1
Paccmotpum mpu 0 < 23 < 2 < 1 UHTerpan
X2

1_2/5111de
T

1

ina T H
Tax xak 0 < §T<l mpu r; L < 22,10 0 < < 29— 21, HO9TOMY I — 0 1ipu 1 — 0,
z2 — 0, B cuny yero unrerpan Iy cxogurcs cornacHo xpurepuio Komru.

T
. 1
Hockoasky |F(x)| = |[sintdt| < 2 Vz €]1, +oof, a pynxuna z — =, 1< z < 400, ybrnad,
1
CTPEeMUTCA K Hylo, TO MHTerpas [2 cXomurcs 1o NpusHaky HDupuxie.
B3 cxomumoctu unrerpanos Iy u [y cnemyer, uro uHterpai I CXORUTCS.
W3 nepasencrsa |sin | > sin® x, cnpasemmmsoro Vo € R, pemenns npuMepa 98 m mpustaka
cpaBHeHMs 1), n. 4.6, TpUXogUM K BHIBOAY, YTO MHTerpal

+oo

/ | sin z| iz
T

1

pacXOmUTCs, CleNoBaTelbHO, | — abColOTHO pacXomsamuncs uHTerpant. p
+ oo

. 1
sin {x + —
102.I=./——l——ildx
za
+0

<«lycrs [ =1 + 1+ I+ 149, rre

i 1 too 1 1 . too .1

sin x cos = sin & cos = COS T sin — cos T sin =
[12/—————‘r—d:c,' Ig:/—————’d:c, Ig:/————’dx, I4=/————idx,

+0 ] 1 40 1

1) Takoe mpepncTapleHHe Bo3MOMKHO A TeX SHAUEHMIl TapameTpa (¢, IPHM KOTOPHIX HHTerpan [
CyumecTBYeT.
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1
a 3areM Ipou3sBefeM B MHTerpanax [, u I3 zaMeny == t. Torma moxyuum
+ o0 + o0
.1 . 1
cos tsin n I sin t cos T p
I, = —————t2_a dt, 3 = _-———t2_a t,
1 1

M3 4eTo caenpyer, uro uHrerpanst Iy, Iy n I, I; ognorunuer. [losToMy moCTaTOMHO MCCIEROBATH
uHrerpaas Iz U [ ¥ pesyapraT MCCIeROBaHMN aBTOMATUYECKM NMepPeHeCTH Ha MHTerpaasl [1 u Is.

. 1
Nlockonexky Lm cos — =1, to Jzg > 1:
T—+ 00 x

1 cos i 1

Yo >« = l<cosl<l ——
0 2 T b 2@ T z*

1
TIOPTOMY %“- |0mpu ¢ — 400 u o > 0.

Dyukuug = — sinz, 1 € £ < 400, UMeeT OTpaHMUEHHYIO NepBoo6GpasHyio Yz € [1, +oof.
Taxum o6pasoM, npu « > 0 uHTerpan [, cxogutcs no npusHaky dupuxie.

IlokasxxeMm, uto I pacxomurca npu « £ 0. Hycre sagaHo npoussoasHoe 0 < ¢ < 1. ITonoxkum

1 1
B = —a u BosbMeM Takoe n € N, 4TOOBl BHIIONHAJIOCH HEPABEHCTBO cos- > o mpu r > 2nw.
(2nt1)m
: 1
IIpuMeHss mepByIO TEOPEMY O CPEIHEM K UHTET pally f 27 sin z cos - dz, MoMyYnM HEPABEHCTBO

2nm
(2n+1)w

. 1
2” sin z cos 1 de{ = 2¢E cos E— > fs 21, 27w <& <20+ m,
T

n
2nmw

M3 KOTOpOro, cornacHo kpurepuio Komiu, cnegyer pacxogumocts uHTerpana I, npu a < 0, no-
CcKOIMBKY Vzo > 1 dn € N takoe, yro 2n7 > z9. Cnemosarensho, I cxommrcs muuis mpu « > 0.
W3 nmposenennbix BHIIE paccyKIeHUN clIemyer, YTO [3 CXOZMTCA nMiib npu 2 — o > 0, T. e. Npu
o < 2.
Taxum o6pasom, uurerpaist [» u I3 omHOBpeMeHHO cXomarca, eciuu 0 < @< 2.
sm —

by
Hccnenyem nnrerpan [4 ¢ HOMOMBIO NPU3HAKA ]Inpnane. Tak kak 0 < za < Zot

NpU BCex

x
z>1 ao+1>0, a hyHrUMs ¢ — fcostdt, 1 € z < +00, orpaHuyeHa, To [y CXOOUTCA NPU
1

a+1>0,T1 e mpu o« > —1. CnegosarensHo, I, cxogurca npu « < 3, a 06a MHTErpala CXORATCS
oXHOBpeMeHHO npH —1 < & < 3. Taxk xax ] — 1, 3[N]0, 2[=]0, 2[, To unrerpan I cxomurcd Hpu
0<a<?2.

Hccmenyem unTerpan Iz Ha abconmoOTHY O CXOAMMOCTE. V3 HepaBeHCTB

1—cos2r _ sin’z Isinz cosil < 1
4ge T 2zc T = g’

BHITTOTHSIOMMXCA NP BCeX JOCTATOYHO 6oapmnx z > 1, ciemyer, uro I, cxomurcs abCOMOTHO Mpu

a>1, anpu o £ 1 a6conTHO PACXOAUTCH.

CaenosarensHo, [z aGcomorHo cxommTes, ecim 2 —« > 1, . e. npu a < 1. Ilockonsky
MmHOoxectBa {0 €ER: v > 1} u {o €R: o < 1} He nepecexatorcs, To uHrerpansl I u I3 He Moryr
OTHOBPEMEeHHO abCOMOTHO CXOMMTHCA HM NIpu KakuX o6muX 3ua'eHusx « € R. Ilostomy unrerpan
I a6contoTHO pacxomMTca. P

+oo

103. 1 = / 2? cos(e”) dz.

0
« ITonaras B uHTerpane e = t, monyuaem

+o0 . -
In?¢ St
I=/ nt cos tdt.

1
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IIpumeHuB BTOPOE NpaBuao JlonuTanst, HAaXOTUM
In? . Int 1
lim — =2 lim — =2 lim -=0
t—+o00 t—4oo t—+4oo t

- In?¢
Caemosarensno, —— | 0 npu t — o0

[Mockonexy byHxUMS T +> fcostdt =sinz—sinl, 1 < z < +00, orpaHMYeHa, TO, COI'IACHO

1
unpusHaky Hupuxme, P[HTeI‘paJI 1 cxonm'cx

W3 HepasencrBa I—]cos t =
rpan

YTO MHTE-

too 2

Il_/ln beos? tdt = = /ln ta l/1——-—tcos2tdt
2 t
1

+ o0 x
PACXOOUTCA, TaK Kak f "t gt = lim fln2 td(Int) = lim Zl;lns z = 400, a MHTerpan
r—+o0 1 T—+ o0

+ o0 )
t
/ IE—COStht
t
1

CXORMTCs 110 NpusHaky Hupuxae. p
Halitu cnegyrounine npenems:

1
104. lim [t
.z;—>+01_

t2

1
<« [Ipumenus nepsyio TeopeMy o cpenneM x unterpany I{z) = f 2t dt, monyuum
x

[(:c)~c05§'(———1) r<€<].

Tlycrs LE]O, T

[ rge € > 0 — Npou3BoJibHOE, Hallepef 3afganHoe.’ Torga cosE(- - 1) > -——5‘,
cnegoBarensto, I(z) — oo npu ¢ — +0.

IIpumenus Bropoe npasuno Jlomurans, umeem

. (= . I'(z . =aE
I ( )= limm —()—2 lim ’12 =1. »
g—-t0 270 a0 (271 smd0 ——
x
oo _,
€
J . D
105. lim I . . T .
*—+0  In = . L
x
oo _
« Ilpu x06om « > 0 unrerpan f — dt CXOMMTICS COrnacHo mpusHaky Humpuxie. I'Io:n:oMy

det

f —dt-(' C =const, u lim -2

S
———— = 0. CnegosaTensHo,
“ x40 III =
T
too ot ¢ -t
[ 5t J 55t
lim = lim

1
z—40 In i z—+0 In -
T T
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FR—
Us nepaBencrea I(z) = /—et—dt

“*(na —Inz) cuenyer, uro hm I(z) = 400, mosromy,

—+0
x
cornacHo Bropomy npaBuiy Jlonurans, moxydaem
. (= . I'(x . ==
lim (1) = lm (1), = lim — =1 »
z—+0 In P (ln ;) o0 ——
x
. dt
106. Joxasars, yro mpu z > 0 3liz =v. p. e
n
40
T L
o Tlpy n10681x 0 < <1 u 0 < e <1 cymecTByloT UHTerpaiasl [ = = I, = Y
m 1+e¢
liz = lim / / , 1I<zg2
kO lnt Int

£ b0 ) 1+e

IIpu 0 < © < 2 cnpaBedIMBO pa3JoXeHUE ﬁ = lel + % + O(z — 1), mosromy

. . lw—e ¢ 1—¢ e x t

liz = lim (1n|t—11| + 5| owe- v we -+ 57+ oe-n )Jm)
u—+0 “ I 1+ 14e¢
e—40

:111(:1:—-1)-}-%—{—0((:::—1)2), 0<z g2
Ecan z > 2, To nonyuum

liz=v. p. — +0(1
12=N- P lnt /lnt lnt / +0(1). »
0

+ o0
. dx
107. Haitmu v. p./ prep e
0
4 KBapgparHeri TpexdieH y = — 3z + 2 MMeer HelCTBUTENBHEIE HYIU 1 = 1 U Zp = 2|
CIeROoBATENBHO,
+ o0 3 +o0
dz v dz n dz
V. p. ————— = V. p. =
P 2 —~3r+2 P 22 — 3z 42 22 -3z 42
0 0 3
. -2 — 2|k —2|P , t—2[*
= lim lnx +lnx +lnx + lim In =
e—40 z—1 1+e r—1 244 Tt 00 t—1 3
u—+0
1 -2 1
=-—In24+ lim In +6+l 1+H + lim InZ =Iln=. »
b0 1 - z—too T — 1 2
u—t0

YmpaskHeHNs A CAMOCTOATENBHON PAaGOTH

Brruncnnty caepyomue unrerpans:
+oo 1 \ b

67. dz_ 68, — <4 g9. N u— T} —rdr.
! 142 -—fl (a—z)y/1—22 —fl (z24+1)/1—22 { b—x

1
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+ oo + o0
71. fe"‘”cosb:cd:c a>0. T72. f e ““sinbrdr, a>0. 73.
0
+ o0
f (a$2+2b1+6)", ac—b>0. 75. [ e **sin®"zdz, a > 0.
0
kid

P)
76. a) I, = flnsinxdx; 6) I =f]ncosxdx.
) 0

0
HccaegoBars Ha cxonnMocn cleyioliMe UHTer paisl:
1

400

!

dzx

(a2+12)"‘

,n €N,

311

40 +o0 m .
xdr dx z¥(xz42 .
77. f m 78. f —1‘—+—~ 79. b[ex—_cg;. 80. f Jz?rldx 81. bflIlSlIlﬂ')dl‘.
0 0

22 sin? x

1r A + oo " +00
82. [ 2222 gy, 83, f Ty 84 [ 2%e ™ de. 85, [ g
0 0

oo 1\ d
86. f S1n (IL‘ + ;) 7
0
HoxazaTs HepaBeHCTBa

+
cos ax i 2
87. -2 < f SEdr<(.88.0< [ e de< o7
2
1 20 , 1
89. 19<f1+$40dx<—+§ 19<f1+$4° t< 5+

+oo n
91. 0< [ e de<i n>1.92.1-+
1

o%%‘

e"’nd:c<l+%,n

_.(,2

:12-) dx.

>1.

1
93. JloxasaTs, uTo lim fn2 "1 —z)de # f hm n’z" 1 —z) de.
0

=00

.

94. [Joxasars, 4TO €CIu UHTErpax

o\'g*‘

+ o0 + oo
lim f f(z)|sinz|de = 2 f flz)de.
n—oo o ™ o
95. Jokasars paBeHCTBO
%—o §~o

+f0 \/‘:;_x= Of Vigrde = F

f(z)dz abcomorHo cxomMTCA, TO

+ oo
~ . 1
96. [okasark, YTO HecoGCTBEHHBIM MHTELPAX f sin? (7r (x + ;)) dz pacxomgurcs.
0

Hauru: -
+ o0 2m d
97. v. pfm, 0<a<b 98.v.p. [ 1‘_123. 99, v. p.fl_zczsm npu a > 1.
0 0
6 5. DYHKUMH OrpaHHYEHHOM BapHalUH
Onpenenenne 1. IHycms f : [a, 5] — R, I — npoussoavuoe pasbuenue cezmenma [d, b],

n—1
Afi= flzig1) — f(=:0), Va(f; e, by = > |Af]. Qucao Vi(f; a, b) nasvisaemces sapuayuets ynx-

=0

yuu f no pasbuenuw II, @ wucao V(f; a, b) = sup{Vu(f; a, b)}, 20e mounas sepruas zpanv Ge-
{m}

pemes no ecem so3moxuvin pasbuenusm I1 ceemenma [a, b], nasvisaemcs noanoti eapuayued

Pynxyuu f wa ceemenme [a, b].

Ecmn V(f; a, b) < 0o, To roopsr, uro f — QyHKUUs 02paHudeHnOti sapuUayuy.
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Onpenenenue 2. [Tycmo f : [a, )] — R™, T — npoussoavhoe pasbuenue ceemenma [a, b],
n—1

Af; = f(zi1) — fz:), V(f; 0, b) = 5 |AL, 2de | -| — eexaudosa nopma 6 npocmpancmee R™

Huecano V(f; a, b) = sup{Va(f; a, b)}, 2de mounas sepanas epany Gepemcs no 6cem 603MOMNBIM
{m}

pazbuenusm cezmenma [a, b], nasvisaemca noanoti sapuavued sexmop—yrxyuu f na ceamenme

[a, B].

Ecau V(f; a, b) < 00, To roBopar, \uro BexTop-dynkius f — dynxuus ozpanuvennotd sapua-

yuu, .
Teopema 1. IHycmo T : [a, b] — R™. [Jaa mozeo umobui sexmop—pynxyus ¥ boira gynxyued

ozpanuuennoll sapuayuu na [a, b], neobrodumo u Jocmamouro, WMobv: KaKdaAs €€ KOMNONEHMA

fi, J =1, m, umena 02panuNernylo 6aPUAYLUI0 Ha IMOM CESMENTNE.

Teopema 2. Ecau f :[a, b] = R, g : [a, b)] = R — Pynxyuu oepanuuennod sapuayuy Ha
[a,b], mo f+yg u fg maxwme Pynxyuu oepapruvennod 6apUAUUY Ha [a, U].

Cuencreme. Ecau ¢ynxuyuu f u g monomonno eozpacmaom Ha (a, b], mo f — ¢ ecmw
Pynryus ozpanuvennod sapuayuu Ha [a) b3

Teopema 8. Iycmo f:[a, )] = R™ — sexmop-dynryua ozpanusennot sapuayuu. Tozda:

DN VEay)=V([E e )+ V{2, y), ecrua <z <y < by

2) gynxyusa Vi 1 o — V(f a, &) nenpepuiena na (¢, b), ecau £ € Cla, b].

Teopema 4. Iycmv f : [a b] — R — @ynxyus ozpanuuennoii sapuayuu na [a, b]. Tozda
cywecmeyrom maxue veybmsawwue pynvyue p: [, b)) — R, ¢ :{a, b] — R, umo p(a) = q(a) =0
u Yz € (g, b] svinoanawmes pasencmea

f(z) = f(a) = p(z) — ¢(=), (1)
V(5 us ) = pe) +q(2). (2)
DYHKUMY p M ¢ COOTBETCTBEHHO HABBIBAIOT (YHKUUAMU NOLONUMEALHOU H OmMpPuyamenbrol
sapuayud dynkuuu f.
108. Ha npumepe dyuxmm f: [0, 2] — B, rje

in T ;
(x) = esin -, ecmn <z £ 32,
0, ecnu x = 0,

y6eOguThCsI B TOM, UTO HENMpPEpPHIBHAS Ha cerMenTe (hyHKIUs He 0653aTelbHo WMeeT orpaHHieHHYIO
BapHalMIo.

o Dynxius f HeupepnisHa B 06.TIaCTV[ ONpeneneHs.

Ilycrs I = { , ;712?, Tf_—s’ ce i, I } — pasbuenne cermenra [0, 2]. Torga monHas papu-
au“"VH(f’Oz)—m*‘(znz_z 2n])+ +(2+§)>1+2+3+"'+E“C+ln"+€"’

€n — 0 mpu n — oo, C HocTosHHas Jitnepa. Cueposatensuo, Vii(f; 0, 2) — +oo mpu n — oo
n muoxkecrBo {Vi(f; 0, 2)} He orpanuteHo ceepxy. P

109 Hanrn (QOYHKIUMY TOTOKUTETLHON, OTPULIATENbHOI U TONHON Bapuauui GyHKIMH f :
z — 3z° — 2¢° , —2< v <2

| HanneM cuavana dyHxkwno ¢ — V(f; -2, ¢), =2 € z < 2, UpUHsB BO BHUMaHme, HTo
fecWi-2, 2. ‘

IIycre 11 — npoussonsHoe pasbuetne cermenta [—2, 2], —2 < z £ 2. Torpa

n—1 n-—1

Va(f; =2, 2) = Z [f(zig1) = f(zi)| = Zlfl(fi” Azi, i <& <zipr

1=0 1=0
(o dopmyne xoHeUHBIX npnpam,e}mii JMarpanmxa).
Cnegosatensto, Vi (f; —2, ) = Su(|f']), rae Su(|f']) — HexoTopas uHTerpaibHas CyMmMMma
dyukuun t— | ()], —2 < t £ z, B CHAY Yero HoldyvyaeMm
. — [ F(t)ydt = —f(z) + 28, ecmn —2< 2 <0,
= 2
Lt 0 x
V(f; -2, x) :/If’(t)ldt ={ = [ f'®)dt+ [ f(t)dt = f(z) + 28, ecin 0 < z <1,
-2 0

0

— [ fl(t)ydt + flf’(t) dt — ff’(t)dt =30~ f(x), ecnu1 <o £ 2.
—2 0 1
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Coraacuo dopmynam (1) u (2), umeem

v ) 0, ecan ~2<z<0,
])(1;) = (f’ _2’ 13) .‘I;f(z) - f(— ) B f(l)), eciau 0 < xr < 1,
1, ecmnl <z <2
—f(z)+28, eciu —2< <0,
g(z) = V(£ =2 %) —zf(z) +f(=2) = 28, eciu0 <z <1, >

—f{z)+29, ecimli <z 2.

110. Tycrs f: [a, b] — R — Qyuxuus orpauuvenioit Bapuayuy Ha [a, b], p u ¢ — dynxuuu
TIOJIOXKUTEIBHOH U OTpHLaTeIbHON BapUauyi dyHxkuus f,a p1 ¥ q1 — BO3PacTalol{He Ha CETMEHTe
[a, D] doynxkuun u f = p; — q;. HJoxasats, uro

V(pia, b)) < V(ps e, b), V(g e, b) < V(g a,b).
« Cornacio Teopeme 4, GyHKUMM p ¥ ¢ He Y6LIBAIOT Ha cermenre [a, b] u p(z) 2 0, ¢(z) > 0
Ve €la, b, Tax xak p(a) = ¢(a) = 0.
W3 dopmyas (2) caenyer, uto Yz € [a, U
p(x)y=V(fia, )= ¢(z) 20, q(z)=V(f;a,z)—p(z) 20
ClleOBaTelbHO, ClipaBeLIMBE HEPABEHCTRA
g(z) SV{f;a,2), plz)<V(fia,1), agegh (1)
Hockoabky f =p1 — q1, 1O ’
V(fia, z)=V(p1—q;a ), agz<gb
Paccmorpum npu npoussoasxom paséuenuu Il cermenta [a, b] Bapuayuio

n—1

ValFi o, 8) = Virlps = 155 @, 8) = 3 |(pa(zet1) = pa(20)) = (13 (zi4) ~ a(ei))] <

1=0

Z|P1(z'+1) — pi(2:)| < Vaa(py; o, B).

=0
Torpa V{(f; a, b) € V(p1; a, b). Anamoruuno, V(f; a, b) < V(q1; e, b). s MonoTOHHOCTH (pymgz .
WM p M ¢, a TaKke U3 Toro, urto p(a) = ¢(a) = 0, noayuaem, uro
Vip; a, b) =p(b), V(g a, b)=q(b).
Torga us HepaBeHcTs (1) clefyOT HepaBeHCTBa

V(p; a, b) = p(d) < V(f; a, b) < V(p1; a, ), V(g a, b)=q(d) <V(f; a, b) <V(q;a,b).»

T

111. Oycrs g € Rla, b), f(z) = /g(t) dt, gt (t) = max{g(t), 0}, ¢™(t) = min{g(t), 0}.

a
Hoxasats, uto f — GyHKUMs orpanudeHHol Bapuauuu Ha [a, b] u uTo ee GpynxuMH BapUaLUK
3aJaloTCs PaBEHCTBAMU

V(f; a, 7) = / WO, p(e) = / S, a(s) = / o () dt.

a a

« [Iycts II — npousponshoe pasbuenue cermenta [a, z], ¢ < z £ b. Torma, coriacho onpe-
Oe/leHUIO BapHalMy, OIY YHM

n—1 Tit1 n—1
Vu(f; a, x)zZ / g(t)dt =§:|m|Az,‘,
1=0

=0
T



314 Tn. 4. OnpepesteHHHIN HHTETpDAX

me  if {g)} <m < sup {o()).

it z, Lt<Ti4

CrenoBatenso, [|g|dt < V(f; ¢, z) < [|gldt, a Tak xax g € R[a, b), To u |g] € R[a, b], B

= ~
cuiy vero V(f; a, z) = f [g(t)| dt. Ilo Teopeme 4 umeem

T

p() - q(z) = / gty dt, p(z)+a(e) = / lo(t)] dt.

a

CrenosaTenbHO,
. z T - T z
1 1 ~
) =3 [a1 +smaie= [0t o) =1 [ama - a= [0 ar »
ot
112. Oycrs f: [a, ] — R — dyuxuus orpaHMuyeHHO#l BapHaluM Ha cermente [a, 8], a

dynxuus F : [a, b] — R ypnosaersopsier ycnosuio Junuuua Ha cermente [a, b], npuvem [a, b] D
f([a, B]). Hoxasats, uto xommosunus F o f ecth dyHxuMs OrpaHMYEHHON BapHALMM HA CerMeHTe
o, :3] :

<4 @yuxyus F ynopnersopsger yciaouio JIummuia Ha cermente [a, b, eciiu cymecTByeT Takoe
uucio L = const, yto Vz1, 22 € [0, b] = (F(z1) — F(22)| < L|z1 — 2|

Iycre II — mpoussonruoe pasbuenue cermenra |«, 3]. Torpa nonyuum

n—1 n—1
Va(Fo f o, B) = D |F(f(t:2)) = F(FUNI S LY If (tias) = F(t)] = LVa(f; @ ).
=0 =0
M3 monyyeHHOro HEpaBEHCTBA CJAeRyeT, YTO KOMUO3UIKA £ 0 f MMeeT OrpaHHYEHHYIO BapHaUIO
Ha cerMenre (o, 3]. »

YupaskHeHHa JAd CAMOCTOATEIbHON PaboTh

100. Hycrs f : [a, d] — R — dpyHxuus orpanuvexHoil sapuaguu Ha cermente [a, b], a ¢ :
(@, B] - R — monotonHas dpyuxunsd U [a, b] O ¢([e, 8]). Hoxasars, uto xommosuumus f o ¢

ABIAETC (byHKLUE OrpaHMUeHHO] Bapuauy Ha cermente [a, 8.
x

101. JloxazaTe, uTO TMomuas BapuauMsa dyHkuuu F @z — ff(t) dt, a <z <b, f € Rla, }],

a
pPaBHa

J1fB)lde.

102. [Joxasath, uTo eciu QpyHxuus ¢ — f{2), ¢ < z < b, UMeeT OrpaHHIEHHYIO BaPHALMIO Ha
cermenTe [a, b] u |f(z)] > € > 0 Vz € [a, b], TO dyHrnua = > a £ ¢ £ b, Takxke sABITETCA
byHKUHMEH OrpaHHIEHHON BapHALIMY Ha 9TOM CerMelTe.

103. Beruucauts: a) V(sinz; 0, 27); 6) V(cosz; 0, 27).

104. Beruucaurs hYHXUHMM MONOKUTENLHOM, OTPUIUATENBHON M NOIHOH BapuauMil dyHKuUMHU
zr—{z]-z,0< 22

i)’

§ 6. IlpunosxeHue onpemeeHHOr0 MHTErpaJjia K
pelleHMIO 3ajJa4 reoMeTpHUU

6.1. [{nuHa Ayru cuUpaAMIsLIeMOM KPUBOM.

Onpenenenne 1. [Tymen s R™ 6ydem nazvieams nenpepoisroe omobpanenue T : [a, b] —
R™, [a, 8] C R.
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Onpenenenne 2. Ecau nenpepuisnoe omobpamenue ¥ : [a, b] — R™ 6buexmueno, mo nyms
bydem nazvisame dyzol.

Onpepenenne 3. Cnedom dyeu f: [a, b] — R™ uau xpusott ¥ naavisaemcs obpas cezmexma
[@, b] npu omobpamenuu f:

Ty={y €ER™:y; =fi(z), a <z <b, j=1, m}.

Onpenenenne 4. [Tycms f — dyza 6 npocmpancmee R™. Ecau £(a) = £(b) u £(x1) # f(z2)
Onst mobotl NAPL! PAIAUNHLIZ MoNeX T1 U Ty u3 uMmepeara |a, b[, mo xpueas v naaviszemcs
npocmott samxuymoti xpusot.

Omnpenenenne 5. Kpusas v cnpamazema, ecau eexmop—pyrxyus f umeem ozpanuuemey;o
sapuayuo va ceemenmne [a, b], a daunoil xpusod v Hydem nazvisams noanyo sapuayuw V(f; a, b).

Teopema. Ecau sexmop—dynxyus £ : [a,b) — R™ wnenpepviena na cezmenme [a, b), mo
KPUGAR ¥ CNPAMAREMA, a4 ee Oauna | morem Evimv evivuciena no gopmyare

b \
I=/|f’(z)|dz, : (1)

2de [f'(2)] = \/f2(z) + f2(2) + ... + fiA(a).

Paccmorpum wacTusiit cayyvait TeOpthI Korga m = 2, a KpUBas ¥ 3amaHa r[apame'rpw-lemuuu

ypasHenusaMu ¢ = o(t), y = ¢(t), o < t < f. Torna |f'(t)| = /% (t) + ¢¥"%(t) u dopmyaa (1)

NIpUHUMaeT BUJ
g .
I = / Ve () + 92 (1) dt. @)

Jdas cnyvas m = 3, xorga Kpupas v sajjaHa IlapaMeTPHYECKMMH ypaBHeHuaMu = = (1),
= ¥(t), z = x(t), @ <t < 3, 1IpH BHIMOIHEHHH BCEX YCIOBHI TeOpeMBl HUMEEM

B8
= / VRO 1920 T xR0 . ®

B uactiom ciyuae, xorma xpusas Y B R’ npencrabiena B Bume fi(z) = z, fz(z)

fz),,
<z < b, rae f:[a, )] = R, f&CWa, b), dopmyna (2) npunumaer sug Lo

b

I=/ 1+ f2(z)dz. : V, (4).

a

Eciau xe xpupast v 8B R? sagaHa B MOAApHOM CHCTeMe KOOPJMHAT, T. €. [APAMETPHYECKHMHU
YPaBHEHUSIMU .

r=p(p)cosp, y=p(p)sing, wo<p<er, p:leo, p1]=RY, peWlpo, ¢,

P L

To (hopMyia (2) MpUHUMaeT BUJI L
®2
l= / VP2 () + p7(p) de. (5)
@1

B uacTHoM cnyuae, xorma KpHBas B IONAPHOH CHCTeMe KOOpIMHAT 3ajlaHa B Buae ¢ = ¢(p),
p1 € p € p2, To B MHTerpade (5) caexyer IPOM3BECTH 3aMeHy llepeMeHHOIL.. [locile 3aMeHBI TOIy YHM
ciaegyouyno GopMyay:

=/\/1+(/o<p’(/o))2 dp. | (6)
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6.2. Brruncaenue mnomages mwiockux Quryp.

Onpenenenne 1. Kpusoauweiinoli mpaneyueii nazsisaemesa naockas gueypa ¢, oeparu-
vennan cnusy ceamenmon [a, b] ocu Oz, ceepry — 2paduxom HenpepvisHot HEOMPUUATMEALHOT
dynxyuu f: [u, b] = R, c boxos — ompesnvamu npamviz z =a u ¢ =b (puc. 62).

Teopema 1. Kpusonunetinas mpaneyus — xsadpupyemas pueypa, ¢ ee naowadsv P evivucas-
emcs no gopmyae

b
P:/f(z)dx. (1)

b

Ecau neupepmiduas dyuxuus f : [¢, b] — R Mensier snax Ha [a, b], TO j f(z)dz paBen anre-

a
6pauveckoil cyMMe ILTomanel KpUBOIMHEHHBIX Tpalleyuil, pacloloKeHHBIX Haj ocblo Oz U mop
Helf.

Ecau mnockas purypa ¢ orpannuena cuusy rpaduxoM HenpepelBHoOH dynkuuu f1: [¢, b] — R,
cBepxy -— rpachuxom HenpepriBHoll (hynkiuu f : [a, b] — R, ¢ 6oxos — oTpeskaMu NpAMBIX £ = d
n z =% (puc. 63), To ee nuomaEb MOKHO BEMHCIMTE 110 dopMyIe

b

P :/(fg(w) ~ fi(z)) d. (2)

a

Puc. 63

OnpeneneHue 2. Kpusoaunelinvim CEXTMOPOM HAIBIGAOM NAOCKY PUIYPY, 02ZPAHUNENRYID
JBYMA AYNAMU, COCTNABAANOUUMYU ¢ NOAAPHOLE 0CLI0 Yeavi ¢ = a, ¢ = [, u HenpepuisHOl KPUs ol
v, 3adannoli ypasnernuem p = plp), p 20, a < p L f.

Teopema 2. Kpusoauneinbvidi cexmop — xsadpupyemas naockaes Queypa, naowdads P rxomo-
Poli MONHO SLIUUCAUMD NO PopMyne

P= %/pz(ga) de. (3)

Iycrs ® — omnocessHas o6nacTs B R? | orpannueHnas riafkoil 3aMKHYTON KPUBOIL v, 3amaH-
HO TapaMeTpHuecKuMu ypaBHeHusMU z = z(t), y = y(t), to < t £ t, (xpuBas ¥ Ha3EIBAETCH
2aadxoti, e B XaKmoll Touke t cermenta [to, t1] DyHKUHH T N y HempepblBHo mUDhEPEeHIMPY-
emur u 2 (t) 4y (t) # 0).

IIpenmonoskum, uto ¢ — BBIIyKIas opHeHTHPOBaHHas IIKoCKas QUTYpPa, o6XOL I'PaHUIbI KOTo-
POii CoBepUIaeTCs NPOTUB XoJla YaCOBOM CTPENKHU IPM u3MeHeHUH apaMerpa t ot to go ty. Torma
mromanet P ¢urypst ¢ mMoskeT GBITL BRrUMCIEHA 11O M0G0 U3 CILERAYIOMUX POPMY:

t1

pP= ——/y(t)x'(t)dt, (4)

P / £(0)y'(1)dt, 5)

to
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t1

P=2 / (2(t)y'(t) — y(D)=' () dt. (6)

to

Ecau dpurypa @ He BBITyKJa, HO €€ MOMKHO C NMOMOWLIO NPsSMBIX, Mapaiieabiuix ocu Oy, pas-
6UTL Ha BRITYXJBLE UACTH, To X KasKJOH Takol HacTH npuMeHUMH (opmyisl {(4)—(6). Crragnisas
MOJIyYeHHBIe Pe3yIBETAThl, ONATEH IpUEeM X dopMyiaM (4)—(6), CIpaBefIUBLIM LIS BLIMUCIEHHS
nlouwanu Bcer Gburypei P.

6.3. Briumnciaenue o6peM0B TEJ.

Onpepneaenue. [Iyems f:fa, b > R, f € Cla, b]. Teao T, obpazosanroe spawenuesn 60xpyz
ocu O xpusoauneiinot mpaneyuu ¢, o2panuuennoti epaduxom pynkyuu f, ompeaxamny npImvic
t=ua, =0 u cezsmenmon [a, b] ocu Oz, 6ydem nasvicamsb MeroOM 6PAWERUS.

Teopema 1. Teno spumienun T rybupyemo u e2o 0bvem mModHno svuciume no gopmyane

V= 7r/bf2(x)dx. (1)

Paccmotpum teno T, comepokameecd MKy NIOCKOCTAME & = ¢ U ¢ = b. TIpefnomoxuM, uro
Bosikoe cedeHie $(x) Texa T MIOCKOCTBIO, MepneHTHKYIIpHON k ocd Oz B Touke z € [a, b], ecTh
KBafgpUpyeMas Iockas (GUIYPa, MICMARL KoTopoi P(x) HaMm HU3BeCTHa.

Teopema 2. Ecau meao T wybupyemo, a ¢yuxyus Pz — P(z), a < ¢ < b, unmezpupyema

a [a, b], mo o6vem V mena T moxno evivucaums no opmyae

b

V:/P(;L‘)dz. (2)

a

Haitry maitHet myr KpHBLIX 7, JamanbBIX B IpocTpancTse R :
113, v={(z, y) € R* : y® =29z, 0 < = < zo, p > 0}

« Hpan{nM dropmyny (4) n. 6.1, MpuUHsIB BO BHMUMAaHWE CUMMETPHIO MHOXKECTBA TOUYEK
{M(z, y) € R’ :0 < o < zo, y° = 2pz} oTHocHTeRBHO ocu Ou:

0 () s
:‘2/1/1+j—;d /”’+ VEP /\/p-}- 2x)%lx/2x)=2/ P+ dt =
0
/To + /10 + &
(tVp+t2+p ln(t+\/p+t2)) =”1/$o (zo+‘§) +pln—0————\/E—ﬁ—~2—‘ >
2

2
114. 7:{(1:,y)€R2:x:—yZ—%lny, Igyge}.

<« B xauecrse nepemeHHoii uHTerpupoBanns BossmeM y. Popmyna (4), m. 6.1, MpuHUMaeT BUX

l:jmrly:/

CliemoBaTennho,

e

e

1 2
/ -1'+Lll dy = lny+y—
Y 2 2 |

1

| =

]

1
=0+ e’). »

115. v ={(z, y) EREI,L‘:(Z(Sht——t), y=ua(cht—1), 0 <t < TY.
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<« Bocronsayemcs dopmyaoit (2), m. 6.1, nomyuum
z'(t) =a(cht~1), ¢'(t)=asht,
2?(t) + (1) = a®(sh®t 4 ch®t — 2cht + 1) = 2a°(ch’t — cht) =
= 2achi(cht ~ 1) = dach tsh? £ = aa?sh? L (2ch?2 —1).

CurepoBaTennHo,
T T
= tofoen2t Zqar= 22 ,/( 1)2_ ( E)_
I_2a/sh2 2ch? 7 ldt_\/i/ «/ich2 1d «/ich2 =
0 o]
T
=+/2a (\/Ech-;—\/cht—ln(ﬁch%-}-\/cht))l =
g
2ch L +Veh T
—a Z(ChZ\/chT—l)—\/iln\/—C 2 TV ) e
2 _ V2 +1

116. v = = _r < T
¥ p 1+cow,|sa|\2
« [lnuny xpuBojii BEIMMCIMM ¢ oMombio dopmyan {5), m. 6.1. Hmeem
i N_ _psng
p (SO) - (1 +COS§0)2’
(o) + 0 (o) = P’ pPsinfe 2t p
(14 cosg)? * (14+cosp)t ~ (1+cosp)®  4cos® L’
™ ko kg ™
2 2 p ) r p
p de @ dt t
== =2 =2 —_—— =
2 / cos3 ¥ /cos3 £ p/ cosit P cos t(1 —sin’ 1)
™ 0 0
L L
V2 V2
dz n 22 dz _
122 (1 —22)?
0 0

1

L1\
4+ — ] =

ﬁ)

0

ry
_ d(sin t)
- 2p/ Q1 — sin? t)?
o
1
2p(1m;i§

=p(vV2+In(1+v2)). »

1
=3 p
<« [Ina BEIMMCIEHUS NIMHE! KPHBOM v BocHoabayeMcs dopmyioi (6), m. 6.1, momyuum
3
1

2
p—+%lnp>

Joe (5-120)

3

= [T - [ (24

118. [oxasats, wro mmuna smannca v = {z = a cos?, y = bsint, 0 < t < 27} papHa juHe
. .z
OHOM BOJHBI CUHYCOMABI Yy = {y =csin—, 0<z < 27rb}, rue ¢ = \/a? — b2.

1

2p

1
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<« OGo3HauyuB FAMHEL JIMIICA M OTHON BOJHBI CUHYCOMIBEI COOTBETCTBEHHO uepes | # [,
Oy UMM

2

27
L =/ x’2(t)-+-y’2(t)dt=/\/<;2si112t-+-b2 cos? tdt,
0 0 .

27nb 2nh
l, = ” c? 2 z d
> = 14 y2(z)dz = 1+b—2cos 3 4=
) 0
/\/b2 —112)cos2 /\/a2coszt+b2sm tdt

,: -
(B MHTerpale npoUsBeneHa 3aMeHa % =1t). '

Hockonbky dyHxuuu t — sin®t, ¢ — cos’t, t € R, mepuomuueckue, ¢ mepuogom T = 7, To,
coriacHo pumMepy 51, umeem

ko ko

kg
L = 2/\/a2sinzt+b2 cos2tdt=2/\/a2sm2t+b2 cos2tdt=4/\/a2sin2t+b2cos2.¢dt.

0

2

AHanoruyHo uMeeM
kg

l> :4/\/a2coszt+b25in2tdt.

kg
‘3JaMeHds B MOCefHeM HHTerpalle NepeMenHyIo 1o dopMylle = — t = z, MoJly4aeM
P 3 )

ko

12:/\/azsin2z+b2cos2zdz=h. »

Bmlmc TII/[TB TLIOMATM NMIOCKUX PUIYp, OrpAHUYEHHBIX TpahUKaMH cllenyolux GyHKIuu:

.

119. b2 =1, |z} £

< Hnocxaﬂ durypa sSBIgeTCA 2IIMNCOM C MOJYOCSsMHM £ = ¢ U 7 = b. Hcmonarsys cuMmMerpuio
TO4€EK BIIUIICA OTHOCUTENBHO Oceil KOOpAMHAT, BEIMMCINM TLiomanb P; ero uetseproi vactu. Co-
raacxo popmyne (1), n. 6.2, moayunm

kis
@ 5 ) _2_ . )
P1=b/\/1—z—2dz=ab/cosztdt=Eab ’
a 4
0 0

(3meck MponsBenena 3aMeHa % = sint). OxoHuaTenbHo uMeeM, uto P = 4P, = mab. »

120. Az® +2Bey+Cy® =1, A>0, AC—B?>0. (

« Penras ornocurensno x ypashenue Az? 4+ 2Bry + Cy? — 1 = 0, nonyvaem .
—By+\/A— (AC - B2)y?

= A )

A—(AC =By’ >0

y [ a
CneposaTensHo, |y| < oo = b. Ucxomyo miomans BHUMCINM Mo GopMmyre (2), m. 6.2,
KOTOpas B paCCMATPUBAEMOM CIyYae MPHHUMAET BHJ

.

= /(xl(y) — z2(y)) dy,
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rae

~By + /A~ (AC — B2)y? . _ —By—\/A—(AC - B?)y?

= A ro 2= A

TaxuMm oGpasom, HMeEM

b , b
JVAC Z B2
P=%/\/A—(A(,)‘—B2)y2dy=?—A—%—i/Jb?-—y?dy:
b b

2

z
2
= %\/AC-— B2/c052tdt= %—\/AC B = T
0

AC — B?

(B MHTerpane npousBeseHa 3ameHa arcsin & = t). »

121, y=¢""|sinz), y=0, 2 > 0.

< Ipaduk Gynxppu y : z — e F|sinz|, 0 < z < 400, He UMEET TOUEK MePeCEUEHUS C OCBIO
Oz, spnsomeiics ero acMMNTOTOl WpH = — -+0o. IlosToMy MHOMKecTBO Touek miaockoctu zOy,
orpaHHueHHOE IPadUKOM DYHKIMH ¥ U ITONOKHTeNbHOI nonyocsio R | He smsetcs xBampupyemoit

GuUrypoil B 0GEITHOM MOHUMAaHMH.
PaccMoTpum MHOXKECTBO TLIOUIaIEl

P(z) = /e-‘{sinudt, z € RY
0
M TMMOJOXHUM

+ oo
PE lim P(z) /e_zlsinx|da¢.
x4 00

0

[IpepcraBass P B Buge CyMMEL

too (k+1)m " (k+1)m
P= E / e “|sinz|ds = Lim E / e ?|sinz|dz
n—00
k=0 fn k=0 gn
M 3aMeMssi B KaXKJOM MHTerpalle IepeMeHHYI0O o GopMmylre T — km = t, noay4aem
i r . int4cost| 14e -
. —& —t . . —kn —~t SInt+ cos e . k
P = bm E e [ et sintdt = hm E e ket = — lim E e kT,
k=0 o k=0 T k=0

Bonpoc BeruMcnenus miromagyu purypsl CBeiCs K BEIMUCICHMIO CyMMBI
yBEIBalomeN IeoMeTPUYECKOil IPOrPECCUH.
Taxum o6pa3oM, umeeM

14e™™ 1 e

) = _——
[_2(1—-6“")—2

1 T
= —cth —.
2(‘ 7 | 4

&

7

7,

122, =z = af{cost+tsint), y = a(sint —t cost), 0 <t £ 27, ¥ oTpesxom
aydya z =a, y < 0.

R P <« Paccmorpum murockyio purypy M AN RP, orpaHudeHHyIO pasBepTKoOiL
Kpyra u orpeskom nyva z = a, y £ 0 (puc. 64). Mcxomas maomans P paBHa
Puc. 64 cyMmMe mnomapgeil Tpeyroabuuka MOP u durypst MKNRPOM. OueBupHo,

Pamop = ma?, tax xax OM = a, |M P| = 27a.

Ilepexops k MOJSPHEIM KOOpAMHATaM p M ¢, TOJIY UM
sint — 1t cost
cost+tsint

pPP=2 4yt =d(1+17), tgeo=
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Ins erumcienns nnomanu Gurypsr MENRPOM wocnonssyemcs gopMymnoit (3), m. 6.2, a saTeM
nepeiiieM B UHTETpajle OT MepeMEHHOU ¢ K IepeMeHHOIr t.
HuddepeHiMpys eByio H IIPpaBYIo YaCTH paBEHCTBA

sint —t cost ) L

tg =
8¢ cost+tsint
HaxoguM
1 sint —t cost 12
de = sint—t cost 2d<cost+tsint)=l+t2dt
I+ (cos t4¢ sin t)
CllegoBaTelbHoO,
r 24,2
1 2 1+ 4 3, .
PMI\NRP<)M—7Z-/p(ga)d<,:———/ 1+t2 t_—3-7ra.

OxOHYaTelIbHO NMeeM
4 2 .
P=nd*+ -3—7r3a2 = %(47r3,+ 3r). »

i

t
123. r=ucost, y= ____a sin
24sint’

« Ilpu sospacranuu ¢t or 0 Ko 7™ NepemeHHast & Y6BIBAET OT ¢ OO —a ¥ NMPHU 3TOM IepeMeHHas

y = L1(t) npunuMaeT HeoTpUlUaTenbHEle 3HaUeHHs, Bo3pacTast oT 0 10 % nmpu usMexHenuu t ot 0

kg a kis
Xo 5 M ybemas ot 7 mo 0 wpu usmenenun ¢ or 7 no w. Ecau xe t Bospacraer oT ¥ ;o 2w, TO

IepeMeHHas 2 BO3pacTaeT OT —a& KO &, M 3HaueHwus NepeMeHnoil y = L2(¢) B untepBaie |, 27
Gousle sHavyeHuit y = L, (t) B untepsane 0, x|, Tax xak sint < 0 npu t € Ir, 2r[. CrepoBarensso,

i t
22l OHUCBIBAIOT 3AMKHYTYIO KPMBYIO ¢ ToHKaMH BosBpata (a, 0) u

YpaBHEHHMA £ = a cost, y = et

{—a, 0). [Ipu stom unrerpan P, = f ydz pasen Nuomany Uryps, orpannudennoil kpusoit Ly (1)

0
2m

~”, a uHTerpan P, = f ydzr paBeH mIomanu

«

u cermeHTOM [—a, a] ocu Oz, B3ITON CO 3HAKOM

kg
(durypsl, orpaHuienHoil kpunoil L2(t) u cermentoM [—a, a] ocu Ox. I¥osromy HckoMas Tiomafh
P pasna anre6paunveckoit cymme Py u Ps:

2% 27 2m 3
. 2 M
a sin~ 1 . sin” t
P=P 4+ P :/y(t)dl(t):/m(—a Slﬂt)dt:—azfmdtz
0 0 0
o 2
) 2 . 8 ) 2 2 di
= — t—2 t+4—- ——)dt=-9 8 —
a / (sm sin t + g wa” + 8a 7y sint
0 b 0
Mockonwvky dyuxuus t — ﬁ, t € R, nepuoguueckas ¢ nepuogom 2w, 10, cornae}‘{o;}tim‘mepy
51, umeem v
2 ™ v —
dt dt d(tg %) 2 2tg%+1 e 2T
- = - = 3 3 = —= al”(‘,tg —_— =
2+ sint 24+sint tg25+tg5+1 NEY ) V3 —r40 3
0 —r -

18
OxoHuaTenpHo HoxyvaeM, uto P = wa? (W — 9) . >

. 2 2
124, ¢ =2t -, y =2t — 1%,
« Kpusas, orpamiriusaiomas miockyio Qurypy, UMeeT TO4KY camollepeceveHus B Hayalle KO-
OpAMHAT, TIOTOMY B MpUMepe peyb UAET O BEIMUCIEHUY WIOIARH, OI paHHYEHHOI NeTaell KPUBOK.
Tak xak e =y=0uput=0 u t=2, 10 0 <t 2
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IIpumenus gopmyay (6), m. 6.2, noayuum

2
1 4 3 2 1 (¢
=~ —4 dt==-{-—-¢
2/(1,‘ t° 447} de 2<5 + )
0

Haittu nnomany naockux ¢guryp @, orpaHMYeHHEIX KPUBBIMU, 3aaHHBIMU B MONIPHEIX KOOp-
OUHATaX:

125. p=—F =T o=1.
p l—cosa,o"p 4’99 2

« [Ipumenur gopmyny (3), m. 6.2, nonyuum

P 7 2) =
=2 /(l—cosap)z_ 4 (l-i-ctg )d(ctg2)

1
ki
) s
P p 1 3<p>4
= e tg — —ct I
3 (Cg2+3cgz

N

MI:‘\MS

~ LI+ (V1 — 1) = B avE+9). »

L]

126. = —2 ¢ 1(: .
p Tecosy’ < e <1 (sanumnc)

<« CornacHo gopmysne (3), . 6.2, u pemenuio npuMepa 131, ra. 3, uMeem

2n

p dp ;V2 sinz
P = e = (—5 -+
2 (1+ccose)  2(1—¢?) 1+ecosz

0
27 2
2 l—¢e =z 27 x+7r]) wp
————arct —tg —~ —_— | ——— = —"
+\/1_52mg<\/1+e g2>+ 1_52[ 27 g
[}

(1-e2)3
1 1 m
127, p==~ = ,0<p € —.
p sin ’ X3
« MHo;kecTBo To4eK {(ap, P)ER?: 2L pK =— prw 0<p < } He ABJIfeTCS MJICCKOH KBafpu-

pyeMoil ¢urypoit B 06HIMHOM MTOHUMAHUHU, IOITOMY P ef lim P(e), rae
e—+0

™

2

1 1 1 1 1 2 1
P = - —_—— = = - _—— —_ = -
(&) 2/<sin2<p 9°2>d¢ Z(Ctgs 6+7I') 1r+

£

[

;)
(ctge— -].
€

Hockonbky lim (ctge——l) = hm U6 — lim -—5— =0,70 P= lim P(e)=2. »
e—40 € —~40 i8¢ e—40 e—40 ™

3

128. p=acosp, p= a(cos o +sin @), M (0, E) cd.

« Touxn oxpyxHocTn {p =a cosp, |p| < g} CHMMeTPUYHBI OTHOCUTENBHO MOJSIPHON OCH, a

PAXMYC 9TON OKPY>KHOCTH paBeH % U3 HepaseHcTBa a cos ¢ sin ¢ < a(cos ¢ + sin ¢} sin @, crnpa-

BEMIHUBOTG TIpH 0 < < g, cllenyeT, YTO MOIYOKPYKHOCTh {p = acosp, 0 < ¢ £ 125} LeINKOM MPU-

w . 3
HAJJEeXUT TOW YaCTU KPYra, OrpaHHY€eHHOTG OKPY>KHOCTHIO {p = a(cos ¢ + sin p), —% Lo < —f ,
KOTOpasA JNEXUT HAN HOISIPHOH OChIO, IG3TOMY Touka M, Nexalias Ha MOJAPHOH OCH M NpHHATTe-
JKallfad 110 ycaoBuio purype @, He MoXKeT NpUHANIEKATE MHOXKECTBY TOYEK

{a sinp cosp < psing < a(cosp+sinp)sing, 0 < e < %} c R
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CiaepoBatenbHo, purypa ¢ sasiasgercs obLegMHeHHeM MoOJIyKpyra {p Kacosp, 0 € ¢ < %}, 1o~

2
WA KOTOPOTO f—:—, u uactu D, xpyra {p < afcos ¢ + sin @), —§_< ¢ < 9{1}, nexanreil nop,

MONSIPHOI OCBIO, IUIOWALE KoTopoir Py, BHYHCIseTCs 10 GopMyie y
0
a® (1r 1)
r~ 2\4 ~3)°

Q
2

0
2 2
Py, = a—,‘z_/(cosap+sin<p)2 dp = %/(1+sin2<p)dap = % (4,9— C0522<p)

™ _r 4
3 5
1 a?
Taxum obpasom, P = + 2 (— — 5) = —4—(7r - l). »
129. Haiity naomanms nnocxoﬁ GUTypBl, OTPAaHUYEHHOU JIEIECTKOM ,

xpusoil {¢ =sinwp, 0 < p < 1}.
« IIpu Bospacranuu p or 0 go % ¥Tol ¢ BospacraeT oT 0 no 1, a npu
BO3PAcCTaHUU p OT % mo 1 yroi ¢ y6emaer ot 1 mo (- (pn'c 65), mosTomy

BEIDAsKCHUE
1 0 1
1 2001d 1 2 1 2
3 P (9) ¢+ p(¢)d¢=§ e (p)dp
0 1 0

onpefiesseT UCKOMYIO MUIOUah, B3ATYIO CO 3HaKoM “—”_ Tak KakK nepBoe

craraeMoe B JIEBOM YACTH HAMMCAHHOIG PABEHCTBA PABHO IUICIIARU cer-
meHTta Om B, a Bropoe clIaraemoe paBHO nomagy cextopa OAB, BSSITOH

“_»

CO 3HAKOM . CnegoBaTtelnHo,

1 . 1 1

: 1
p=-I p2(:c::s1rpalp:—1 pQS—m—Wﬁ _2 psinwpdp | = | psinmpdp =
2 2 T g
0 0
1

0

1 1,1 . L |
+ = | cosapdp= =+ —Zsinwp| =—=. »
T T w o T

0

coswp [°

™ 1

130. Haitrut womags miockol GUTypsr, OrpaHUYeHHON KPUBOIT E ‘ S
2at wt ‘
= ]R2 = —— = —
v _{(%p)e e P T T
o Us ycnosus p > 0 caenyer, uro ¢ > 0. Tockonpky p =0 nput=0 u p— 0 npu t — +oc0,
To 0 € ¢t < +00. CnexoBaresnbHoO,
+c0 2
l t= dt
P= i t)dt = 21ra —,
3 [ #oeo /<1+t2>2<1+t>3
0

Huterpupys ¢ nomompo meropa OCTporpafckoro, moxyiuM
+ o0
P +t42 1 2 (1 = 9 .
P=2rd® | ———— o~ — Zarctgt =2 (———).—_ (1——),
Ta < 2 arctg ma 3 8 a 2 >

AT+ )0+ 1)
131. Haiitu mromans ¢uryps, orpanuienHoll netaeit mucta Jexapra £° + 4° = 3azy.
<« [Tapamerpusyem muct Jekapra, nonaras y = tz. Torma napaMeTpuiyeckue ypaBHeHHS METIH
nucta JleKapTa MpUMYT BUR :

0

_ 3at _ 3at® 0<t< 400
“Txe YT ixe U8 ' ‘

Has BBrMKCIEHNS IUIOMAAN BOCHONb3yeMcd dopmynoit (6), m. 6.2, npUHAB BO BHUMAaKHe, UTG

@)y (1)~ y()s' () dt = 2 (1) d <£%> = ‘(’—“—191 fs)z
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CregoBaTennHo,

—3a2 ! ’ ~§a2 >
T2 14t 4 2

+co +o0
po dt  3a® [ d(1+1%)
) 1+#)?2 " 2 1+#)2
0 0
132 Brruucaurs ]'HIOIL[&JIL GUrypBl, OrpaHUYEeHHON 3AMKHYTOM KPUBOH, 3aJaHHON ypaBHEHH-
em ot + —a2(3: +y )
« [lepelinem x nONIpHBIM KOOPAUHATAM NHo POpMyIaM

T=pcosp, y=psine.

Tlockonbky kKpUBas CUMMETPUYHA OTHOCUTENRHO ocell koopmuHAT, To 0 € ¢ € 27. YpaBHeHUe
2
a
sind g4cosd p ”
Ipumensta popmynst (3), n. 6.2, ¥ IpHHMMAsL BO BHUMaHUE pellleHUe MpHMepa 23, noryyaeM

KPHBOI, Or pAHMYHBAICIIENR MIOCKYIO (PUTYPY, IPHHUMAET BUE p° =

27
2
=a_ _a—~2\/§1r:=7r 242, »
2 sin ap+cos4<p 2

) 133. Burumnciaurs nmromans Gurypsl, orpaHU¥eHHON KPUBOI, 3aJaHHOU YPABHEHHEM x4+y4 =
ar’y.
« llapamerpusyem xpusyio, nonaras y = tx. Torma
t “ t?
a———, =g
T+ YEir e

Ilepemenntie © ¥ y o6paIaioTcs B HYIL Mpu ¢ = 0 U CIPEMATCI K HYJIO NpU t — 00, & MHOXKECTBG
TO4YeK KPUBOH

y=0

¢ 2
= Rz = , Y= ,t€eER
5 {(x,y)e z a1+t4 Y a1+t4 € }

CUMMETPUHO OTHOCHTeNnbHo ocu Oy. CrenoBaTelbHO, ILIOCKAA HUrypa OFPAHUYEHA IBYMS CUMMe-
TPUYHBIMH OTHOCUTENBHO och QY METIAMH, NeXAIUMU B BepXHel NoXYMIOCKOCTH MiockocTi £ 0y,
M MO3TOMY MCKOMas IIOMAfb PABHA YABOEHHOU IIOMWIALH (PUrYpPHI, OTPAHUYEHHOU ONHON meTieu:

e *oo +oo
S

1
C nmoMoubio MOACTAHOBKU § = = Jerko y6eMUThCH B CIPABENIMBOCTH PaBEHCTBA

40 +co

ym dy y4n—m—-2
L A N > >0 1
0 0

B CHIY KOTOpPQIro UMeeM

+ o0 + 00 + oo +oo + o0 + oo
[ [_Fdt [ et 1 td( 1 )_ ¢ L1 de 1 at

TS+ T (1+tt2 T 4 T+t 41484 144t 14
0 0 0 0 0

+
8

T

1
[lockonery 3

+o0 2
f : d: (coraacno pasencty (1)), To
0 0

’

+ o 5
1:%/1_1101 ——F(t)
0
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e F(t) = -\;5 arctg ‘:7_2-1— +5msgntnput #0 u F(0) =0 (cM. mpumep 20, ra. 3). OxonvaTensno
noxyvaeMm

T ra>
=3 \/5’ P = 5 \/5 »

IIpexxne 4yeM pewaTs NpMMeEpPH! Ha BRIYHCICHHE 061E€MOB Texr ¢ oMoIEIo hopMyiT (1) M (2), n
6.3, pacCMOTPMM RBa NpHMepa Ha KOKAa3aTeAhCTBO. [IpH »TOM IoAy4mM NoaesHble GOPMYIH Ak
BEIYHCJIEeHHA 06beMOB Tell.

134. Hoxasats, uro 06meM V tenra T, o6pa3oBaHHOro BpaleHueM BOKPYT ocu Oy KpuBOJIM-~

HEHHOM Tpameumu .
e={(z,y) eR°:ag<z<h 0<y<f(a)}
rae f :[a, }] — R — nenpephiBHas Ha cerMeHTe dyHKIUS, PaBeH
b

V= Zﬂ-/:cf(:c)d:c.

a

« Nycrs I = {z0 =@, 21, ... , Tn = b} — nmpoussonsHoe pasbuenue cerMenta [a, b). Ha ka-
JKIOM cerMenTe [r;, Zi4i], § =0, n — 1, pacCMOTPMM IBa NPSMOYTONBNNKA, B OCHOBANMH KaXAOro
U3 KOTOPHIX HeXUT CETMEHT [Ti, zi+1], a 6OKOBHE CTOPOHH PaBHH m; u M;, rne

m;= min {f(z)}, M= max {f(z)}.
FiLELTi41 TLTET 41

O6beguHeHHs BCEX OMHOTHIIHLIX TIPIMOYrOXLHMKOB 06pa3yloT ABe CTyneHYaTHe (QULYpH, OTHa
M3 KOTOPHIX BriucaHa B ¢durypy ®, a npyrasd onucaua Boxpyr Hee. IIpu BpalIeHHH 3THX CTyTieMya-
THIX (uryp Bokpyr ocn Oy noxyduMm Apa ky6upyemnix tena 73 u T2, cocTaBRenHEE U3 KONBUEBHX
LHAHHAPOB. ’

O6bemu Ten T1 u Ty COOTBETCTBEHHO PaBHBL

n=1 n—1
_Zrm‘(z.“ - 7 )—ZZ# z'+z'+l Az, Vg, =22FM|'$—‘:'--2& Az;.
=0 1=0 +=0

Paccmorpum dyHruuo ¢ : z +— 27zf(z), a €< = € b. Tak xak ¢ € R[a,}], TO Ve > 0
— n-—1 n—1
3 : Su(y) — Sn(p) < 5, the Su(p) = Y 27 Mizis1 Az;, Sn(np) = z 2rmiz; Azi.
- =0
U3 ouenanrx paBeHCTB

n—~1
E 2rmz; Ax; + E m; A:r = Sn(tp) + E m; Az, ,
i=0 =0 =0
n-i n—1 n-1
V=Y 2eMizig Azi — 3 wM; Az} = Su(e) - Y 7Mi Az}
=0 =0 =0

n-—1

cnegyert, uto Vr, — Vr, = Su(p) - Su(p) = Tn, THE Tn = Z w(M; + m;) Az?. Ouenusas vn,

nony4aeM |yn| < 20M (b —a)d(Il), roe M = lgax {f()}, d(H) = m<ax 1Az:.

IIpunuMad BO BHHMaHHE HEPABEHCTBO Sn((p) Su(p) < 5 ¥ BHIGupas pas6uenme II Taxum,

MTOGH! BHINOMHSNOCH HepaBencTBo 27 M (b — a) d(II) < %, noxy4um Hepasenctso Vr, — Vr, <e¢, us
KOToporo crenyert, uto Teio 1 xyb6upyemo (B cuny sxmiouyennit Ty C T C Ta).
6

b b
Hockoneky lim Vr, =2« fzf(z)dz, lim Vp, =2x[zf(r)dz, 10 V =27 [zf(z)dz.»
() —0 < &(M)—0 o o
135. [oxasats, wro o6bem V Tema T, 06pa3oBaHHOTO BpallleHNeM BOKPYT HOAAPHOM OCH

durypu & = {(p, p) ER*:0< a < p < BT, p=p(p), p 20}, p € Cla, f], panen
8

V= 2—;-/p3((p)sintpd<p. )

a
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<« lIycrs IT = {¢o = a, @1, ..., wn = B} — npousBoasHOE pas-
6uenue cermenTa (o, ], a ®; — maockas durypa, orpanuyeHHas oT-
‘. pesKaMu Jyvell ¢ = @, ® = pi4i N KyCKOM KpumBOoH ¢ — p(p),
@i € ¢ < pi+1 (puc. 66).
O6osnayum M; = max {p(¢)}, mi = min {p(¢)} un
[7. PiSPEPitl PiLPEPit
. PacCMOTPHM [Ba Tera Ty u T,, o6pa3oBaHHBEIX BpalljeHHEeM BOKDYT
2  TOJAPHOM OCU [IBYX IIOCKUX BUFYP, COCTABIEHHBIX H3 KPYrOBLIX CeK-
TOPOB, UMEIOIHX COOTBETCTBEHHO paguychl M; U m; H UeHTpalbHBIA
Puc. 66 yron Ag; = @i41 — i, 1 =0, n ~ 1. U3 onpegenrennarex T, 71 u Ty
cnenyior Braiovenus 1o CT C Ty.
Brruucrum o6vemel Ten Ty u T2, Hcnoab3ys gad 3TOTo nsBecTHle 3 reomeTpuH dopMyay Rid
BEIMHCIEeHHI o6beMa 1IapPOBOro CEeXTopa, UMelouylo sug V = —1rR2h roe b — BHCOTa mapoBOro
cermeHTa, R — pannyc wapa. Umeem

n-~1
4 . R . .
Z ——7rM3(cos Qi — COSPiq1) = ngM,a sin ‘P'—_l-zipil sin %‘P_"

=0

n—1

4 . . . -

Vr, = §7r E m} sin LA‘ZM sin —A%
=0

i+ . . .. . .
O6oznauum ﬁ'—T""—“i = @i, sin; = max {sine},singg= min {sin p} u paccMoTpuM
PiSPEPitl Pi<PEPi41
pasuocts o6nemoB

n—1
Vr, — Vg, = %w Z(M,3 — m?)sin @; sin A;o.' .
i=0
Hs nepasencrs (M7 — m?)sin @i < M?sin @i — m?sin ¢, sin é—-— < —'~ clefyeT HepaBeHCTBO
n-—1
Vr, = Vp, < 2% Z(M? sin @i — m; sin @;) Agi = Sn(f) — Su(f),
=0
e f:¢— "’3—"p3(<p) sinp, o < ¢ £ B, — HenpeprBHas Ha cermeHTe [a, 8] dynxuma. Tax xak
f € Rla, B], To Ve > 0 3 : 0 € Su(f) — Su{f) < &, crenoatennno, Vy, — Vp, < e. Taxum

obpasoM, Teno T kyb6upyemo, a ero o6nem V MOXHO BHIMUCIUTEL O dopMmyire (1), TaK Kak

8
2
i Vo, = Vp, = 3 i .
v = i Vi =x [ Persnods. »
a

-~

Buuncrurs o6beMbl Ten, orpaHHYEHHEIX HOBEPXHOCTIMMU:

136. MapaGoxouna Bpamenus, MICWARb OCHOBAHHA KOTOPOro paBHa S, a BhicoTa paBHa H.

<« Bocrnonsnayemca ¢opmyinon (2), n. 6.3. [loepxHocTs mapabonouga BpallleHUA 3agaHa ypaB-
HeHWeM z = £° + y2, a B M06OM OPTOTOHANBHOM CEMeHMM Tela ILIOCKOCTRIO z = ¢, 0 < ¢ < H,
HONYMHM KPYT Z° + y2 < ¢. Takum 06pa3oM, MHOKECTBO CEYEHHI Tela, OTPAHMYEHHOrO NOBEPXHO-
CTBIO z = ¢° + y°, ABAAETCI MHOXECTBOM KPYroB pajguyca z, miomany P(z) KOTOpHX paBHHL 7.
Coraacuo dopmyne (2), . 6.3, moay4unm

H
2
V=7r/zdz=7rH =&,
2
0

TakK KaK, COr'lacHO yciosuo, 7H = S. »
z° ¥z
137 +b—,‘,-—c—2=1,z=:tc‘
< TeJIO OrpaHUYE€HO OTHOTGIOCTHHM IrunepboIoumoM 1 KyckaMH TJockocted z = xc. B cuiy
CHMMETPUH TOMEK TeJla OTHOCUTENBHO MiockocTH £OY, HOCTaTOMHO BRIYMCIUTH 06HEM HaCTH TEa,
nexalled B MOJYNPOCTPaHcTBE z 2> 0, ¥ yABONTH Pe3ydbTAT.
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_Cly0<cl<cs

B OPTOTOHAJBHOM CE€4Y€HHU Tella NMACCKOCTHIO =2 noxy4aeM 3JIIHIIC
2

= = 1, nostomy nuomafs P(z) monepeusoro ceveHus Teda IIOCKO-

y2
T + 7
52 62
<a1/l+:%-> (b1/1+:§->

CTbIO, COTJIACHO PellleHUIo mpuMepa 119, pasHa wab (1 + :—:) Ipumenus ¢popmyxay (2), n. 6.3,

[ c 2
V=2/P(z)dz=27rab/(l+%> dz=§~7rabc. >
C
0 0

138. 2>+’ + 2 =a%, 2° +y* = az.
4 Teno orpaHM4eHo YaCTHIO TIOBEPXHOCTH KPYTOBOTG UWIMHApa M ABYMS KyckaMH c(epsl, a

nnockocts £Oy melUT ero Ha IBe PaBHEIE YacTH. I05TOMY pacCMOTDMM Ty 4acTh Tela, KOTOpas
NeXUT B MOXYNpocTpaHCTBe z > 0. B cevennn »Toil YacTH Tena IIOCKOCTHIO, NePIEHAUKY IS PHOK K
ocu Ox, mojiyuuM KPUBOJUHEHYIO Tpaneuuio, nromans P(z) xotopoit BHUMCITeTcA 1o dopMyne

Vaz—z2
P(z)=2 / V(a2 — 22y~ y2 dy.

0

MOy YUM

Torna uckoMslii 06kem V moiyuum, npumenus dopmyiuy (2), n. 6.3:
a

V= 2/P(z)dz.

0

BrruucanuM chavana P{x), npoussend B MHTerpaie MOXCTAHOBKY t = arcsm \/_2__2.:
Q%=X

:ucsin1/ I
atz
- 22y 2.9, (2 2y [z Vaz
P(z)=2 / (¢ —2%)costdt = (a° —z )(arcsm e + a+:z:>'
0

IloncraBasad nonydennoe P(z) B dopmyny nid BHYHCIeHHS o6beMa V, HaXopuM

V= 2/(a2 —z%) (arcsin 24 ) dr = 2(I1 + ),
0

a+t+z a+z

I'me
a

11=/(a2'-22)arcsin1/a:_zd73; I2=/(a—z)“amdm=f4ga3.
J 0

< 7, Moxy4um

B unterpane I, nmpoussenem 3aMeHy r = atgzqa, 0<ep

4
t 6
11 = as / <P(1 - tg4<p) d(tg2tp) = a3 (tp (tg2¢ - %2)

z
4
”
[

; tg®
_./ (tgzga—- 53‘P> dgp) =
0

0

™

”

" m
Y 1 T
3({ 7 1 1 4 2 1
=a |~ —_— = —t d(tge)—= [ do ) =
“( /(cos% 1>dso+3/(tgso g ¢ +1)d(igp) 3/ so)
0 0

3 (7 _ l(l-l ))_ﬁ( _32
“(3 T+3is-3%Y))=3
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OKoHYaTeIBHO MeeM

_ 4, 732y _2 4)
V=24 (15+§ 45) 3¢ ("—3 g

139. Haiitu c6bem Tena, orpamme;moro TIOBEPXHOCTHIO, TIOXYYeHHON B Pe3yibTaTe Bpalle-
Hua rpaduxa dymamu ° + (y — b) =a°, {z| < ¢, 0 < a < b, Boxpyr ocu Oz.

« Bpamaomascs oxpyxHocTs pajiyca a ¢ ieHTpoM B Touke (0, b) uMeeT TBe OCH CHMMETPHH:
ock Oy u npsmyio y = b. YpasHeHus BepxXHel M HUKHell JacCTell OKPY>KHOCTH OTHOCHTEIBHO
npsAMoit ¥ = b MMEIOT COOTBETCTBEHHO BH,

yp=b+ a2 —-22, yg=b—+/a2-12?, |z|<0a

[Ipumenns dopmyay (1), n. 6.3, noayunm

b

a a 2
V=r/(y;‘; —-y?,)dz:S:rb/ Va? - z? dz=81ra2b/cosztdt=2r2a2b. >
-—a [} 0

140. Haiiru o6neM Tena, OrpaHHYEHHOTO MOBEPXHOCTHIO, TICIYYEHHOM B pe3ynbTaTe Bpalle-
HUA rpacdHkoB Gyl z = a(t —sint), y = a(l —cost), 0 < ¢ < 2w, m y = 0:

1) Bokpyr ocit Ox; 2) Bokpyr ocu Oy; 3) BOXpYr npiMol ¥ = 2a.

<« 1) lIpumenus dopmyay (1), n. 6.3, noayquum

2ma 27

V-—1r/y de = ma® /(l-cost) dt = 8xd® /sm —dt =
0

0
T
- -

. 51
= 167a® /sins zdz = 327a® /sms zdz = 327a® S -g- = 5x%4°
0 0
(3mech BoCMONB30BaNNCEH pelleHHeM HPKMepa 43).
2) O6sem Tena BHUYHCAUM Tio PopMyJie, Noka3aHHOM B HpuMepe 134:
27a 2
V=2r / zydr = 2ra’ /(t —sint)(1 — cost)® dt =
0 )
2 27 2
= 27’ /t(l — cost)® dt - /sin t(1 —cost)’ dt | = 2md® /t(l —cost)’dt =
0 0 )
27 ’ 2n
2t
= 2ma® /t (-‘; — 2 cost+ °°; ) dt = 3m3/tdt =6x°a®
0 0
2m
(sltech MH NpPUHATH BO BHMMaHHe PaBeHCTIBa fsm (1 — cost)? dt = f sin t(1 — cost)* dt = 0,

ft(—z cost+ =22} dt =0.)
o .

3) Ilepeiinem x HoBOIt cucTeMe KOOpAMHAT o dopMmylaM ¥y = y — 2a, r; = z. IIpu sTom
monyusM V = Vi — V,, rme Vi — 06beM xpyrosoro quIMHApa, BHICOTA KOTOPOro paBHa 27a M
pamMyc OCHOBaHMA paBeH 2a, a o6nheMm V2 BHumCHdeTcd mo dopMmynre

2ra

Vo = ﬂ'/ yi dz = ma® /((1 —cost)® —4(1 — cost) + 4)(1 +cos t) dt = x*a’.

0
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Mockonrxy Vi = 87%a®, o V = 77%a%. »

141. Haiitu o6rem Tea, oﬁpaaoBaHHoro BpallleHieM IJ0CKOi (UTYPH, OrpaHHieHHON Ie-
THeit xpuBoit v = {z = 2t —t*, y =4t — ¢*, t € R}, Boxpyr: 1) ocu Oz: 2) ocu Oy. )

4 1) Tlockoapxy T =y = O0mput =0 unput=2 10 0 <¢t<K2 Hpn Boapac'muml
napaMmerpa t ot 0 go 1 nepemeHHas{ Z TakxKe Bospacrtaer oT 0 no 1, a npu Bospacranuu t or 1 mo
2 nepeMmenHas x yGuiBaeT oT 1 mo 0, mosTomy

2 1 2 2
V=—1r/y2dx—7r/y2dx=—7r/y2d2=21r/(t—1)(16t ~ 8tt +t)dt—3:
1 0 0 0

2) Ansa serducienus obbeMa BocHoibsyeMcs ¢opMyroil puMmepa 134 B npuMeM BO BHMMAaHWNe
coofpaxkeHus, BHICKa3aHHBIE NPH paccMoTpeHuu cxyuas 1). Torma nonyunm

2

2 1 2
V= -27r/xydz—27r/xydz= —~27r/zydx=ll=—27r/(2t—-t2)(4t—t3)2(1—t)dt—%ﬂ' >

1 0 0 0

142. Haittu o6nem Teja, oGpaaonaHHoro BpameHHeM naockoi GUTypH, orpaHuYeHHOH Tpa-
quom HesIBHO 3aJaHHOI tbymcu}m (x +y ) =a (z -y ) Bokpyr: 1) ocm Oz; 2) ocu Oy; 3)
NpAMOH y = .

< 1) [lepeiinenm k nonspHemM  KOOPIIMHATAM & = p COS ¢, Yy =psinp. yPam{eHne xpnnou nMeer
BUR p = a+/cos2¢, |¢ —kr| < T, k = 0, 1. Tlpunumas Bo BHUMaHUe cumme'rpmo ToUeK gp;ﬁ
OTHOCMTEJHHO NMONAPHOW OCH M npsmou p cos @ = 0, BOCIIOMb3yeMCs pellleHHeM MpUMEpa’ 13 p1
ITOM TOJIYYUM

”

T o

2 . 4 3

Vzgw/ascosz 2¢ Smtpdcp:—ﬂ:;i (2 cos’ ¢ —1)Z d(cos ¢) =
0

=13

_ dna® /(t —l)2dt 4’\’}1( (# —1)2——t —1+—ln(t+\/ ))

4’“‘3( (1+\/')——‘/———>=——(x/’l (1+~/')-—)

3V2

2) Bossmem nys ¢ = Z B KaueCTBe NOJIAPHOI OCH CHCTEMB (v, 9) p

2
(puc. 67). Torma p'(8) = p{e), 0§ = — (— — <p) ¢ —= 9
IIpuMenum teneps GopMyiy, HOKa3aHHYIO B npmvlepe 135, npu- [’/
HAB MPH OTOM BO BHHMAHUE, YTO IUIOCKAA (UIyPa CHMMETPHUHA K ap
yTo sinf < 0. Umeem
_r ™ Puc. 87

sin (cp—g)l dp =

™ ™

4 4 .

3 3

= 4_3’5/(p'(9))3|sin9|d9 = ‘%“—/(cos 2¢)2
_T 0

4ma®

= /cosz7 2¢ cos pdy = 4ra’ /(l — 2 sin? gp)g' d(V2 sin ¢) =
3 3V2
o

0
_ e /(l—t )2 dt =

v

4ra® 30 x© xld®
costzdr=—— . .2 o 2 —

\/— 41" 2 4‘/'2—'
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3) Bosemem ayu ¢ = % B KauecTBe nofspHoit ocu cucremsl (p’, 8) (puc. 68). IIpu stoM umeem

P'(8)=plp), =p—{
[ punumasg so BHMMaHMe CUMMeTpPUIO GUrypsl M HepaBeHcTBo sin § < 0, coriacHo dopmyie
npumepa 135, nonyuum

ki3

3 3
V= 4—:— (0'(8))°|sin 8| do = 47;“ /cosf 20

kg ™

2

sin (99 - %) | de.

- = —¢. [Ipu sTom UMeeM

IIpousseneMm B HHTErpane MOACTAHOBKY @ — ’;

™

2 5 )
V= 7:1 /smz 2t sintdt = ——\/—WG cos2 tsinZ td(sint) = 8\3/—7m3 /z2(1 _ z2)4 dz.

3
0 0

16f

4

1
Mocne samensr — — 1 = u”° Haxomum, 4ro V = 2ra®l, rne

teo 4 too 6
k1A k1A
= / AFap @ = / TETOER
g 0

P (cornacHo pemeHuio npumepa 133).
WnTerpupys mo acTaM, nmolydaeM

400 + o0
Puc. 68 _ 1 u? oo +3 3 wdu 3 u? du
T8 (14ut)? 8 (1+ut)2 ™ (14 ut)?’
0
+eo u? du L
IIpu pemennu npumepa 133 mokasano, uro Of 05 = 5 Cie-

a3

goBaTenbHO, [ = 7, V=

Yupaxreuus gas caMOcroarerbﬂoﬁ paboTht

Brruucants XauHy KpUBOH v, eCiau:

105. 7=i(z,y)€]]{2:y=lnx, V3 < < VB).

106, v = (z,y)eRz:y=ach§,0<z<zo,a>0}.

107.7:{(z,y)€R2:x=alua+ a?-y? —~\a —y,b<y<a}
2 2 Z

108, vy =< (z,y) ER?: 23 +y3 = a3

109, v={(z,y) ER*:z=acos®t, y=asin®¢, 0t < 2x}.
110. v = {(z, y,z)ER3 x=acost y = a sint, z-bt 0t b}
111. y={(z, y, 2) €R® 1 2* =3y, 22y =92, 0 ¢ < %o}

112, y = {x v, 2) ER’ iy =aarcsin %, z= ¢ na+m 0<z$zo}.

4 a—z’
113. v =A{(z, v, 2) ER®:z=at, y=+3abt? z =203 0Kt <o}
114. Halttu gnuuy xpuBoW, 3alaHHON ypaBHeHUeM /T + VY = Va, ot touxn (0, a) mo Tou-
xu (a, 0).
115. Iapa6ona + = {(z, y) € R? : 4ay = 2, ¢ € R} xarutca mo ocu Ox. [okasats, ¥to ee
GOKYC OTIUCEIBACT NETIHYIO NHHUID

,lzlga

7:{(3:, y)ERQ:yzachf, xER}.
Haittu nnomans niockoit ¢purypsr ¢, orpaHuueHHoR:
2 2 2

116. Tpaduxonm acTponnsr 3 4+ y3 = a3 .
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117. Ppaduxom dyHKLUK, 3aaHHOR ypasHenneM z* + y! =22 + yz.

118. I'paduxom mogspHl AU TICA (3:2 +9*)P =d’z? + B2y2.

119. Tpapuxamu byHxumi y° = 4az, z° -{-_y2 = 2az, 2z — y = 4a 1 Mexamed Hag ocklo Oz.
120. Ierxei crpodounn (a — az:)y2 =(a+ x)x2.

121. P'paduxom dbyHKunY, 3a5aHHON ypaBHeHHeM (y — x)2 = £ u orpeskom ocu Oz.

122. I'paduxom byHKUM, 3aJaHHONH ypaBHEHHEM \/§+ \/% = 1, u oTpeskaMu ocel Koopau-
HAaT.

123. Banuncom f; + f’—z =1 u nexameil BHe Kpyra z° + y° = ab.

124. I'pacdurom xpUBOH, 3aJaHHOU ypPaBHEHUEM p = @ cos4de.

125. I'paduxom paBHoGouHol rumepboint p? cos 2¢ = a®, —¢o € ¢ < wo.

126. I'paduxamu GyHKINI, 3aaHHBIX yPaBHeHUIMH p° cos 2¢ = 4a% cos* ¢ u p2 cos 2 = a2,

127. Tletaeii kpuBoii, onpenensiemoil ypabHeHUeMm 2 + ¢ = az’y®.

128. DIpacuxom dyHkuuu, 3agannoil ypasnenueM z°y? = 4(z — 1) u npamoit, mpoxonsmeit
yepes TOHKY reperuba rpaduka,.

129. BreruMcauTh MICHAAh KPUBOJNHENHOTO KBaJpaTa, IPUHAKNEXAIIero 060HMM 2JLIUIICaM

2 2 2 2
z y z y
;2—+‘b‘{<1a p‘+a—2<1-

Halttu o6BeMsl Telsl, OTPaHUYEHHHX NIOBEPXHOCTAMH, MOJYYEHHHMH B pe3ylrTaTe BpalleHUA
CHEOYIOmMUX KPUBBIX:

130. v = {(z, y) €R? :y =sinz, 0 < z < 7} Boxpyr ocu Oz.
1381, v = {(z, y) €R?: (2a — z)y* = 2%, 0 < z < a < 2} Boxpyr ocu Oz.
132. vy ={(z, y) €R* 1z = a(t —sint), y = a(l — cost), 0 €t £ 2ma} BoxpyT mepecexaomei
ee npAMolt y = ka, 0 < k < 2 (BHIMUCIMTH 06BEMH MONYHAIOMUXCA ABYX Tel Bpau(ex-lmx).
3
133.4 = {(z, y) ER?:y= I%a_ﬂ’ T € IR} BOKpPYT' CBOEH aCHMIITOTHI.

134. Kpupas, sagauHas ypaBHeHHeM p° = a° cos 3¢, BpalllaeTcs BOKPYT ToJApHoit ocu. Ompe-
nennTh 06BEM Tela, NMOTYyYEHHOro B pe3ynbraTe BpaiieHus GUTYpE, OrpaHMYEHHOM! neTeit, dexa-
el B TpeTbeM KBaApaHTe.

135, ClermenT Kpyra paguyca R, COOTBETCTBYIOIIMI LeHTPalbLHOMY YTy 2«¢, BpPalaercs Bo-
Kpyr cpoeit xopnsl, OnpenenuTs o6beM Tela BpamieHud.

136. Ky6 c pebpoMm @ Bpamaercad BOXPYI cpoelt muarchaitu. OmnpepeiluTs obneM Tena, Moiy-
YEHHOTO B pesylsTaTe BpameHus OTHOM M3 rpaHel xyba.

137. Pe6po xy6a a. Onpenenurs obbeM Tella, NOIy4eHHOTO B pe3ylibTare BpameHns ofHOM U3
rpaHell ky6a BOKpYI QUAarcHaJX IMPOTHBONONOXKHON I'PaHH.

138. Kpupasa, samaknas ypastenueM z*+y* = 2ary?®, spamaerca Boxpyr ocu Oy. Onpefenuts
o6BeM Tella, OrpaHH4YeHHbLIN 0Ny YeHHOW NMOBEPXHOCTHIO BPallleHud.

Haittu 06veMBl Tell, Or paHUMEHHHIX TIOBEPXHOCTAMM:

139. S ={(z, 9, 2) ER®: 2® +49y® = 8z, 2> + 4y = 1, z = 0}.

140. S ={(z,y, 2) eR®*: y* =2pla—2z), T~ 2 =0, T — 2z = 0}.

141. S={(z, 9, 2)€R®*: 2 = (a—z—y)a, =0, y =0, z =0}. .

142. S = {(z, y, z) € R®: 2> = b(a — ), &° 4+ y* = az}. )

143. S = {(:c, Y, z) € R®: % 422 = a2ch2§, b g b).

144. B npsmolt kpyroBoii uuIuHAp (CTakaH) paguyca r Hamurta Boma. Ock HakIoHeHa NoR
yIJIoM @ K TOpH30OHTY. JacTe jgHa, TOKPHITasd BOHOM, IBASETCA CEIMEHTOM C I(€HTPAIbHBIM yIIOM
2¢. Hautu o6bem BOOHL.

145. Tpu B3aMMHO MEPNEHAUKYIAPHEIE IPIMBIE ABISAIOTCI OCAMM TpeX KPYTOBHIX L{HIMHIPOB
onnHakosoro paauyca r. Onpenenuts 06beM obielt YaCTH BCeX TPEX LUIHHIPOB.
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§7. Oﬁmaa cXeMa IIpDMMEeHEHHNA OIIpeJe/IEeHHOI'o
HHTEerpalua. 3anaqn U3 MEeXaHVKH U q3H3PIRH

7.1. AppuTHBHas QYHKIUS MPOMEXKYTEA.

Ecnu Bcakomy cermenty [w, 8], comepkameMyca B purcupoBannoM cermente [a, b], orBeuaer
3HaYeHHe oNMpemeleHHON PUanueckoil WiIU reomerpuieckoit Bemuunnsl P([a, 8]}, To P naseBaior
Pynxyueti npomerymxa.

Onpepenenne. Pynxyus P : [a, f] — P([w, B]), la, B] C [a, b], naswisaemes addumusnoii,

ecau
vy €]a, Bl = P([a, B]) = P((e, 7)) + P([v, B).
Teopema. ITycmv P : (o, B] — P(le, B]), [a, 8] C [a, b], — addumusnas ¢ynxyus, a p :
[a, }] — R, p € Cla, b], maxas pynxyus, umo P([a:o, z]) = p(z — o) + o((x — z0)), z — %o,
Vzo € [a, b]. To2da cnpasedausa dopmynra
b

Plla. ) = [ (e &)

a

7.2. BolumcireHHe CTATHIECKHX MOMEHTOB, MOMEHTOB HHEDIHH, KOODAWHAT HEeHTPa
TAKECTH IUIOCKHX KPUBEIX H Puryp.

Iycre {M,(z;, y;)} — cHcrema MaTepuanbHbix Todek miockoctn 20y c maccaMu my, j =1, n.
Bemuuunst

n n
2
M, = E myy;, == E m;y;5,
3=1 3=1
HA3LIBAIOTCS COOTBETCTBEHHO CMGMUUYECKUM MOMENTIOM U MOMENTNOM UKePYUU 3TOH CHCTEMEI To-
YeK OTHOCHTeNBHO ocu Ox.
Ecnu sa riaagxoii kpusoit v = {(z, y) € R? : y = f(x), a < & < b} paBuoMepHO pacnpefene-
H& MAacCa C JUHeHHOH MJIOTHOCTBIO pt = 1, TO CTATMUYECKUMU MOMEHTAMM U MOMEHTaMHM UHEPLHHU
KPMBOH ¥ OTHOCUTEIBHO OCeH KOOPIMHAT Ha3hIBAIOTCSA COOTBETCTBEHHO BellUYMHbLI

b b
M. =/f(z)\/l + f(x)2de, My= [ z\/1+ f'(z)?dsz, (1)

L= / PEVIT )Pz, I, = / 1+ [(2)? de, )

a KOODAMHATH ee LeHTpa Tsxectw C(€, 1) BEMUCAAIOTCA MO POPMyiaM

£= Ml—” n= % (3)
rae | — mauna xpusoi .
IIpennomnonM, yTo KpHBOAMHeWHas Tpamenud ¢ dexxnuT mo ogHy cropony ocu Oz M 4TO OHa
optopopna. CTaTMueckuMU MOMEHTAMH M MOMENTAMU MHEPIMHU 3TOIH TPalelMy1 OTHOCUTEIBHO OCell
Oz u Oy Ha3HBAOTCA COOTBETCTBEHHO BEIHYHHEL

b b
M, = ifﬂg(z_)/fz(a;)dx, My = sgn f(x)/xf(x)dx, (4)
b. b
1
L= §/f2(a:)[f(x)(dx, I, = /z2|f(x)|dx, (5)
a KOOPIAMHATHI €€ LieHTPa TANKeCTH C(E, 1]) BLIMHCIAIOTCS TIo popMyllaM
M, M,

5:_}3—s 7I=”P‘_1 ' (6)
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LIEY

rae P — nnowangs Tpaneuuu.
Ecan manockas ogHopogsas (pMIypa MMeeT oCh CUMMETPUM, TO €€ HEHTDP TIKECT JeXUT Ha
2TOM OCH.
143. Onpepenurs KOOPAMHATEL ILEHTPa THKECTU TIOCKON (DUTYPHI. . Gl
2

2
d = (z,y)€R212—2+Z—2<1,ngéa,ﬂéygb

<« [Ipumenss nocrenoBatensHo Gopmyust (4) u (6), monyuum

; a
M::::ll;* l—g dz:g :z:—;(; o=a—3b—2—’
a _0 i
My=b/z I—sz=%i __(_1;; 2 =9;2_b,
0 a
£=My:140£=§—7ar, 'I]=Mz:7r4-—ﬂ=§£

(nockoasky muomank purypst ® pasna wab). »

144. Haitru momentnt umepiuu I, u I, napaGomutieckoro cermenta ®, orpanuuentorg
PR T S BRI

2
2az — x
——, 0 < = € 2a, u orpeskom ocu Ozx.

9
rpa®ukoM QYHKIUH & — -

« Cornacno gopmynam (5), nmeem

2a

2
4 _ 2 _r ___8_4
/(2(11: a,)dz_m—a—a, Iy_/z 2z -~ dz_sa.b
0

145. Hajtru KoOpIMHATE 1IEHTPa TAXKECTH O HOPOIHOTO ToJylIapa paguyca a.
4 Oce 0z 9BIAETCA OCHIO CUMMETPHUM NOJyIIapa

T = {(z, y,z)E]R3 2+ y® +2°<d®, 220},

T09TOMY LIEHTP TAKECTH HAXOTUTCA Ha »Toi ocu. IIpuHdB mapoBoil mosdcC, HUXKHeE OCHOBaHUE KO-
TOPOTO HaXOmMTCA Ha PACCTOAHUHU 2z oT TockocTu £y U BHICOTa KOTOPOTO paBHa dz, 3a WMIHHIP,
BBICOTa KOTOPOTO paBHa BBICOTE WIAPOBOTO NMofAca, a OCHOBaHME PaBHO HU)KHEMY OCHOBAHMIO IIa-
posoro mnosca (kpyry pamiyca r = v/a? — z?), BEIIMCINM npnﬁ:mxcem{o CTaTHMYeCkuit MOMEHT dM
IAPOBOTO TOC2 OTHOCHTENbHO THockocTu &Qy, papusiit T(a® — %)z dz. Torma

a
2

M =7r/z(a2—-z2)dz= =

0
ockonrky 06beM noNymapa paBex §7ra2, 1O

fo M 3 |

2wa® 8
Caepgosatensho, C'(€, 1, () = (0 0, a) > '
146. Onpepgennrs cuiy maBieHus BogE Ha BEPTUKAJBHYIO ITePerOpO- A B

Ky B KaHaJe, UMy (GopMy NOJIyKpyra pajuyca HaMeTp KOTOPOTO
HZXOJIHTC)I }{:1 noneplf}};oc;ﬁ 5011}1,;1. AYRPYER payer @ A b rero §.

< OGosHauumM yepes {(2) MIMHY rOPUBOHTANBHON TPAMOM, HTPOBEREHHON v
Ha paccTosHuu 2 ot AB (puc. 69). IIpunss nonocky, comeprkalyiocs Mex- -

Iy TOPUBOHTAJIBHHLIMM IPAMBIMM, OTCTOAIMMKU 0T AB Ha paccTodHMAX = U
z+dz, 3a TpAMOYToJIBHUK ¢ ocHoBanueM () u BEIcoTOIl dz, MoXKeM mpubiu-
JKEHHO BHIUMCINTE gablenne P([x, x + dz]), ucneiTeiBaeMoe 5ToH NMONOCKOH, IPHMEHHB TIPDABHIO

Puc. 69
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TUAPOCTATHKU, COLVIACHO KOTOPOMY HaBleHHe BOXBI Ha MOJNIOCKY, NOTPY’KECHHYIO B Hee, PaBHO ILJO-
1AgU TOJOCKH, YMHOKEHHON Ha Iiy6UHY TTOrpYKEHUI:

P(lz, z + dz]) = zl{x) de = 2x+/a® — x2 dx.

Cornacuo dopmyne (1), . 7.1, umeem

a

2 2 g
P=2/z a2—z2dz=3—(a2—-12)2 :§a3.>

a
0

147. [nck TommuHoM b ¥ PaguycoM r COCTOMT M3 BENECTRA ¢ ILIOTHOCTHIO § M COBeplaer n
060poToB B cekyHuay. Kakywo paGoTy Hy’»KHO 3aTpaTHTh, UTOGHL €T0 3aTOPMO3UTE?

4 CornacHo TeopeMme o6 M3MEHEHUH KMHETHYeCKOH 3HeprHM, ee NpHpalleHHe 32 HEKOTOPHIH
NPOMe’KYTOK BpeMeHM paBHo paboTe, coBeplleHHOH NPUIOKEHHBIMU K Telly CUIaMM 32 TOT Xe
TIPOMEIKYTOK BpEMEHU:

T -1, = A.
3gecy T — KUHETHYecKasd JHEPIUA B KOHEYHLIM MoMeHT, Tp — HadalbHasd KMHeTMYeCKad DHEepPruid
Tena, A — pabora puemnux cl. Ilockoasky Tego aGcomioTHO TBepmoe, To pabora BHYTPEHHMX
CUJI PaBHa HY.JIIO.

B komite npoMeskyTka BpEMEHM TeI0 OCTaHOBUNOCKH, 3HauuT, 1T’ = 0. Caemosarensho, 7o = ~A.
3Hak MUHYC COOTBETCTBY€ET 3aTpatinBaemoil pabore.

IIpu BLIYUCIEHMU KHHETHYECKOM SHEPIrUU BEIIENUM KONbI[eBON LUIUKHAD paguyca p, 0 < p < 7,
TONWMHa KoToporo dp u BeicoTa f. Ero of6nem ¢ TouHocTsIo 10 GeckoHewHO Malbix Gosice BEICOKOTO
nopapka, yeM dp, pasen 2rhpdp, a Mmacca dm pasua 2wx6hpdp (puc. 70).

JluHeliHaA CKOPOCTH U TOYEK QUCKA, HAXONAL{MXCA Ha PACCTOAHUU p OT OCH
Bpal[eHu:d, PaBHA wp, THE w — YLA0Bad CKOPOCTH HMCKa. Lak Kak JUCK COBep-
uraer n oBopoTOB B CeKyHAY, To w = 2mn ¢ '. CrnefoBaTenbHo, v = 27ng.
Kunernueckaa sneprus xosnplieBoro juiiMHapa NpuGIusKeHHO paBHa

2
1
dls = UT dm = 3 w?p? dm = réw’hp® dp.

CorsacHo ofuiell cxeMe TPUMEHEHUA UHTETpalia, NoaydaeM

r ,
Pue. 70 To = wéh/w2p3 dp = 47r35n2h/p3 dp = 7 8nhrt.
0 0
CnepoBarenbho, A = —Typ = —n°én’hrt. »
148. Dxexrputeckne sapasl OTTANKUBAIOT IPYT APYra C CH-
Jon %2—2, Ifle €] U ey — BEAWUYMHBL 32pANOB, & T — PACCTOAHUE

mexkny HuMu. OTpemenuTs pabory, HEOGXOOUMY¥O A TOTO, YTO-
656l HpUGIAU3UTE 3apax ez = 1 K s3apdny €; U3 GeCKOHeUHOCTH Ha
paccrogaHue, pashoe K.

« DiemeHTapHaa paGora dA paBHa NIPOM3BEIEHMIO CHIH Ha
3JeMEHTapHOe TlePeMellleHHe U Ha KOCMHYC yI'ia MeXay HallpaBlIeHHeM CHAbI M HallpaBieHHeM
nepememenus: dA = Fcosadr (puc. 71). B paccmarpusaemom cnydae umeem dA = Fodrcosm =

—Fydr = —Sdr, BR=%.C et
2017 = 3 4T, TaK KakK f'2 = ) ~OTJIAaCHO o01Ie CXEMEe NPpUMCHEHH A UHTEIpajila, HaXOluM

=
R

dT‘ €1

A=—e - =

T T
xR0

YnpaskHeHH S A CAMOCTOATEIbHOH paGoThl

R o

=—=. »

x>

146. OpgHopomgHa:x NPAMOYTOILHAA MJHaCTUHA CO CTOPOHaMHM ¢ M b pasbGuBaercsa Ha [IBE HaCTH
nmapaGonoi, BepPIHiHa KOTOPOH COBIalaeT C OMHOM M3 BEPIIMH HPAMOYTONBHMKA H IPOXOIUT Yepes
€ro IMPOTUBOMONOKHYIO BepliMHy. HaWTu 1eHTpnI TaokecTu BepxHed S U HUMoKHeH Sy, HacTel
TIPAMOYTOJNLHHKA.
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147. HaliT4 KOOpPOMUHATHI 1IEHTPa TAKECTH OTHOPOTHOM (PUTYpHL, OTPaHUYEHHOH OCIMM KOOD-
nUHAT U Irapabonoit \/z + /¥y = /.
148. Ha#iTi cTaTHUECKHIH MOMEHT OJHOPOIHOM (PUrYpPEHI, OTPaHUYEHHOU rpaduraMu OYHKUMH

&= u z+— 2%,z € R, oTHocHTeasHo ocu Ot.

2z
T+22 .
149. Haiity KoopoMHaThl UEHTPa TAXKECTH OTHOPOTHOM (PUTYPEHI, OrpaHMYeHHON TpadUKoM
(byHKIMN, 3anauHoll ypaBHeHueM y° = az’ — . '

150. Halitu mexapToBbl KOOpAMHATHI LEHTPa TAKECTH OTHOPOIHOM (PUIypPHI, OTpPaHUUYEHHON
rpaduKOM NpaBoli MeTan xemuuckaTsl Beprymmn p? = a? cos2¢p.

151. Haiitu gexapTOBHI KOOPIMHATEI I[EHTPR TAKECTH HaCTH JOrapUPMHUECKON CIIMPAIn p =
ae?, 2 <o < 7.

152. Haiitit MOMeHT MHeplMM GOKOBOW TIOBEPXHOCTH KOHYC2, PagMyC OCHOBaHUA KOTOpOro R
W BBICOTAa [{, OTHOCHMTEJNBHO €ro 0CH CUMMETPHUH.

153. Haitd nosgosxeHle HEHTpa TAKECTH OTHOPOMHOTO KOHyCa.

154. Pamiycel ocHoBaHMIi yCEUEHHOT'O MPIMOro KpyroBOro KoHyca pasusl R u r, BbIcOTa h,
TLAOTHOCTL f. () KaKol CUIOH IEHCTBYET OH Ha MaTePHAJBHYIO TOUKY MacChl M, MOMEIEHHYIO B
ero Bepuie?

155. Kanuas ¢ Hava#sHoM MaccoM M magaer mog DeMCTBHEM CHMJIBL TAXKECTH M PaBHOMEPHO
HCIIapIeTcd, Tepad ekeCeKyHIHO Maccy, pashyio m. Kaxag pa6oTa cuiBl Ts’KeCTH 3a BPEMs OT
Havaja QBUJKEHMs 00 TolHoro Mcnapeuus Kanau? ConpoTusliieHueM Bo3nyXa NpeHeGpeys.

156. TpeyroabHad NacTiiiKa, OCHOBaiMe koTopoil ¢ = 0,4M, a Beicota h = 0,3 M, Bpamaercs
BOKpPYT CBOENO OCHOBAHHA C IIOCTOSHHON YIIOBOH ckopocThlo w = Src”!. Haittu xuHeTudeckyo
SHEPruIo TLIACTUMKU, eCAU ToamuHa ee d = 0,002 M, a nJoTHOCTH MarepHaNa, U3 KOTOPOTO OHa
usroronnena, g = 2200kr/m>.

157. Hnacruuka B hopMe TpeyronpHMKa NOrpyskeHa BEPTUKaJbHO B BOXY Tak, 4YTO €€ OCHOBa-
HHe JeKUT Ha moBepxXHoCTH Bombl. OcHoBaHMe TIIACTUHKY a, BHICOTa h.

a) BrruvcanTs cuany TaBXeHMI BOABI Ha Ka’KIyIO M3 CTOPOH TLHRCTHHKMU.

6) Bo ckoarko pas yBenmullTcs maBienue, eCHM NEPEBEPHYTH IIACTHHKY TakK, UTO Ha NOBEpPX-
HOCTU OKasKeTCs BEePUIMHA, a OCHOBaHHE BymeT NapaielibHO MOBEpXHOCTH BOIbI?

158. Crepsrent nanHoll | BpamaeTcs BOKpYTr CBoero KoHIfa, coBepuias # 0o60pPOTOB B CEKYHAY.
OnpenesuTs BEAUMHHY HATSKEHHI B TOYKE NPUKPENIEHHI, €CIU BeC €IMHUIB! IIMHBI CTePIKHI
paBeH 0, a uelTpobGesKHad CUTA A MACCHl M, IBWKYINENHCH TT0 OKPYSKHOCTH pafguyca T C yLJIOBOH
CKOPOCTDLIO w, paBHa mrw?.

159. Ilox meiictBuem Harpysku f mpoBosoka mAMHON [ ¢ ToNepevYHBIM ceueHUeM S U MOIYJieM
HOnra F nonyvaer ynauHenne Al paBHoe % OnpeneauTs yoiMHEHMEe YTON IPOBOJOKU HOK mel-
CTBUEM CBOeIl TSI5RECTIL, €CTH OHAa BUCUT BEPTUKAJNBHO. YIEIBHBIH BeC BelleCTBa MPOBOJOKH PaBex
i

160. Ot narpysku B 9,8 H npososioka pacrarubaerca na 0,01 m. Kakyio paGory namo cosep-
WUTH, MTOBH pacTsHYTHL €e Ha 0,04 M7

161. Kakyo paGory Hamo saTpaTHUTL, YTOGBl HACHINATE KYy4y NecKa KOHM4YECKoN GOPME pajgu-
ycoMm 1,2M M BEICOTON 1M, €ClIH MAOTHOCTEL Mecka 2000 KI‘/Ms?

162. Ilo sakoHy J15KOyiIa KOIIMECTBO Tela, BEIEIIEMOr0 IOCTOSHHEIM TOKOM, PaBHo Rcit,
rae ¢ = 0,24 — nocrosxHast, R — conporusiienne,  — 4MCIO CEKYH]I, 1 — CUla Toka. HaiiTn
BBIIENAEMOE TEMLIO [ HEPEMEHHOTO TOKa 1 = a Cos bt.

163. Mo 3akoiry Toppuiessiu CkopOCTh BRITEKAOMIEH KUITKOCTU PaBHa +/2gk, Twe h — rayGuna
OTBEPCTUA HOJ yPOBHeM KIAKoCcTH. ONpegeinTs BpeMs BEITEKAHUA BOAEL U3 KOHUUECKOM BOPOHKH
€ BEPUIITHOIT BHUM3yY, HMEIIEN IIToMagb oCHOBaluA P | BEICOTY b M 0TBEPCTHE B BEpIUINHE MIOMABIO
g.

164. Uwanupp papuyca 0,15M M BoicoTod 0,6 M HAINOSHEH BO3QYyXOM TION maBlenueM 9,8 -
10 H/M'z. Kaxyiwo paGory 1ago cCOBEpMIUTE NPU UB0TEPMHUUECKOM CXKATHU rasa go o6beMa B aBa
pasa MeHbuIero?

165. Touxa npiokercs mo ocn O, HawMHas of Touku (1, 0), Tak UTO CKOPOCTH €€ YMCIEHHO
paBHa abcuucce. ['me 6yger HaxoguTbCca Touka vyepes 10 ¢ mocie Havalia gBUOKEHUA?
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§ 8. MuTerpan Cruarbeca

8.1. Bepxumii it mmxHull murTerparsl Cruarseca. Kpurepui uHTEr pupyeMoOCTH.

Oyers f : J — R, J = [a, b], — orpanudennas na cermeure J dywxuus, « : J — R
— Hey6pIBalomasd Ha »TOM cermenTe dyHkums, II = {a = zo, 1, ..., Tn = b} — TIpousBoNEHOE
pas6ienne cermenta J . O6pasyeM BEPXHIOH U HUKHIOWO MHIETPaJbHLIE CYMMEI

n—1 n—1

n(f, @)=Y MiAei,  Sul(f, @) =) midai,

=0 =0
rpe

Mi= sup {f(z)}, mi= inf {f(x)}, Aci=a(ziq1)— a(z;),

;e xi4 ZiLILTi41
U BBEEM B pacCMOTpEeHHUE YHclia

/ fdo = it (Fu(f, )}, / f do = sup{sn(f, @)},
{m} my -

KOTOPBI€ HAa3blBAIOTCA COOTBETCTBEHHO GEPIHUM U HUMHUM UHMEIPAAAMU Cmuamseca.

Onpenpeanenue. FEcau ffdzv = ffdcy, Mo 06Ulee IHANEHUE BEPTHEZO U HUMHEZO UNTNE2PANOE

nazosem unmezpanon Cmuamveca dynxyuu f no gynxyuu o (Ui oMHOCUMERbRO GYHKyuY o)

u 0603HaYUM €20
b
[ @ st

MHuosxecrBo Bcex (ryukumit f, uprerpupyemsix no CTUITBECY OTHOCUTEJBHO QYHKLMM ¢ Ha
cermente [a, b], o6osnauum f € S(a){a, b].

M3 s10r0 ONMpemesenns cienyert, uto npH ) = & unrerpan CTUITBECZ COBNagaer C HHTErpa-
nom Pumana dyHxunu f Ha cermeHTe T.

B o6mem cryuae YHKUMA @ MOXKET GHITH paspeIBHON Ha J. (DYHKUMIO o HasBIBalOT uwme-
epupyroweti pyrxyued.

Teopema (kpuTepuit UHTETPUPYEMOCTH).

f € S(a)e, b] © Ye > 03 : 0 < Su(f, o) - .En(f, a) < e.

8.2. Uurerpan CTHATHECA KAK NMPENET UHTErPAABHON CYMMEL.
Oycrs II — npousBonsHoe pasbuenne cermenta J, d(Il) = max Azx;. Ha kaxgom cermenre
ogign—1
[z, i31] BO3BMeM nmpousBoabyIo Touky & M o6pasyeM CyMMy

n—1
Su(f, @)=Y f(&)Aas,

=0
KOTOPYIO Ha30BeM uhmezpaavnoti cymmot Cmuamveca.

. r def
Monaraem lim Su(f, «)=1, ecin
d(I1)—0

Ve>036>0:VIIAd() < b & |Su(f, o) —I|<e.

Teope.ua. Ecau:
1) npu d(II) — 0 3 lim S (f, @), mo f € S(a)a, b] u

d(II)—0

lim Su(f, cv)=/f(1‘)d“’(z)3
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b * B
2) f € S(a)a, b], « € C[a, b], mo 3 (m)n Su(f, @) = [ f(z)da(z). Cowda e
d(I1)—0

Jra TeopeMa ycTaHaBJIMBaeT JBa YKBUBAJEHTHHX oNpefelleHUs HHTErpaja Cruarseca.t):
8.3. OcHOoBHEIe cBOMCTBA HHTerpana CTHATHECA.

Teopema 1. Ecau:
1) f € S(a)a, b], g € S(a)a, b], mo (f +g) € S(a)la, b], cf € S(a)[a, b], ¢ = const, u npu
amosm
b

j (f +9)(=) da(z) = / fx) da(s) + / g(x) dar(z), / cf(z) da(z) = c / £(z) da(a);

a

2) f, 9 € S(a)[a, B, f(z) < g(z) Yz € T, mo

/ §() da(z) < / (=) da(z),

3) f € S(a)e, b] u ecau ¢ €Ja, b, mo f € S(a)a, ] A f € S(a)lc, b] u npu smom
. b b
[r@ia+ [ i@ = [ 1) dato)
4} f € S(a)[a, b] u ecau |f(z)| < M V; eJ, mo ) |
b
[ 1@data)| < Mia) - o)
5) f€S(ai)a, b u fe S(zv:)[a, b], mo f € S(a1 + az2)[a, b] u npu smom
b

/bf(w)d(m + az)(z) = /bf(w)dal(z)+/f(x)d“2(x);

6) f € S(a)a, b] u ¢ — norowumenvuoe wucro, mo f € S(ca)a, b] u v

/bf(l‘)d(czv(z))= c/bf(z)dw(z).

Ciegyer OTMETHTB, 4To B ciywae MHTerpaia Pumana clpaBeraupo u oGpaTHoe CBOICTBY 3)
yreepoxpenne: ecau f € Rla, c] u f € R, b], mo f € R{a, b]. .

Jas uHTerpana CTHITBECA M3 CYIECTBOBaHUA ff(z)dzv(z) u f f(z) da(x) He cienyer, BooG-

a c
b

we rosopi, cymectsoparue [ f(z)da(x).

Teopema 2. Mlycmo f € S(a)a, b], AL f(z) K BVr €[a,b], p € C[A,Blug=gof:
[a, b} — R. To2da g € 5(a)la, b]. -

Teopema 3. Ecau f € S(a)a, b] u g € S(a)(a, 8], mo:

1) fg € S(a)[e, b];

2) 1l € S(@)a, 1]

[ f(=)da(@)| < [1F(2)] da(z).

1) Ecmn o paspeisea, To BosMmoxeH ciydait, ato f € S(a)[a, 8], a (Iim Sn(f, o) me cymectByer (cM.
d(T)—0

npumep 154).
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Teopema 4 (hopmyna uHTer pupoBanus no wactam). Hycmoe f:[a, b)) = R, g:[e, b] — R
b b
u cywecmeyem xaxot-aubo uz unmeepanos Cmuamveca [ f(x)dg(x), J 9(z) df (). Tozda cywe-

a a
cmeyem u Jpy20l unmezpar, npuvem cnpasedausa Gopmyaa

b b
[ 100 = s~ [ ot ase) 1)
8.4. Knaccel dyHruuit, uuterpupyemaix no CTUaThECy.

Teopema 1. Ecau ¢ynnuus [ nenpepuisna na cezmenme [a, b], mo f € S(a)[a, b].

Teopema 2. Ecau pynxyua f monomonna na ceemenme [a, b], @ o € Cla, b}, mo f € S{«a)[a, b].

Teopema 3. Feau f € Rla, b], ¢ a ydosaemsopsem ycaosuro Junwuya na {a, b], mo f €
S(a)(a, b]. -

Mycts h : J — R — dyHkia orpanueHHoil Baphal(in Ha cermMente J = [«, b] f:TJ—=R—

npousBonbhad Gynkuma. CorxacHo Teopeme 4, § 5, dyHkuua h npexcraBuMa Ha J B Bune
h=a—-p

)

rae @ 1 3 — HeyGHIBAIOUIMe Ha 3TOM cermeilte (ryHKIMH.
Onpepenenne. [Horazaem

‘ /bf(f)dh(r)dﬁ‘/bf(w)dfv(z)—/bf(x) df(z), (1)

ecau f € S(a)a, b], f € S(B)]a, b], u npu omom 6ydem nucams f € S(h)a, b].
Teopema 4. Ecau f € Ria, b}, » € R[a, b], g(x) = w0 +f<,o(t) dt, a <z < b, yo = coust, mo
f € 5(9)[a, b] u npu omom

b b
/f(z)dg(z): /f(z)go(z) ds. (2)

8.5. Brruucnenne uHTerpana Crunrbeca.

Teopema. ITycmv f € ('a, b], a pyuxyus g xycouno-nenpepvisna va [a, b] u usmeem unme-
2DUPYEMYI HA ITNOM CE2MENME NPOUISOINYIO g | xomopau cyuiecmsyem 6 xaxdoii mouxe Henpe-
puisnocmu Qynxyuu g. Iyemo 25 = a, 1, ..., 5 = b — mouxu pazpvisa GyHkyuu g u ee
npoussodnoti g'. Toeda cnpasedauca Gopmyna

b b
/ F(&)do(x) = / F@)d' @) dz + Fa)(gla +0) — g(a)) +

m—1

+/O)g(6) —g(b— 0+ > [(=i) (gt +0) = g(zi —0). (1)

k=1
8.6. TeopemMa o0 cpegHeM M OueHEA HHTerpana CTuarbeca.

Teopema 1. Ilycmo f:a, b)) = R, m < f(z) < M Yx €a, b], g:[a, )] = R ne ybuisaem na
[a, B] u f € S(g)[a, b]. To2da cnpaseanusu qbop.myna

/ F(x) dg(z) = n(g(b) — o(a) (1)

cemLuM.
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Caenctsue. Ecau f € Cla, b], mo 3¢ € [a, b]:

/ 1) dg(x) = F(E)(a(b) ~ 9(a)). )

Teopema 2. Ecau f € Cla, b u g: [a, b] = R — dynxyus ozpanuuennoti sapuayuu xa [a, b],
mo enpasedausa oueHxa . ‘

/f(z)dy(w) <MV (g; a, b), : (3)

2de M = lgai(blf(x)l, Vig; a, b) — noanas sapuayus pynxyuu g.
agrg

149. [ycrs dyuxuma o Bospacraer ma [a,b], a € zo < b, & HempepHBHa B TouKe g,
b
f(zo)=1u f(z)=0, ecin = # xp. Jokasate, uro f € S(a)a, b] un /f(a:) da(z) = 0.

« U3 HenpepEIBHOCTH (YHKIIMK (v B TOYKE Lo CIEIYET, UTO
Ve >036>0:Vz € S(zo, 6) = |a(x) — a(wo)] < %

Hycrs 11 — rakoe pasGuenue cermenta [a, b], uro d(II} < 6. Ecuu Touka zo NpMHALIeKUT
CerMeHTy [, Ti+1) mpH HekotopoM 0 < 1 € n — 1, To Su(f, a) = a(zi41) — a(zi) = a(zit1) —
afzo) + a{zo) — afz:) < ¢, Su(f, ) =0, cregoBaTesnsHo,

0 < Su(f, o) — ._S'n(f, ay<e wu fe S(a)[a, b].

[ockonbky Su(f, @) =0 npu no6om paséuennu [I cermenra [a, ], TO

/f(lzv=sup{5n(f, a)}=/f(x)d“(z)=0- >

150. ®dyuxumm g, : [-1,1] — R, j =1, 2, 3, onpegeacHs crexylommum obpasom: §;(z) = 0,
1
ectu v < 0, f,(z) =1, ecim 2 >0, f1(0) =0, B2(0) =1, f3(0) = 5.
Iycte f — orpaHnveHHas dynkyua wa [—1, 1].
a) Hokasats, uro f € S(B1)[—1, 1] & f(+0) = f(0) n uTo B >ToM clly4ae

[S

/ 1) dBi(z) = £(0).

6) CdhopMynupoBaTh M QOKa3aTh aHANMOTM'HEIH pesyabraT Iud f2.
B) Hokasate, uto f € S(fs)[—1, 1] ©& f HenpepuBHa B Touke 2 = 0.
r) lycre f HenpepsiBha B Touke 2 = 0. [JokasaTs, yt0

1 1 1
[0 = [ 11801 = [ s)asst) = 001
—1 —1 -1

« a) Heobzodumocmyu. Ecan f € S(B1)[~1, 1], o, cornacHo colicTBy 3), Teopema 1, m. 8.3,

FesSE)=1, 0] A f e SE)b,1] /\/f(z) dp(x) =/f(z)dﬂl(z) + [ () dBi(x) =/f(x)dﬂ1(x),
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0
tak xax [ f(z)dpi(z) =0.
-1

1
N3 cymecrsopanug ff(z) dfi(z) cnenyer, uto Ve > 0 cymecrByeT Takoe pasbuenue II cer-
0

MenTa [0, 1], uTo
0< Su(f, B) = Su(f, B1) <e.
Hockoneky B1(xit1) — Bi{z:} =0, ecmt i # 0, u f1(x1) — Bi(zo) =1, 10
0 < Sn(f, ﬂl)—é’n(f, B1) = wo <, (1)

rie wo — kolebanue GyHkuuu f na cerMmente [ro, 1] = [0, x,]. Torma pug moboro pasbuenns I1*
takoro, uro ¢(II") < d(Il), nonyunm Hepasencrso

gn‘(f) /Bl)—SH‘(f) ,B]):CU;<€, (2)
M3 KOTOPOIO, COrJaCHO KPUTEPUIO Bapay cilenyet, uro PYHKUHUI f HETIpepbiBHa CpaBa B TOY-
ke £ = 0:
f(+0) = £(0).

Hocmamounocmo. Hycre f(+0) = f(0), T. e. dynxuua [ HenpepsBHa cripasa B TO4ke 2 = 0.
Torpa Ve > 0 36§ > 0: Ha untepBaie |zo, To + 8§ xounebanme wy byHkuuu f ymoBieTBOpser
HEPaBENCTBO wy < €.

BossMeM npoussoibsnoe pastuenne [1 cermenta [—1, 1], B koTopoe BxoguT Toyka ¢ = 0, Takoe,

yrobet d(I1) < 6. Torma 0 < Su(f, B1) — Su(f, B1) < ¢, cremosareasno, f € S(B1)[-1, 1].

MockonbKy npu mio6oMm pasbuenuu Il cermenta [—1, 1], copepxamem Touxy # = 0, BEITOJIHE-
I0TCS HepaBEHCTBa

my < /f(z) dpi(z) < My, (3)

rge my = inf z)}, M1 = sup z)},u lim m; = lm M = f(0), 1o
! 0<z<zl{f( )} ! ngéxl{f( )} zl—:}-() ! x1—+0 ! f( )

/ F(&) ds(z) = £(0).

6) Paccyxpmas aHaloruyHo, noiyvaeM

fes(B)-1,1] & f(-0) = £(0),
w npu stom | f(x)dBz(z) = F(0).

B) Ilycrs II — npoussoisHoe pasbuenne cermenta [—1, 1] u Touka z = 0 ue Bxomut B II.
Ecau 0 € Jz,, ,41[, T0 Su(/f, 83)— Sul(f, Ba) = w,, rite w; — koxeGanue GyHKuMU f Ha CerMeHTe
{z;, z;41]. CuepoBarensno, (w; — 0 mpu d(II) — 0) & (f(—0) = f(0)} V f(+0) = f(0) vV f(—0) =
= £(0) A f(+0) = £(0)). _

Ecnu touxa x = 0 Bxomut B pasbuenne Il u npunagnexur cermenty [z,, 41}, To Su(f, 83) —
Su(f, B3) = %(wgl) + w§2)), rue wg-l) — xonebaume dyHkyuu f Ha cermente [z, 0], w§-2) —

KojleGaHue dyHkuuu f Ha cermenrte [0, z;+1]. CuemoBaTedsHo,
Su(f, B2) = Su(f, fa) = 0 mpu d(IT) — 0 & lim (z) = £(0),

T. e. f HempeptiBua B Touke x = 0. Taxum obpasom, (f € S(8s)[—1, 1]) & (f HenpepriBHa B
TouKe z = 0, U npu ITOM

/ F(z)dBs(2) = £(0)).
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r) Ecin f wenpepsiBia B Touke z = 0, TO OHOBpEMEHHO BLITONHAIOTCA BCE TIPENBEAYHIME
clay4yalu M IpU 3TOM

/lf(z)dﬂl(x)= /lf(x)dﬂz(x) =/lf(x)dﬂs(x)=f(0)- >

151. Hcnosrayx o6osnauenns sagaun 150, goxasats, uro f2 € S(6:1)[—1, 1] Hecmorps Ha To,
"TO luzl .Sn {82, B1) He cymecTByerT.

« HHTeI‘pMpyeMOCTL dyuxuun f2 no pynkuun §) cremyer us cliyyas a) npumepa 150, npuiem

¢

/ﬂz(z) dBi(z) = B2(0) = 1.

Hpu moGom pasbuenun II cermenta [—1, 1] 1 npoussoubioM BEGOpe Touek & € [Ty, z.+1]
1=0, n— 1, umeem, ecuu 0 € [x,, z,41]:

n—1
s cmé; >0
Sn(fa, 1) = Zﬂ? §)(Bi(zi41) = Bu(wi)) = { EJ, chn gj <o
1=0
CaemoBaTennHo, 11111 Sn (B2, B1) He cymectByer. P

ol
DroT mpIMep noxaabmae"r, aro ycnosueM o € Cla, b], o koTopoM roeopurcs B TeopeMc nynx'ra 8 2,

HeJL3s IpeHebperars.

152. Moxkasats, uto
3

[ia1- -

0

to]w

« Murerpupytomas pyuxuus ¢ — [r]—xz, 0 £ ¢ < 3, npencrapieHa B BUAE paaﬂocru Hey6HBIBa-
omeit pyukunn  — [z, 0z < 3, 1 BoapaCTalomeM cpymcmm z+— x, 0 ¢ <3, cnegoBarensuo,
COTNACHO olipefelieHH o MHTer pajia CTUiIThbeca Mo MHTEr pupyolle dyHrkuuu orpaxm‘{exmoi»i BapM-

aluM, MUMeeM
3 3 3
/ld([z]—z)zfzd[z]—/xdz
0 0 0

Byukyusa z — [z], 0 € 7 € 3, TepnUT paspHiBL NepBoro poga BToUkax £t =1, z =2 nm z =3, a
dbyuxkuua f:z+— z, 0 €z € 3, HenmpeprIBHa B KaXao0ii Touke cerMenTa [0, 3], osTOMY, COrIacHo
peluleHuio mpumepa 151, nollyyaem :

3

[zit1= 1)+ 1)+ 1) =6,

Nockoarky f rdr = %, TO OKOHYATENBHO UMeeM
0
3
9 3
/zd([z]—z)=6_§:§,> .
)
153. Oycrs p; — rouxu cermenta [a, b] Takue, uto « = po < p1 < ... < pn = b. Ilpen-

TloNoXKUuM, UTO hyHkuud g : [a, b] — R ye ybbiBaer Ha cerMenTte [a, b] M HoCTOsHHA Ha KasKIOM
untepsaie |pi, pit1[, 1 =0, n — 1. Oycrs f:[a, b] =R, f € Cla, b]. Boruncanre

/ﬂﬂ@@)
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<« DyHKLUUA g TepnMUT paspHIBE NMEPBOTO PONa B TOYKaX P;, a (DYHKUUA f HellpephIBHA Ha
cermente [a, b]. Ha ocrosanuu pewenns npumepa 151 moxno yrsepsnats, uto f € S(g)[a, b],
npuyeM

b
/ £(x) dg(x) = £ (o) g0 +0) — §(po)) +

+ D F ) (9l +0) = gpi)) + (9(p) = 90 = 0))) + S (pn){g(pn) = 9(pn — 0)) =

n—1

= f(a)(g(a +0) = g(a)) + 3 _ F(pi)(g(pi + 0) = g(pi = 0)) + F(B)(9(b) — a(b — 0)). »

i=1

154. Hycre G(z) = h(z) + g(z), a <z < b, rne b € cMa, 1], B(z) 20V €la, b],a g n
f — dyuxuuu, 3ajaHHBle B MpeHLylieM TpuMepe. Brruucints

/bfdG(x).

< [Mockoarxy ¢ — uey6GriBatomas Ha cerMente [a, b] dyHKUMS, paBHas cyMMe ABYX HeyOrBa-
IOWUX Ha 9TOM CeIMeHTe pyHKUUI, To, coriacHo dopmyne (1), m. 8.5, umeem

/bf(x)d(}(z):jf(z)diL(x)+]f(x)dg($)

b
Hockomsxy h € ¢ (a, b], To ff(z)dh(x ff z)h'(z) dz, cnenoBarenbHo, MonyHaem

b

/f(z dG(z /f(x R'(z) dx—{—/j(z)dj(x)

" rue ff(:c) dg(z) BEIMMCASETCA Mo (hopMyJte, MOMYeHHOIl B IIPENHITYEM IIpUMepe. b

155. Tycrs f € Cla, b], p € Rla, 8], p(z) 2 0 Vi € [a, b]. [oxasars, uTo

/bf(w)dp(x) = /bf(w)p(x)dx

rae P(z) = /p(t) dt, a <z <b.

a

« Paccmorpunm npoussonbhoe pazbuenue [ cermenra [a, b] u cocraBuM MHTErpanbHYIO CyMMY
Crunrrveca dyurumuu f no pyuxuun P:

n—1 n—1 Fit1

Sn(f, P) = Zf(gi)(P(IH'l P(.’/E,) Zf / ])(z) dx, £ € [z,-, $z+l]-

x,
CocraBuM Takske PHMaHOBY HHTEIPANBHYIO CyMMY MHTET pupyeMoil Ha cerMenTe [a, 0] dyHxuuu fp:

n—1

Su(fp) = Zf SEN?



§ 8. Uuterpan CtuaTseca 343

I PacCMOTPIIM pPa3HOCTH
)
Tiga

a(f, P)— Sulip) = Zf(s) | w1z = sied o

CoraacHo nepBom TeopeMe 0 CpeHeM, UMeeM
Tigl
p(zydr = p; Azy,  m; < pe < M,

Ty

rme m, = inf  {p(x)}, Mi = sup {p(«)}. IIpunumas Bo BHnMaune oueuxy |f(z)| < M,
Ty LILT 41 11<I<1-+1

a <z < b, M =coust, HepaBeHcTBO | ui —p(&i)| € wi, T W, — Kogebanne QYHKLUUHA P HA CETMEHTE

[Z., Z;+1], a TakKe WHTEr pHPYEMOCTh bYHKLUUU p, TorydaeM, yto Ve > 0 38 > 0:

-1
ISu(f, Py~ Sa(fp)l < M Zw, Az < e,

st kakmoro pas6uenust I, mus xotoporo d(Il) < 6.

Taxum ob6pazom, 3 (hm Su(f, P)= (lIiII)n Sa(fp) = | f(z)p(z)dz. CaegoaTensHo,
d

f(z)p(z)dz. »

m\g_ E\e

f € S(P)[a, b] /f(x dP(z) =

2

156. Brrucaurs /xdg(z), roe
—2
r+2, ecmn -2z -1,
g(z) =4 2, ecin — 1 <& <0,
2243, ecmd<Lr <2

« DyuxuUUs ¢ 1IMeeT CKauKW, paBHBIE 1, B Toukax & = —]1 u z = 0, a ee ImpousBogHas ¢’

HMeeT BUf

1, ecmt —2 <z < -1,
g'(z)=4 0, ecmm —1 < T <0,
2, ecan 0 <z 2.
Mpumensas dopmyay (1), m. 8.5, monydaem
2 -1 2
: ) 2|70 2, 17
/wdg(x):/xdx+2/x dx+(—1)-1+0~1=7 + -z —1=—6—.>
—2 —2 0

157. Iycts Ha cermente [a, b] ocu Oz pacmoloKeHBI MacCChHl, HENPePHIBHO pacnpeneleHHEIe

M COCPEOTOYEHHBle B TOUKaX &,, J = 1, n. HaliTu cTaTu4eCKUN MOMEHT 3THX MaCC OTHOCUTEIBHO

Ha4ajla KOOpgHHAT.

<« Hycrs ¢ — &(2), « € v < b, — xomuvecTBo MaccH Ha cerMente [a, z] C [a, b], mpuieMm
®(a) = 0. Torna ® — ney6mpaowas dyukuus. ycrs [I — npoussoisHOe pasbueHye cerMenTa
[¢, b] Ha n uacreii. Torma Ha cermenTe [T., Tit1] comepxuTca Macca ®(zi41) — P(z:) = AD(z:).
B wacTHOCTH, Ha cerMenTe [zg, £1] comepkuTcs Macca ®(r1) — ®(a) > 0 (B cuay npegmonoxe-
Hust P(a) = 0). Cumras B KaXKIOM CIy4ae Maccy COCPeNOTOUEHHON Ha NMpPABOM KOHIe ceTMeHTa
[z:, 2:41], moayuim npubaikeHHoe 3HavyeHUe CTaTHYeCKOro MoMeHTa dM BCell MaCChl OTHOCH-
TeJbHO Haya/ld KOOPIMHAT B BUIE

n-—1

AM Y 3041 AB(z:) = Su(z, B),

=0
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rae Su(z, ) — nurerpansnas cymma Ctnarseca dyuxkuun = no gyukuuu ¢. Ilepexons x npeneny
opu d(Il} — 0, mony4um mIs BHIMUCIEHH HCKOMOTO CTaTHYeCkoTo MOMeHTa M dopmyity

b

M =/xd¢(z).

a

Ecay z — p(z) — nuHeliHas MIOTHOCTEL HeNMpepPHIBHO PacHpeneneHHoN MaccH, To ®'(z) = p(c).
B Touxax z,, y = 1, m, dyukuus ¢ pasphBHa U B KaXKJ0W U3 ITUX TOYEK ee CKAYOK PABEH

Macce m;.
[pumensas popmyny (1), m. 8.5, xis BEIYUCHeHNS MHTerpasa CTUITHECA, HAXOXUM

b
M:/x,u(:c)dx+2xjmj. >
a J=1

ITonyuennag popMyia nokaspisaer, YTo UHTerpan CTUATHLeCA NMO3BoIsIeT 00BENUMHUTE C TIOMO-
B0 OFHOM UHTerpatbHoll (hOpPMYIH pa3HOPOAHEBIE CIYyYall HENPEPHIBHO PACPEeIeHHEIX U coCpe-

JOTOYCHHBIX Macc.

YopaskHeHHA [XA CaMOCTOATEILHOH PaGOTH

2
166. Ilycts f:z s sing, gz 2 —324+5,0< 7 < g Brraucaurs ff(x)dga(x).
0
167. Hycn,f:xn—»ﬁ,nggl,ga:x»—»k,ecm[k——;i<:c<%,cp((]):ﬂ,k:l,n.

Brruncaurs flf(x) de(x).
0

168. Hycts f:z >, ¢ : T+ [27], 0 < z < 5. Beruncaurs fsf(z)dga(z).

169, Mycre f .z w2z, 0< ¢ < 1, o(z) =0, ecmt x € {(()], %[ uz € ]%, 1], <p(i;) = 1.
Brruncaurs flf(z)dga(z).
; 170. Hy:):'rb Frzm2?,0<2<1, o) =1, ecin z €0, 1], ©(0) = ¢(1) = 0. Brruucaurs
0ff(x) dp(z).

0,

3
171. Buuucaurs f rde(x), tne p(z) =< 1, ecan — 1<z <2,
-1 -1, ecm2 <z <3

ecmz = —1,

2 2 2
172. Brranemnrs [ vde(z), [ o° de(x), [(2° +1)de(z), rne
2 —2 2
z+2, ecmm —2< < -1,
p(ry=4 2, ecmn —1<z<0,
3, ecmu 0 <z < 2.

173. Hycre f — c¢byHkUUL orpaHuyeHHol Bapnaluuy Ha cerMente [0, 27] u f(2x) = f(0).

HoxazaTk, 4TO Ka’XKABIH M3 UHTETPANOB

27 27
f f(z)cosnzdz, f f(z)sinnz dz
0 0

V(f;0,2m «
HE MPEBOCXOOUT —(fn_‘l 1o abCcoaKTHOR BEIUUUHE.
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§9. IlpubamrxeHHOe BLIYMCJIEHNE ONpefeieHHbBIX
HHTETrPAJIOB

b=a

1°. dopmyna npaMoyronsuukos. Ecan dyuxums y(z) € CM[e, b]; b = 22; ¢; = a + ik

n

(i=0,1,...,n); y(z:) =y, TO

b
/y(z)dz=h(yo+y1+~.+yn—1)+Rm

a

rae Rn=5209/(6), a <E D

_ 2
rae Rn = -2 070 g <y b,

2°. ®opmyna Tpaneuuit. Ecmn y = y(z) € C®)a, b], To mpu Tex xe 0603HAMEHNAX HMeeM
b
/y(w)dx =h <@%+y1 +y2+...+yn_1) + Ra,

a

v

3°. dopmyna nmapaboxn (popmyna Cummncona). Ilycres y = y(z) € C®W{a, b]. Momaras

n = 2k, MoxxHO nmony4uuts dbopmyny Cumncona

b Yo

. ‘
/y(x)dxz ;((yo +yi)+ A4 s+t ye-t) +2(¥2 +ya + ...+ Y2x-2)) + Ra,

a

—a)at
e Ry = — =22 V() 4 < ¢ < B

2m

IIpumeuaHue. Ecim nMmeer MecTo popMmyna
|lz = Zllo = max|z; — Zi| < MR,

e %; — OpHOIUKEFROC AFaYLTTHe BCOITIGT T 7 FLITHCICHHOE TI0 HEKOTOPOM opMylte, TO FOROPAT,
4To 3Ta (OpMynaa B HEKOTOPOM Kiacce pyHKI uMeeT n—i Mopsinok Todnoct (M > 0 — mocrosmsbast,
He 2aBUCSNas oT h). .

TaxumM 06pason, GopMyTa IPIMOYTOILEAKOB EMeeT B k1acce y € C(1){a, b] mepBhti mopsanok TouanocTn,
dopmyna Tpanemiil B kgacce y € C(z)[a, b] mMeer BTOpOIl MOpAROK TouHOCTH, QopmMyna mapabon B
xiacce y € C(4)[a, b] MeeT weTBepTHIE MOPAROK TOTHOCTH.

Yacro BMecTo HOpMH || - ||o BepyT Apyrue cnenmmasinABle HOPMEL, BRIGOP KOTOPHIX 3aBHCHT OT XapaKTepa
pelmaeMbIxX 3anad. B nanrmeiieMm oTpesok [a, b] ¢ BEIIe/ICHHLIMII Ha HeM ToukaMu r; = a + th (1 =
0,1,..., n) GyneM HasbIBATL PABHOMEPHOH CETKOM ¢ ITaroM /i; TOYKH JeJieHUsT T; HABKBAIOTCA y3JAME
ceTKH.

158. TIpumenas dopmyry mpamoyromsuukos (n = 12), mpubmwKenno BerMucaHTh | =

/z sin £ d¢ M pesyabTaT CPABHUTH C TOYHEIM OTBETOM.

0

<« PaccmoTpum pasHoMepHyIo ceTky Ha orpeske [0, 27] ¢ marom h = I, torma z; = 1% (i

0,1, 2,...,12). Ilo dopmyIe NpAMOYTONEHUKOB, HMEEM

2m

11 , 1 .
. s T . .7 ™ T 2.3 i .
zsinzdr ~ — E t— sl t— = — E 15ih — = —— 5 COs 1T =
/ 6 £ 6 6 36 6 36
o =0 =0

]
2 11

=1
z=

EIE

<11 ! . .11 11 11 LI

a2 [cosbz -sin -z 2 (6 sin 6z - sin -z ~ 3 cos 5w - cosﬁz) sin 3
— 2 -
36 sin? 5

T 2
36 sin =

2 T
= —
6
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13 11
L 11 x2 (4 11 1 i )
cos (‘0\ 6z sin —x ( cos 1rsln 12 3 Lcos 12 sin ;7 _
IS 2 =
sin® 3 3 sin 5
kis
XT= -
G
2 [1cos = sin — + COS —— sin —- 2
.y T
=T 12 12 12:___ctg_=_ (2+\/—)~—62961
e sin? 5
(Basiu 7 = 3,14; V3 = 1,73). Tounoe snauense unterpana = —2r = —628... . »

159. C nomomemo (hopryiss 'rpanelmii BBIYHCIAUTEL MHTETPa

I—/\/l——sm rdz (n=6)

M OLEHUTD MOTPEHIHOCTH HOPM YL
« llocrpoum ma otpeske [(), %] PABHOMEPHYIO CETKY ¢ llaroM h = 112: {xl’ =155

1=0,1,2,3, 4,5, 6}. [lo gpopmyae Tparewmiit

Cr(2+VE 1 &~ TR 2+f \/"——
1_12 1 +mz\/7fcoshﬁ =5 Z 74 cost
r 2+\/:§'+ 1 (Vit+v3  ViE Vo \/13+\/14—\/§

= — —+ - —_—
24 2 NG NG N NG} V2
=—’i<2+\/§+\/14+v€+\/15+\/14+\/13+ 14—-3) &

48
3,142 3. .
AT (3,732 + 3,966 4+ 3,873 + 3,742 + 3,606 -+ 3,503) =2 -—lfl%—éz—%ﬁgz ~~ 1,4677.

OuenuM norpelrHocTn OPMYIRI Tpaneryi; nag vroro ousipum R,. Ouesmmuo, |R,] <
PM] , S

b—a)h? m "
ax M-
(=32 max 17" ()]
—_— N\ M
T < e
< 1 4MIl .’/E) ‘g 14‘/'—1—“1:.

12
Taxum o6pasom, |R,| < 55 313”1\/: < 0,002. »

160. C momomsio dopmyart CUMICOHA BRIMMCITUTL WHTErpall
1

[ dz
J= | E=2
/1+x2 (

0

B namewm ciyuae inax
ogrg T

« [lens orpesox [0, 1] Ha uerThipe paBHEIX HacTH (h = i—), no ¢opmyne CuMIIcoHa umMeeM
I 2 ((yo+ya) +4(y1 + ya) + 292) & 55(1 40,5+ 3,76471 42,56 + 1,6) = 0,78539. »

161. Opuunmas n = 10 |, BEIYMCIMTEL KOHCTAHTY KaTasdama
1

(.::/imtgxdx.
T

0

<« IToctpoum pasHomephyo cerxy ¢ marom b = 0,1 {z; = 1h; 7 =0, 1,...,10} u BHUHCAUM

npubnmokenHo G mo gpopmync Cumicora
1
G = T (yo+yro) + 4yt +ys+ys +yr+ys) + 2(y2 +ya +ys + ¥s))-
BHEYMCIAS COOTBETCTBYIONUME 3Ha'eHUst (PYHKUMH C TOYHOCTBIO O NATH 3HAKOB NMOC/IE 3aflsITOMH,
moiy4aeM o = 1; yio = 0,78540; yo + 10 = 1,78540; y1 = 0,99668; y3 = 0,97152; ys = 0,92730;
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y7 = 0,87246; yo = 0,81424; 4(y, + ys + ys + yr + yo) = 4 - 4,58220 = 18,32880; y, = 0,98698;
ya = 0,95127; ye = 0,90070; ys = 0,84343; 2(y2+ys +ye +ys) = 2-3,68238 = 7,36476. Ioncrasnsaa
BBIYMCIAEHHEIE 3HaYeHU, HaXOUUM

_ 1,78540 + 18,32880 + 7,36476
~ 30

G

= 0,915965. »

1

62 . dz _
162. Monbsysacs popmynosi — = —————, BHIYMCAUTEL YUCIO T C TOMHOCTBIO mo 107 .

T
4 1422

0
Fod

< Mur ysxe sriuncanan s sagave 160 yuTerpan f 1—_&—5 ¢ noMombio gpopMyns CuMICOHA, B3IB
0

k=2 . Ouenum norpemnocts dpopmymsi. [ockoxbky (cM. npumep 77, ra. 11}

( 1 )<">= (=1)"n!

sin ((n + 1) arctg =),

1+ 22 ntl
(1422) 2
TO (H_lﬂ)(” < 4! npu z € [0, 1], crepopaTentHo,
24 1 1 —a
R 5 =—==5-10".
1Rl < 755" 37 = Toz0 ©°
Ucrionbsys pesynbrar samauu 160, maxoguMm 7 & 4 - 0,78539 = 3,14156. CpapHuBasg mnostyies-
HBIH pesynsTar ¢ TabauuHelM 7 = 3,141592... , BUEMM, 4TO BCe 4eThipe UMPPHL MOCHE 3aIATON

npaBHIbHBI. P
1

163. Boruycnnts /er dz ¢ TouHocTeO fo 0,001.

0

()"
[

z € [0, 1}, 10 mar ceTku BHIGUPaEeM U3 YCAOBHA (olleiHBasi NOTPEUIHOCTE hOpMY LI napaboun) R <

-3
107315 —4
o = 281077

Heast orpesok [0, 1] na 10 pasurix wacreii, noxyvyaem

<« Briuucusrr unTerpan 6yieM no dopmyne CHMHCOHA, MOCKOJNBKY < 228 mpu

1

v 1

/ e dum oo {((yo+yo) +4(v1 +ys +ys + y7r + ys) + 2(y2 + Yo + Yo + ys)) -

0
Belunciaum sHavenud (pyHxuun e B y3llax CETKM C TOYHOCTBIO [HO 107° (MOKHO BEIMMCIUTE,
ucnons3ys, manpumep, dopmyny Teitnmopa). Hmeem yo = 1, yio ~ 2,71828, ;i = 1,01004,
ys ~ 1,09417, ys ~ 1,28733, yr ~ 1,63230, yo ~ 2,24789, yo ~ 1,04081, g« = 1,17351,
ye 7 1,43332, ys ~ 1,89648, yo + y10 & 3,71828; 4(y1 + s + ys + y7 + ¥o) = 4 7,27173 = 29,08692;
2y2 +y4 + yo + ys) = 2 5,54412 = 11,08824;

1
2 1
/e‘r dr =~ %(3,71828 +29,08692 + 11,08824) =

0

25,8934 - 1,46311.
30 g

Honyunuis Tpu BepHBIX UUGPHI TTOCIE 3alsTOH. P
1

P 1 -
164. Brrucmis / (¢* —1)In = dz ¢ Tounocteio 10 107%,
T

0
; 1
< Ilpuz — 0 (e*—=1)In ~ — 0, nosToMy HHTerpax Pumana cymecrsyer. [Ipoussopnas
YeTBEPTOro NMOopAflKa MOTbIHTEr PANBLHOM (MYHKIIM HMeeT BEChbMa CIOKHEIN BUJ M OLEHUTE €€ TPya-
Ho; Bosee TOTo, yXKe repBas MpOM3BOHAS NMOIHHTETPANbHOM (BYHKIIU HeorpaHudeHa Ha [0, 1]. B
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NPHHLMIIE MBI MOKEM BOCIOIL30BATLCS opMynoil CHMIICOHA, 0fHAKO OLEHKY IMOTPEMHOCTH Npo-
usBecTH He cMoxeM. IlosToMy moctynum cienyiommum obpasoM. Pasnoxum mo dopmyine Teitnopa
dbyuxunio 1 — e no crenenam z:

1:2 1:3 x‘l x5 xG
P (AT A ST B AR,
‘ (C+2+6+24+120+720 + R(e),

<7
rae R(z) = 872! , 0<c¢< 1. 3anumeM MORBIHTErPANBHYIO PYHKUUIO B BUKE

flz)=(1—€e)lnzx

U 0603HaYuM Uepes (L) hYHKIMIO

2 3 4 5 .6
(r)=—-Inz x+x_+x_+zv_+_z__+_a;_ .
¢ 2 76 T24 T 120 T 720
c .7
Ouemupro, f(z) = ¢(z) + Ri(z), rne Ri(z) = lnzR(z). Ouennm |Ri(z)| = l'"%x— npu r €
[0, 1]. Tlockoabky lvin});cTIn:c =0;Inl = 0, to pyuxuma |z| = |z7 In 2| nocturaer abconoTHOrO

MakCUMyMa B HEKOTOPOWl BHYTpeHHell Touke orpeska [0, 1]. [uddepenuupys z(z), moxyqaem
1

2'(x) = 2% 4+ 72%In z. Mpupasuusas nynmo z'(z), HaXoauM, 4To B Touke T = e 7 yHxims |z(z)]
mocTHTaeT abCOMIOTHOTO 3KCTpeMyMa, paBHOTO
1

1
max, |z(z)] = ’——78 =

0gxg

Tax xax |R(z)| < = mpu z € [0, 1], monyuaem ouenxy |f(z) — o(z)| = |Ri(z)] < 7—17,- Takum
obpa3oM, '

/(f(:c) — ¢(z)) de </|f(z) — p(z))dz < —— <107,

TI02TOMY BMECTO MHTerpama dyukumi f(z) GyacM BEMUCIATL UHTICTpan oT dyHkwiu @(r). 3agaH-
Hag TOYHOCTE OymeT ob6ecnedeHa, eCIM B poleCcce BRIMMCICHMS HHTerpada PYyHKLUUM <,a(:c) Horpel-
HOCTB BEIMMCIEHHUIT HE TIpensoiiger 107%,

Wurerpupys dyuxunio o(z) no HacraM, uMmeem

1 ; .’[+.’/E2 .’[3 .’[4 .’[5 .’/ES o =
Tl et et Tt T ) =
¢}

1 !
/f(z)da: = ] e{z)de = P(z)Inz
0 0

I S SRS SO R SIS
T4 18 196 " 600 ' 6-6! ' 7.7V
rae
2 3 4 5 6 7 1
x z T T T T .
w(z)=—(—2—+—6—+—4+120+m+7ﬁ>; 'z/J(x)lnxo=1/)(1)-ln1—11_1}})z/}(x)lnz=0.
C rounocrsio g0 10™° umeem
1—0250000' ! = 0,055556; L =0,010417; ! = 0,001667; ! = 0,000231;
47 Toag T T 96 T To600 0 R T

1
/(1 — e")Inz dz = 0,250000 + 0,055556 + 0,010417 +0,001667 + 0,000231 = 0,317871 = 0,3179. »
]

+00
2
165. Buuncaurs ¢ rounocrsio go 0,001 unrerpan seposTHocreit | = / e " dz.

0
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<« WnTerpan cxomures, nostoMy Ve > 0 3A; > 0 rakoe, uro npu A 2> A
+oo

. ,
/e_z dz <e. o C T T

A
Eciau Mo vamnu A, To Moxkem zammucats npu A > A

A + oo
I = /e*z2 dz + R, tne R = / e~ dz.
0 A

BospMeM & = 107° u NocTapaeMcs cHpedeJUTEh onTUManbHoe A, T.e. Takoe, 4TOGH NMPOMEXYTOK
[0, A] umen no BozMoxkHOCTH HeBoapuLylo AAMHY. [Ipome BCETO MOCTYNMUTH CHERYIOUHM 06GpasoM:

[ee] [ee]
TOTIYCTHM, MBI HallLTH Takoe A, uTo +f e~ dz < €; TOTAa Y UHTerpayu +f e~ dz < €;
A At1
$00 +00 At1
0< / e—z2 dr — / e_IZ dz = / 6_12 dz = e_¢2 < €,
A A4l A

e A < € < A+ 1 (10 TeopeMe o cpexHeM).
Honyuennoe HepaBEHCTBO SKBHBAJEHTHO HEPABEHCTRY

£> 1/ 1.
I

¢ > VIn1000 = /6,907755 = 2,628

U B KayecTBe A MoxeM Baath A = 2,6.
MosxHo monyuuts Gonee ToHkyto ouerixy gas A. JomycruM, Haliero takoe A, yTo

TMogcrasasa € = 1077, moxyuum

2
I = e dr < e.

>\§

Mpoussens sameny z°2 =1 <clx = 2—‘:}—;), MOy YUM

4o . + o0 A2
1 e” 1 —t e
L == —dt < — dt = .
' 2/ it/ 2A
A2 A2

—AZ !
s ycnosus 32—;‘- < €& HaxomuM Ae? > %, InA+ A*>In f;, orkyma A > 4/In 215- —In A. Tax

KaK JOMKHO GHITH A > 2 npu € = 1072 | mox papuxanoM MoxeM B3sTh In 2 BMecTo In A:

A >+In1000 - 2In 2 ~ /6,90775 — 1,38628 = /552147 = 2,35.

Taxum obpazoM, B3aB, HampuMep, A = 2,4, MOXKeM 3anucaTh

+ oo 2,4
0< / e dg — /fﬁ de < 1072,
] ]

Hawa sagaya CBOGUTCS Temeph K BEIMMCIEHMIO C TOYHOCTHIO mo 1072 umrerpana
p

2,4

I= /e_z2 dz.

0
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Mgur Morau 6B MOCTYNUTH 30eCh, Kak U B IpegbInymeil 3agaie 164: annpokCMMUPOBaThL PYyHK-
uuio ¢~ 7 moaunomoM. Ho B cBsi3M C TeM, UTo MPOMEXKYTOK MHTETPUMPOBAHMA MMeeT IMHy 2,4, a
CTEeneHy (2,4)" pacTyT HOBONLHO BBICTPO, HAM IIPUILIOCE OH Jig ofecleyeHus HYy>KHOM TOYHOCTH
B34TH Ooubile 15 WieHOB pasioskeHus B hopmyae Teitnopa.

Hurerpan I 6ymeM mhivwcasars mo dopmyae Cummcona. Haitnem y( ) dynxuun y = = e,
Mockonexy y'*) = 4y (5 — 122 4+ 4z ) TO ]y(4)(x)| < 4(3—-12-5764-4-33,1776), ¢ € [() 2,4],

TaK KaK e"" <1, a pyuxuust z = 3 — 122% + 42* MouoToHHO BO3pacTaeT NpHu T > 5 Taxum
oGpasoMm, ly(4> x)J < 4- 66,5904 = 266,3616, 0 < 2 < 2,4. Ouenunas norpemrHocTs R dhopMyast
Cumrncona

b —
=Y e ucec,
HaXOoOUM s HallleTo cayYvad
2 266
(p) < 2422063616 0 g 55148t

180
Us ycnosns |R| < 107" noayuaem

10-2 10-3 10
h< i ¢ =0,1{/ — =~ 0,13.
v \/3,55]48 < \/ 35 - o\ 350

s monyvYeHust 3alaHHON TOYHOCTH Mo’KeM B3iaTh h = 0,1.

Paccmorpum ceTky Ha orpeszke [0; 2,4]: wp = {z; = 0,14; 1 = 0, 1,...,24}. Jlns obecneve-
HMs 3aJaHHOH TOYHOCTH 3HaYeHWA MOJBIHTErpalbHOM (DYHKUMHM B yaiax CeTkU OymeM BEIMMCIATH
C NMATBIO 3HAYAMMMM UMbpamu nmocike sausToil. Mmeem yo = 1; y20 = 0,00315; 1 0,99005;

y2 =~ 0,96079; ys ~ 0,91393; v ~ 0,85214; ys ~ 0,77880; ye =~ 0,69768; yr ~ 0,61263;
ys = 0,52729; yo ~ 0,44486; y1o ~ 0,36788; yi1 ~ 0,29820; yi» =~ 0,23693; yia ~ 0,18452;
yis = 0,14086; yis =~ 0,10540: yie ~ 0,07731; y17 =~ 0,05558; yis = 0,03916; y1o =~ 0,02705;
20 & 0,01832; yo1 = 0,01216; you = 0,00791; yo3 ~ 0,00504; yo + y2q4 ~ 1,00315;

12 11

4 yajoi 4442822 = 17,71288; 2 ) s m 2 - 3,92627 = 7,85254;
=1 J=1
- 1 28,56857
Tx o5 o+ g2 + 42 Yy2y—1 + zZ wey | A T e 0,8856.
PaccMorpum TouHoe 3Havienue | = »‘{— = 0,8862... . a Takxke omubky R =1 — I = 0,0006 =

61071, Ilony4ennast TOUIOCTD NpEBHICHIA BATAHHYIO. P
166. [pubnuskenno walkTy QmIHY S4IMiCa, IOIYOCH KoToporo ¢ = 10 u b = 6.

« [TapaMeTpuveckMu ypaBHeHMAMY dJUIMACA FBIsttoTcad € = 10cost, y = 6sint, 0 < ¢ < 27
a HJUHA ero gyru

H

p 2
L=4/\/100cos2t+365in2tdt=8/\/17+SCos2xd$.
0 0

s a
Brrunciaum uurerpan ¢ momomno gopmynt (MMIcoHa, pasmenusB OTPEBOK [O, -2~] Ha 6 paBHBEIX

qacTen (h = 112) ByieM BLiMyuciasTs 3haveHix MONLIHTEr padbHOi QYHKUMK B y3i1aX CETKU wh =
{ith; 1=10,1, 2, 3,4, 5. 6}:

wo=5 vs=3 1w =VI1T+4/3x /23,928~ 4,892 g»=+17+4=+21 4,583,
ys = V1T 4,123; yi =17 —4 =13 = 3,606, ys= \ﬂ7 —4v/3 2 /10,072 = 3,174;

yo+uye =8 4(y1+uys+uys)~48756; 2(y2 +ys)~ 16,378
[TopcraBnss monxyuenise snavdenns B hopmyny napabon, HaxoguM:
6,283 - 73,134

2
I~ —()1(3 + 48,756 + 16,378) = 2 x 51,056. »
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x
sin {

T
167. Iocrpours no ToukaM rpaduk dhyHKLMH ¥ :/ dt (0 €z < 27), npunas Az = 3

0 R

<« PaccMoTpuM cetry wp, = {xi = %; 1=0,1,2,3,4 5, 6}. 3uadenus GyHkuMHu y(z) B ysnax
cerku:
T 27
3 3 Ed
sin x sin ¢ sin &
Yo =05 0N :/ (,lI, Yo = / d:l‘a Y3 :/ dx’ !

o 0 0

4m 5w EEEE BT A

2

3 3
sin x sin sin &
Ys = de; ys = dr; ye = dz.
. z T z
0 0 0

Jajada CBOMIITCS K MPpUOAMIKEHHOMY BEIMMCIEHMIO IIECTH MHTEr PAJIoB.

Paccmorpum sa otpeske [0, 27] cerky @p = {yvt =175 0=0,1,. 24} O4€BUIHO, Y3JIH Cer-
KM Wy, ABILIOTCS y3IaMM CETKU &p. BEIUMCILTE MHTerpatst GyneM no (popmyﬂe CumMncona. '
Yy Haxona snavenus GyHKUMY BMCKPETHOTO apryMeHTa §; =
sin z, sin sin z; L
=+ B y3zax ceTku Op, moayuuMm Fo = lim =5 =
i=0
1 0,2618; 7, = 0,2590; 72 = 0,25; 73 = 0,2359; 74 ~ 0,2165;

75 ~ 0,1932; ¥ =~ 0,1666; §r ~ 0,1380; 7 = 0 1083, o =
0,0785; g0 = 0,05; g1 = 0,0235; Fz = 0; s =~ —0,0199;

0I 'E_ i l7r '4_: ’_5!_ 21”‘;‘ gu ? -—0,0357§ g15 ~ ——9,0471; 1715 ~ —:_0,0541, 1717 .'2»’
3 3 3 3 —0,0568; ¥z &~ —0,0553; 713 = —0,0508; F0 &~ —0,0433;
521 ~ ~-(],0336; Yoo R —0,0227, :1723 I~ —0,0112, 524 = 0.
Puc. 72 Oyesupnno,
1 2, 9579

Y1 = —(yo + T+ 4T +73) +252) =

4,9407
yo+ys+4Zyu 1+2Zy2k> & 1,6469;
Yo+ Gz + 42 Yok-1 + 2 Z@zk)
k=1 k=1
’ - 5,1635
Jo+Tie +4 ) Fakor + 22@;;) = 22~ 1T
k=1 k=1
10 9
Got+T0+4)  formr +2Zm)
k=1 k=1

_ _ _ _ 4,2568
Yo + J2a + 42 Yak—1 +2Zy2k- : SR 1,4189.

~ 0,9860;

w

1
Y2 =

o
A

5,5570

§
a
[

~ 1,8523;

il

Yy = ~ 1,5082,

4,5247
3

wl

R4

L

I

W] Wi =
AN TN TN

l

Yo =

W |

im

Opu z €J0, [ y'(z) > 0, a npu = €]m, 2a[ y'(z) < 0; y"(z) < 0 npu z € ]0 5 [ Taxum
obpasom, y(z) B uHTepBane |0, n[ Bospacraer, a B uuTepnaie }w 4——{ yGriBaeT; Ha MHTEpBANE
]O, 47"[ tyHx1LUsa y(r) BelNykia ceepxy. I'padux dyHriuu nsobpaskeH Ha puc. 72. »

YnpaskHeHHS i CAMOCTOATENILHON PabOTH
10
174. Brruyucants Inl10 = f f, ucnonbaysd npasuno Cumncona mpu 7 = 10. Hauru momyas

0
nepexoma oT HaTypPadbHRBIX J0TapU(PMOB K AeCATUIHHIM. CpaBHUTE C TaOIUYHBEIM 3HaUeHUEM.



OTBeTHBI

I'maBa 1
9.a) AUB = {z —4<z<4} ANB={z:0<z<1}, AA\B={z:-4<z<0},B\A=
{z:1€2<4}, A A B={z:(-4<z<0) V(1< <}; )AUB {z:-1<z g
6}, ANB={r:0€z<2}, AAB={r:~-1<z<0}, B\A={z:2€2z<6}, AAB=
{r:(-1<2g0)v(2<z<K6)}; B) AUB=A4, AnB =18, AAB={z:2=2n,n€Z},
B\A =2, AA B = {z:x=2n,n€eZ}. 10a)AUB=BAﬂB=A,A\B=
2, B\ =AAB={z,y “1l<z<, VI—-22 <|y| £ 1—‘:5{} 6) AUB=A, AN
B =B, B\A = 2, A\B = AAB_{(z,y) ~1<r, 1—-|z|<y/<1}; B) AUB =
{(z,9): (2l + 1l <2)V (= -2+ (y—2)* <4)}, AnB={(z,9):0<2<2 2~
x/4z—z2<y<2——z}, A\B_{(z,y (-2<z<0,2—zc<y<24z)V (0<2:<2,

—2+z<y<2—Viz—2?)}, B\A = {(z,y): (0<:c\2, 2-z<y<2+Viz - 2%)V

(2<z<4 ly—-2<viz —22)}, A A B = (A\B) U (B\A). 11. a) MuoxecTBo Toek mpsa-
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7

0< ? <2. 28.y=-r+ 7" 29. y =z — -725 34.a) (n+1)!—1; 6) -s%n(n+1)(6n3 +9112—1);
B) ni(n+1)°(2n® +2n +1). 37.4) £2;6) 0 < z < 4oo. 39.a) 2% 6) ==,
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2.9
B) i’;—gﬁ?ﬁ 40. a) Rez=-1,Imz=10; 6) Rez =2, Imz = g—; B) Rez=2,Imz =0.
42. a) |z] = 125, argz = —% + 3arctg%; 6) |z| = 0,25, argz = 0; B) |z} = V2cos & TS

arg z = %. 43, -1, 112\/5' 44. \ﬁ/i(cos45°+isin 45°), \s/f(cos 165° + ¢sin 165°), \G/f(cos285°

1sin 285°%). 45. 2(cose + isin ), ¢ = 30°, 90°, 150°, 210°, 270°, 300°. 46. 2(cos ¢ + isin ),

= 0°, 60°, 120°, 180°, 240°, 300°. 47. zy = —241, z2 = =3 +i. 48. 21 = 2i, 2 = —1.
49. z; = ctg Qﬁj;‘, k=0,n—1. 55.a),6),1). 57.a),8),1). 73.0. 8l (e, € ...,e™).
82. (e, Ve, ..., We). 83.(In2,In3,...,In(m+1)). 84.(3,4,6). 85.(2, e). 86. ().

2 6 12 et o 1
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92. sup{f} = 0, mf{f}——oo 93. sup{f} =4, mf{f}:() 108. 2. 109 . 110, 2¢a.

x—1 @ —[3 m — - . Z
111. T 112. 525 113, Yara w1140 gm0 118 sl 1160 55

117. e»+1. 120. 3. 121. —3. 122. 1. 123.¢7%. 124.e7'. 125. 3. 126. V2. 127.1=-2,
L=2 128.1=0, L =14b%. 129.1=-2, L =1 130.1=0, L =¢ 131. 1=

I =e+1. 132.1= 7, L = 7. 133. Henpepoigua. 134. Hempepeisna. 135. Henpepsisna.
136. Henpeprisna. 137. Henpepwisna. 138. @ynxiiua Tepnut yCTPaHUMEBIA Pa3pHB B TOUYKE
z =0. 139. Dyuxuus TepIuT pa3phbiB B TOMKaX T = %-{—kw, k €Z. 140. DyHKUUA TEPNUT Pa3PHB
B Toukax £ = 5 + kr, k € Z. 141. Henpeprisna. 142, Dyuxiuus HenpepbiBHA TONBKO B TOYKAX
z=kmr, k € Z. 143. Henpeprsua. 144. Henmpepuisua. 145. Henpepurna. 146. Henpepninna.

147. HenpeprisHa. 148. HenpeprisHa cripaBa B ToYkaX = n, n € Z. 149. Henpepniexa.
150. Henpepripia. 151. Henpeprisna. 152. z = 0 — To4ka pasphIBa BTOporo poma. 154. z =
2n+ l)w, n € Z, — TOMKM yCTPAHHMOTO PasphiBa. 155. z = +1 — TOuKM pa3phIBa_BTOpO-
ro poga. 156. z = = + km, k € Z — ToukM ycrpanumoro paspeiBa. 1857. z = 3 + k=,
k € Z, — Touxn paapbma THUIIA IMoJIoCa. 58. £ = nw, n € Z, — TOYKU YCTPAHKMOIO pa:spbma

159. £ = 0 — Touka paspbIBa BToporo pojga. 160. x = 1 € Z, ~— TOYKH pa3phIBa BTOPOro

w(2n+1)?
poma. 161. Hempepsisua. 162. Henpeprmisna. 163. HenpepsisHa. 164. HenpeprBua. 165. He-
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npepoiBHa. 166. HenmpepoiBna. 167. z = Jk._l, j=1,n,¢t=1m, k € Z, — To4KM paszpbiBa.

168. z = 0 — Touka paspwsiBa. 169. £ = 0 — Touka ycrpaHumoro paspeiBa. 170. z = 0 — Touxa
paspeiBa. 171. PaBHomMepHo-HenpephiBHa. 172. PaBHOoMepno-HempepriBlia. 173. PaBHomepHO—
HenpepsipHa. 174. PasHoMmepHo-Henpepripua. 175. PaBHomepHo-HenpepniBHa., 176. He asaser-
ca paBHOMEpHo-HenpephiBHONH. 177. PaBHoMepHo-HenpepriBHa. 178. PasHoMepHOo-HenpephiBHa.
179. PasuomepHo—HenupepsiBia. 180. PasHoMmepno-Henpeprisua. 181. He aBasercs paBHoMepHO—
HenpepsipHoi. 182. He sBagerca paBHomepHO-HenmpepbIBHOM. 183. PasHOMepHO-HenpephIBHA.
184. He apasercs paBHoMepHo-HenpeprisHoli. 185. He apagerca paBHOMepHO-HeNpPEPHIBHOM.
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—wsin wz
. . [ . _— —SiI’[IL’, O<Z<7I', __chaz sh
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u t > e Bbinykiaa BBepX. 261. Brimyksa suus. 262. Beimykia seepx. 264. Crepa.or :toqlcu
1 1

r = —1 souryxaa sums. 265. llepernba wer. 295. 0. 296. 7. 297. 0. 298. 5. 299.
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404.
a)

cosz, —7 <z arcsin \/5;_1;
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25.§(—%+[z]+(1—§)*+...+(l—[iﬁ) ) 26. zlnfz]+ Y In (1— )", 27. e +

n=2

xT
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25 32, 1ln ——ﬁ,—ﬂ 33. —arctg +1. 34. —arctg (:c + )—-;—rsgn:c. 35. "‘—3-—-

31 154/(224+1)5

,3 3
z—%,ecmr[—oo<z<1;z—%,ecm{—]<$<l'%'
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